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RA TIONAL POL YNOMIALS OF SIMPLE TYPE

W AL TER D. NEUMANN AND P A UL NORBUR Y

Abstra ct. W e classify t w o-v ariable p olynomials whic h are rational of simple

t yp e. These are precisely the t w o-v ariable p olynomials with trivial homological

mono drom y .

1. Intr oduction

A p olynomial map f : C

2

! C is r ational if its generic �bre, and hence ev ery

�bre, is of gen us zero. It is of simple typ e if, when extended to a morphism

~

f : X !

P

1

of a compacti�cation X of C

2

, the restriction of

~

f to eac h curv e C of the

compacti�cation divisor D = X � C

2

is either degree 0 or 1. The curv es C on whic h

~

f is non-constan t are called horizontal curves , so one sa ys brie
y \eac h horizon tal

curv e is degree 1".

The classi�cation of rational p olynomials of simple t yp e gained some new in terest

through the result of Cassou-Nogues, Artal-Bartolo, and Dimca [4 ] that they are

precisely the p olynomials whose homological mono drom y is trivial (it su�ces that

the homological mono drom y at in�nit y b e trivial b y an observ ation of Dimca).

A classi�cation app eared in [12 ], but it is incomplete. It implicitly assumes

trivial ge ometric mono drom y (on page 346, lines 10{11). T rivial geometric mon-

o drom y implies isotrivialit y (generic �bres pairwise isomorphic) and turns out to

b e equiv alen t to it for rational p olynomial s of simple t yp e. The classi�cation in the

non-isotrivial case w as announced in the �nal section of [17 ]. The main purp ose of

this pap er is to pro v e it. But w e recen tly disco v ered that there are also isotrivial

rational p olynomials that are not in [12 ], so w e ha v e added a classi�cation for the

isotrivial case using our metho ds. This case can also b e deriv ed from Kaliman's

classi�cation [9 ] of al l isotrivial p olynomials. The fact that his list includes rational

p olynomial s of simple t yp e that are not in [12 ] app ears not to ha v e b een noticed

b efore (it also includes rational p olynomials not of simple t yp e).

In general, the classi�cation of p olynomial maps f : C

2

! C is an op en problem

with extremely ric h structure. One notable result is the theorem of Abh y ank ar-Moh

and Suzuki [1, 23 ] whic h classi�es all p olynomial s with one �bre isomorphic to C .

The analogous result for the next simplest case, where one �bre is isomorphic to C

�

,

is op en except in sp ecial cases when the gen us of the generic �bre of the p olynomial

is giv en. Kaliman [10 ] classi�es all rational p olynomial s with one �bre isomorphic

to C

�

.

The basic to ol w e use in our study of rational p olynomial s is to asso ciate to an y

rational p olynomial f : C

2

! C a compacti�cation X of C

2

on whic h f extends to

a w ell-de�ned map

~

f : X ! P

1

together with a map X ! P

1

� P

1

. The map to
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2 W AL TER D. NEUMANN AND P A UL NORBUR Y

P

1

� P

1

is not in general canonical. W e will exploit the fact that for a particular

class of rational p olynomials, there is an almost canonical c hoice.

Although w e giv e explicit p olynomials, the classi�cation is initially presen ted in

terms of the splice diagram for the link at in�nit y of a generic �bre of the p olynomial

(Theorem 4.1). This is called the r e gular splic e diagr am for the p olynomial (since

generic �bres are also called \regular"). See [15 ] for a description of the link at

in�nit y and its splice diagram. The regular splice diagram determines the em b edded

top ology of a generic �bre and the degree of eac h horizon tal curv e. Hence w e can

sp eak of a \rational splice diagram of simple t yp e".

The �rst author has ask ed if the mo duli space of p olynomials with giv en regular

splice diagram is connected. F or a rational splice diagram of simple t yp e w e �nd the

answ er is \y es". W e describ e the mo duli space for our p olynomials in Theorem 4.2

and use it to help giv e explicit normal forms for the p olynomial s. W e also describ e

ho w the top ology of the irregular �bres v aries o v er the mo duli space.

The more general problem of classifying all rational p olynomial s, whic h w ould

co v er m uc h of the w ork men tioned ab o v e, is still an op en and in teresting problem. It

is closely related to the problem of classifying birational morphisms of the complex

plane since a p olynomial is rational if and only if it is one co ordinate of a birational

map of the complex plane. Russell [20 ] calls this a \�eld generator" and de�nes

a go o d �eld generator to b e a rational p olynomial that is one co ordinate of a

birational morphism of the complex plane. A rational p olynomial is go o d precisely

when its resolution has at least one degree one horizon tal curv e, [20]. Daigle [5]

studies birational morphisms C

2

! C

2

b y asso ciating to a compacti�cation X of

the domain plane a canonical map X ! P

2

. A birational morphism is then giv en

b y a set of curv es and p oin ts in P

2

indicating where the map is not one-to-one. The

approac h w e use in this pap er is similar.

The full list of rational p olynomial s f : C

2

! C of simple t yp e is as follo ws. W e

list them up to p olynomial automorphisms of domain C

2

and range C (so-called

\righ t-left equiv alence").

Theorem 1.1. Up to right-left e quivalenc e a r ational p olynomial f ( x; y ) of simple

typ e has one of the fol lowing forms f

i

( x; y ) , i = 1 , 2 , or 3 .

f

1

( x; y ) = x

q

1

s

q

+ x

p

1

s

p

r � 1

Y

i =1

( �

i

� x

q

1

s

q

)

a

i

( r � 2)

f

2

( x; y ) = x

p

1

s

p

r � 1

Y

i =1

( �

i

� x

q

1

s

q

)

a

i

( r � 1)

f

3

( x; y ) = y

r � 1

Y

i =1

( �

i

� x )

a

i

+ h ( x ) ( r � 1) :

Her e:

0 � q

1

< q ; 0 � p

1

< p;

�

�

�

�

p p

1

q q

1

�

�

�

�

= � 1 ;

s = y x

k

+ P ( x ) ; with k � 1 and P ( x ) a p olynomial of de gr e e < k ;

a

1

; : : : ; a

r � 1

ar e p ositive inte gers;

�

1

; : : : ; �

r � 1

ar e distinct elements of C

�

;

h ( x ) is a p olynomial of de gr e e <

P

r � 1

1

a

i

.
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Mor e over, if g

1

( x; y ) = g

2

( x; y ) = x

q

1

s

q

and g

3

( x; y ) = x then ( f

i

; g

i

) : C

2

!

C

2

is a bir ational morphism for i = 1 ; 2 ; 3 . In fact, g

i

maps a generic �br e

f

� 1

i

( t ) biholomorphic al ly to C � f 0 ; t; �

1

; : : : ; �

r � 1

g , C � f 0 ; �

1

; : : : ; �

r � 1

g , or C �

f �

1

; : : : ; �

r � 1

g , ac c or ding as i = 1 ; 2 ; 3 . Thus f

1

is not isotrivial and f

2

and f

3

ar e.

In [12 ] the isotrivial case is sub divided in to sev en sub cases, but these do not

include an y f

2

( x; y ) with p; q ; p

1

; q

1

all > 1.

2. Resolution

Giv en a p olynomial f : C

2

! C , extend it to a map

�

f : P

2

! P

1

and resolv e the

p oin ts of indeterminacy to get a regular map

~

f : X ! P

1

that coincides with f on

C

2

� X . W e call D = X � C

2

the divisor at in�nit y . The divisor D consists of a

connected union of rational curv es. An irreducible comp onen t E of D is horizontal

if the restriction of

~

f to E is not a constan t mapping. The de gr e e of a horizontal

curve E is the degree of the restriction

~

f j E . Although the compacti�cation de�ned

ab o v e is not unique, the horizon tal curv es are essen tially indep enden t of c hoice.

Note that a generic �bre F

c

:= f

� 1

( c ) is a punctured Riemann surface with

punctures precisely where F

c

meets a horizon tal curv e. Th us f has simple t yp e if

and only if F

c

meets eac h horizon tal curv e exactly once, so the n um b er of punc-

tures equals the n um b er of horizon tal curv es. F or non-simple t yp e the n um b er of

punctures will exceed the n um b er of horizon tal curv es.

W e sa y that a rational p olynomial is ample if it has at least three degree one hori-

zon tal curv es. Those p olynomial s with no degree one horizon tal curv es, or bad �eld

generators [20 ], are examples of p olynomials that are not ample. The classi�cation

of Kaliman [10 ] men tioned in the in tro duction giv es examples of p olynomials with

exactly one degree one horizon tal curv e so they are also not ample. Nev ertheless,

ample rational p olynomial s will b e the fo cus of our study in this pap er. W e will

classify all ample rational p olynomial s that are also of simple t yp e.

3. Cur ves in P

1

� P

1

.

If

~

f : X ! P

1

is a regular map with rational �bres then X can b e blo wn do wn

to a Hirzebruc h surface, S , so that

~

f is giv en b y the comp osition of the sequence

of blo w-do wns X ! S with the natural map S ! P

1

; see [2 ] for details. Moreo v er,

b y �rst replacing X b y a blo wn-up v ersion of X if necessary , w e ma y assume that

S = P

1

� P

1

and the natural map to P

1

is pro jection on to the �rst factor.

A rational p olynomial f : C

2

! C , once compacti�ed to

~

f : X = C

2

[ D ! P

1

,

ma y th us b e giv en b y P

1

� P

1

together with instructions ho w to blo w up P

1

� P

1

to get X and ho w to determine D in X . F or this w e giv e the follo wing data:

� a collection C of irreducible rational curv es in P

1

� P

1

including L

1

:= 1 � P

1

;

� a set of instructions on ho w to blo w up P

1

� P

1

to obtain X ;

� a sub-collection E of the curv es of the exceptional divisor of X ! P

1

� P

1

;

satisfying the condition:

� If D is the union of the curv es of E and the prop er transforms of the curv es

of C then X � D

�

=

C

2

;

If C � P

1

� P

1

is an irreducible algebraic curv e w e asso ciate to it the pair of

in tegers ( m; n ) giv en b y degrees of the t w o pro jections of C to the factors of P

1

� P

1

.

Equiv alen tly , ( m; n ) is the homology class of C in terms of H

2

( P

1

� P

1

) = Z � Z .
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W e call C an ( m; n ) curv e. The in tersection n um b er of an ( m; n ) curv e C and an

( m

0

; n

0

) curv e C

0

is C � C

0

= mn

0

+ nm

0

.

The ab o v e collection C of curv es in P

1

� P

1

will consist of some vertic al curves

(that is, (0 ; 1) curv es; one of these is L

1

) and some other curv es. These non-v ertical

curv es giv e the horizon tal curv es for f , so they all ha v e m = 1 if f is of simple t yp e.

Note that a (1 ; n ) curv e is necessarily smo oth and rational (since it is the graph of

a morphism P

1

! P

1

).

The image in P

1

� P

1

of the �bre o v er in�nit y is the (0 ; 1) curv e L

1

and the

image of a degree m horizon tal curv e is an ( m; n ) curv e. This view allo ws one to see

as follo ws a geometric pro of of the result of Russell [20 ] that a rational p olynomial

f is go o d precisely when its resolution has at least one degree one horizon tal curv e.

A degree one horizon tal curv e for f has image in P

1

� P

1

giv en b y a (1 ; n ) curv e.

Call this image C and let P b e its in tersection with L

1

. The (1 ; n ) curv es that

do not in tersect C � P form a C {family that sw eeps out P

1

� P

1

� ( L

1

[ C ) so

they lead to a map X ! P

1

whic h tak es v alues in C at p oin ts that do not lie

o v er L

1

[ C . Restricting to C

2

= X � D w e obtain a meromorphic function g

1

that has p oles only at p oin ts that b elong to exceptional curv es that w ere blo wn

up on C (and do not b elong to E ). Ho w ev er the p olynomial f is constan t on

eac h suc h curv e, so if c

1

; : : : ; c

k

are the v alues that f tak es on these curv es, then

g := g

1

( f � c

1

)

a

1

: : : ( f � c

k

)

a

k

will ha v e no p oles, and hence b e p olynomial, for

a

1

; : : : ; a

k

su�cien tly large. Then ( f ; g ) is the desired birational morphism C

2

!

C

2

. F or the con v erse, giv en a birational morphism ( f ; g ) : C

2

! C

2

, w e compactify

it to a morphism (

~

f ; ~g ) : X ! P

1

� P

1

. Then the prop er transform of P

1

� 1 is the

desired degree one horizon tal curv e for f .

W e shall use the usual enco ding of the top ology of D b y the dual graph, whic h

has a v ertex for eac h comp onen t of D , an edge when t w o comp onen ts in tersect, and

v ertex w eigh ts giv en b y self-in tersection n um b ers of the comp onen ts of D . W e will

sometimes sp eak of the valency of a comp onen t C of D to mean the v alency of the

corresp onding v ertex of the dual graph, that is, the n um b er of other comp onen ts

that C meets.

The approac h w e will tak e to get rational p olynomial s will b e to start with an y

collection C of k curv es in P

1

� P

1

and see if w e can pro duce a divisor at in�nit y

D for a map from C

2

to C . In order to get a divisor at in�nit y w e m ust blo w up

P

1

� P

1

, sa y m times, and include some of the resulting exceptional curv es in the

collection so that this new collection giv es a divisor D whose complemen t is C

2

.

The exceptional curv es that w e \lea v e b ehind" (i.e., do not include in D ) will b e

called cutting divisors .

Lemma 3.1. (i) D must have m + 2 irr e ducible c omp onents, so we must include

m � k + 2 of the exc eptional divisors in the c ol le ction le aving k � 2 b ehind as cutting

divisors;

(ii) D must b e c onne cte d and have no cycles;

(iii) D must r e duc e to one of the \Morr ow c on�gur ations" by a se quenc e of blow-

downs. The Morr ow c on�gur ations ar e the c on�gur ations of r ational curves with

dual gr aphs of one of the fol lowing thr e e typ es, in which, in the last c ase, after

r eplacing the c entr al ( n; 0 ; � n � 1) by a single ( � 1) vertex the r esult should blow

down to a single (+1) vertex by a se quenc e of blow-downs:

1

�
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0
l

� �

l

m

���

l

1

n

0

� n � 1
t

1

��� t

k

� � � � � � �

These c onditions ar e also su�cient that X � D

�

=

C

2

.

Pr o of. The �rst prop ert y follo ws from the fact that eac h blo w-up increases the

rank of second homology b y 1. Th us H

2

( X ) has rank m + 2, so D m ust ha v e

m + 2 irreducible comp onen ts. Notice that this implies easily the w ell-kno wn result

[11 , 12, 23] that

� � 1 =

X

a 2 C

( r

a

� 1) ;

where � is the n um b er of horizon tal curv es of f and r

a

is the n um b er of irreducible

comp onen ts of f

� 1

( a ). (Both sides are equal to k � 1 � f n um b er of �nite curv es at

in�nit y g .)

The second prop ert y follo ws from the third prop ert y . F or the third prop ert y and

su�ciency see [13 , 19].

No w assume that

~

f has at least three degree one horizon tal curv es. T ak e these

three horizon tal curv es and use them to map X to P

1

� P

1

as follo ws. The three

horizon tal curv es de�ne three p oin ts in a generic �bre of

~

f . W e can map this generic

�bre to P

1

b y mapping these three p oin ts to 0 ; 1 ; 1 2 P

1

. This de�nes a map from

a Zariski op en set of X to P

1

whic h then extends to a map � from X to P

1

. If � is

not a morphism then w e blo w up X to get a morphism. Rather than in tro ducing

further notation for this blo w-up w e will assume w e b egan with this blo w-up and

call it X . T ogether with the map

~

f this giv es us the desired morphism

X

(

~

f ;� )

� ! P

1

� P

1

with the prop ert y that the three horizon tal curv es map to (1 ; 0) curv es.

If all horizon tal curv es for f are of t yp e (1 ; 0) then the generic �bres form an

isotrivial family (brie
y \ f is isotrivial"). Th us if f is of simple t yp e but not

isotrivial, there m ust b e a horizon tal curv e of t yp e (1 ; n ) in C with n > 0. F rom

no w on, therefore, w e assume that there are at least three (1 ; 0) curv es and at least

one (1 ; n ) curv e in C with n > 0.

Lemma 3.2. A ny curve of D that is b eyond a horizontal curve fr om the p oint of

view of

~

L

1

has self-interse ction numb er � � 2 .

Pr o of. If the curv e is an exceptional curv e then it has self-in tersection � � 1. If � 1,

then the curv e m ust ha v e v alency at least three (since an y � 1 exceptional curv e

that could b e blo wn do wn is a cutting divisor). An y three adjacen t curv es m ust

include t w o horizon tal curv es, whic h con tradicts the fact that the dual graph of D

has no cycles. If the curv e is not exceptional then it is the prop er transform of

a v ertical curv e. But w e m ust ha v e blo wn up at least three times on the v ertical

curv e to get rid of cycles in the dual graph of D so in this case the self-in tersection

is � � 3.
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3.1. Horizon tal curv es. The next few lemmas will b e dev oted to �nding restric-

tions on the horizon tal curv es in the con�guration C � P

1

� P

1

, culminating in

Prop osition 3.9.

Lemma 3.3. A horizontal curve of typ e (1 ; n ) in C must b e of typ e (1 ; 1) .

Pr o of. Assume w e ha v e a horizon tal curv e C 2 C of t yp e (1 ; n ) with n > 1. It

in tersects eac h of the three (1 ; 0) curv es n times (coun ting with m ultiplicit y) so

in order to break cycles|Lemma 3.1 (ii)|w e ha v e to blo w up at least n times

on eac h (1 ; 0) horizon tal curv e, so the prop er transforms of the three (1 ; 0) curv es

ha v e self-in tersection at most � n and the prop er transform of the (1 ; n ) curv e has

self-in tersection at most 2 n � 3 n = � n .

By Lemma 3.1 (iii), D m ust reduce to a Morro w con�guration b y a sequence of

blo w-do wns. Th us D m ust con tain a � 1 curv e E that blo ws do wn. By Lemma 3.2,

the curv e E m ust b e a prop er transform of a horizon tal curv e. The prop er transform

of eac h (1 ; 0) curv e has self-in tersection at most � n < � 1. Th us E m ust come from

one of the (1 ; � ) horizon tal curv es. As men tioned ab o v e, the prop er transform of

a (1 ; k ) curv e has self-in tersection � � k so E m ust b e the prop er transform of a

(1 ; 1) curv e, E

0

. But E

0

w ould in tersect C , the (1 ; n ) curv e, 2 n times and hence

E :E � 2 � 2 n < � 1 since n > 1. This is a con tradiction so an y horizon tal curv e of

t yp e (1 ; n ) m ust b e a (1 ; 1) curv e.

Hence, the horizon tal curv es consist of a collection of (1 ; 0) curv es and (1 ; 1)

curv es. Figure 1 sho ws an example of a p ossible con�guration of horizon tal curv es

in P

1

� P

1

.

:

:

:

uuuuuuuuuuuuuuuuuuuuuuuuuu

Figure 1. Con�guration of horizon tal curv es.

Lemma 3.4.

~

L

1

�

~

L

1

= � 1 .

Pr o of. W e blo w up at a p oin t on L

1

precisely when at least t w o horizon tal curv es

meet in a common p oin t there. In general, if a horizon tal curv e meets L

1

with a

high degree of tangency then w e blo w up rep eatedly there. But, since all horizon tal

curv es are (1 ; 0) and (1 ; 1) curv es, they meet L

1

transv ersally , so a p oin t on L

1

will b e blo wn up at most once.

If there are t w o suc h p oin ts to b e blo wn up, then after blo wing up there will

b e (in the dual graph) t w o non-neigh b ouring � 1 curv es with v alency > 2. The

complemen t of suc h a con�guration cannot b e C

2

. This is pro v en b y Kaliman [11 ]

as Corollary 3. Actually the result is stated for t w o � 1 curv es of v alency 3 but it

applies to v alency � 3.

Th us, at most one p oin t on L

1

is blo wn up and

~

L

1

�

~

L

1

= 0 or � 1. W e m ust

sho w 0 cannot o ccur.
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A

B

1

B

2

e e

Figure 2. The branc hes B

1

and B

2

consist of curv es of self-

in tersection < � 1 and e � � 1.

Since there are at least four horizon tal curv es, if

~

L

1

�

~

L

1

= 0, then

~

L

1

has

v alency at least 4 and ev ery other curv e has negativ e self-in tersection. F urthermore,

the only p ossible � 1 curv es m ust b e horizon tal curv es, and these in tersect

~

L

1

in D .

As w e attempt to blo w do wn D to get to a Morro w con�guration, the only curv es

that can b e blo wn do wn will alw a ys b e adjacen t to

~

L

1

. Th us the in tersection

n um b er of

~

L

1

will b ecome p ositiv e and all other in tersection n um b ers remain

negativ e, so a Morro w con�guration cannot b e reac hed. Hence,

~

L

1

�

~

L

1

= � 1.

Lemma 3.5. A c on�gur ation of curves that c ontains two br anches c onsisting of

curves of self-interse ction < � 1 that me et at a valency > 2 curve of self-interse ction

gr e ater than or e qual to � 1 as in Figur e 2 (wher e the me eting curve is dr awn with

valency 3 for c onvenienc e) c annot b e blown down to a Morr ow c on�gur ation.

Pr o of. Since the t w o branc hes consist of curv es of self-in tersection < � 1, they

cannot b e reduced b efore the other branc hes are reduced. If the rest of the con�g-

uration of curv es is blo wn do wn �rst then the v alency > 2 curv e b ecomes a v alency

2 curv e with non-negativ e self-in tersection and no more blo w-do wns can b e done.

Since there is no 0 curv e, w e ha v e not reac hed a Morro w con�guration.

Lemma 3.6. The interse ction of any two (1 ; 1) curves in C c onsists of two distinct

p oints c ontaine d in the union of the (1 ; 0) curves in C .

Pr o of. W e will assume otherwise and reduce to the situation of Lemma 3.5 to giv e

a con tradiction. Th us, assume that t w o (1 ; 1) curv es do not in tersect in t w o p oin ts

con tained in the union of the (1 ; 0) curv es. Then in order to break cycles these

curv es m ust b e blo wn up at least four times|once eac h for at least three of the

(1 ; 0) curv es and at least another time for the in tersection of the t w o (1 ; 1) curv es.

Th us they ha v e self-in tersection < � 1.

Case 1 : Supp ose t w o (1 ; 1) curv es meet on L

1

. Then after blo wing up (t wice if

the (1 ; 1) curv es meet at a tangen t), the exceptional curv es are retained and the �nal

exceptional curv e has self-in tersection � 1, v alency 3 and t w o branc hes, whic h w e

will call B

1

and B

2

, consisting of the prop er transforms of the t w o (1 ; 1) curv es and

an y other curv es b ey ond these prop er transforms all of whic h ha v e self-in tersection

< � 1. Th us w e are in the situation of Lemma 3.5 and w e get a con tradiction.

Case 2 : Supp ose t w o (1 ; 1) curv es meet L

1

at distinct p oin ts. Then at least

one of the (1 ; 1) curv es, D , m ust meet L

1

at a p oin t a w a y from the (1 ; 0) curv es

b y Lemma 3.4. Also one of the (1 ; 0) curv es, H , m ust meet L

1

a w a y from the
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(1 ; 1) curv es and con tain at least t w o p oin ts where it in tersects the (1 ; 1) curv es

and th us ha v e self-in tersection < � 1 after blo wing up to break cycles. W e are once

more at the situation of Lemma 3.5 where the v alency > 2 curv e is

~

L

1

whic h has

self-in tersection � 1 b y Lemma 3.4, and the branc hes B

1

and B

2

are the prop er

transform of D and an y curv es b ey ond it, resp ectiv ely the prop er transform of H

and an y curv es b ey ond it. Th us w e ha v e a con tradiction.

Notice that b oth cases apply to t w o (1 ; 1) curv es that ma y in tersect at a tangen t

p oin t, and sho ws that this situation is imp ossible.

Lemma 3.7. If ther e is mor e than one (1 ; 1) curve in C then ther e ar e exactly thr e e

(1 ; 0) horizontal curves in C .

Pr o of. Assume that there are more than three (1 ; 0) horizon tal curv es in C and at

least t w o (1 ; 1) curv es, sa y C

1

and C

2

.

Case 1 : C

1

and C

2

meet on

~

L

1

. Then they meet eac h of at least t w o (1 ; 0)

curv es in distinct p oin ts, so after blo wing up to destro y cycles, these (1 ; 0) curv es

ha v e self-in tersection n um b er � � 2 and Lemma 3.5 applies.

Case 2 : C

1

and C

2

meet

~

L

1

at distinct p oin ts. Then one of them, sa y C

1

,

meets

~

L

1

at a p oin t not on a (1 ; 0) curv e b y Lemma 3.4. A t least one (1 ; 0) curv e

C

3

meets C

1

and C

2

in distinct p oin ts. After breaking cycles, C

1

and C

3

ha v e

self-in tersections � � 2 so Lemma 3.5 applies again.

Lemma 3.8. A family of (1 ; 1) horizontal curves in C must p ass thr ough a c ommon

p air of p oints.

Pr o of. The statemen t is trivial for one (1 ; 1) horizon tal curv e so assume there are

at least t w o (1 ; 1) horizon tal curv es in C . By the previous lemma, there are exactly

three (1 ; 0) horizon tal curv es.

If there are exactly t w o (1 ; 1) horizon tal curv es in C then the lemma is clear since

the curv es cannot b e tangen t b y Lemma 3.6.

When there are more than t w o (1 ; 1) curv es in C , apply Lemma 3.6 to t w o of

them. If another (1 ; 1) horizon tal curv e in C do es not in tersect these t w o (1 ; 1)

curv es at their common t w o p oin ts of in tersection then, b y Lemma 3.6, it m ust

meet b oth these (1 ; 1) curv es at the third (1 ; 0) horizon tal curv e of C . So the �rst

t w o (1 ; 1) curv es w ould meet there, whic h is a con tradiction.

Prop ositio n 3.9. A ny c on�gur ation of horizontal curves in C is e quivalent to one

of the form in Figur e 1.

Pr o of. By assumption and Lemma 3.3 there are at least three (1 ; 0) horizon tal

curv es and some (1 ; 1) horizon tal curv es in C . If there is exactly one (1 ; 1) horizon tal

curv e then the prop osition is clear. If there is more than one (1 ; 1) horizon tal curv e,

then b y Lemmas 3.7 and 3.8 there are precisely three (1 ; 0) horizon tal curv es and

t w o of the (1 ; 0) horizon tal curv es con tain the common in tersection of the (1 ; 1)

curv es. Eac h (1 ; 1) curv e also con tains a distinguished p oin t where the curv e meets

the third (1 ; 0) horizon tal curv e. A Cremona transformation can bring suc h a

con�guration to that in Figure 1 b y blo wing up at the t w o p oin ts of in tersection

of the (1 ; 1) curv es and blo wing do wn the t w o v ertical lines con taining the t w o

p oin ts. This sends t w o of the (1 ; 0) horizon tal curv es and eac h (1 ; 1) curv e to (1 ; 0)

horizon tal curv es and one of the (1 ; 0) curv es to a (1 ; 1) curv e that in tersects eac h
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of the other horizon tal curv es exactly once. Note that since w e blo w up P

1

� P

1

to

get the p olynomial map, t w o con�gurations of curv es C ; C

0

in P

1

� P

1

related b y a

Cremona transformation giv e rise to the same p olynomial, so w e are done.

3.2. The con�guration C . The image C of D � X ! P

1

� P

1

will consist of the

con�guration of horizon tal curv es in Figure 1 plus some (0 ; 1) v ertical curv es. The

next t w o lemma s sho w that in fact the only (0 ; 1) v ertical curv e w e need to include

in C is L

1

and furthermore that C can b e giv en b y Figure 4.

Lemma 3.10. The c on�gur ation C app e ars in Figur e 3 or Figur e 4.

Pr o of. Let r + 2 denote the n um b er of horizon tal curv es and k + 1 denote the n um b er

of (0 ; 1) v ertical curv es in C . Th us C consists of k + r + 3 irreducible comp onen ts

and b y Lemma 3.1 (i), when blo wing up to get D from C w e m ust lea v e k + r + 1

exceptional curv es b ehind as cutting divisors.

By Lemma 3.1 (ii) w e m ust break all cycles. The minim um n um b er of cutting

divisors needed to do this is k r + k + r � 2min f k ; r g . This is b ecause eac h of the

k (0 ; 1) v ertical curv es di�eren t from L

1

m ust b e separated from all but one of

the r + 1 (1 ; 0) horizon tal curv es, so w e need k r cutting divisors. Also, the (1 ; 1)

horizon tal curv e meets eac h of the r + 1 (1 ; 0) horizon tal curv es and eac h of the k

(0 ; 1) v ertical curv es once, so that requires k + r cutting divisors (b y Lemma 3.4

the (1 ; 1) curv e m ust meet L

1

at a triple p oin t with a (1 ; 0) horizon tal curv e, so

this in tersection do es not pro duce a cycle to b e brok en). W e w ould th us require

k r + k + r cutting divisors except that the (1 ; 1) curv e ma y pass through in tersections

of the (1 ; 0) horizon tal curv es and the (0 ; 1) v ertical curv es, so some of the cutting

divisors ma y coincide. The most suc h in tersections p ossible is min f k ; r g and w e

ha v e then o v er-coun ted required cutting divisors b y 2min f k ; r g . Hence w e get at

least k r + k + r � 2min f k ; r g cutting divisors.

Since the n um b er k + r + 1 of cutting divisors is at least k r + k + r � 2min f k ; r g ,

w e ha v e k + r + 1 � k r + k + r � 2min f k ; r g , so

1 � k ( r � 2) and 1 � ( k � 2) r ; k � 0 ; r � 2 :(1)

The solutions of (1) are ( k ; r ) = f (0 ; r ) ; (1 ; 2) ; (1 ; 3 ) ; (2 ; 2) g .

Recall b y Lemma 3.4 that the (1 ; 1) curv e m ust meet L

1

at a triple p oin t with

a (1 ; 0) horizon tal curv e. F urthermore, b y k eeping trac k of when either inequalit y

in (1) is an equalit y , or one a w a y from an equalit y , w e can see that the (1 ; 1) curv e

m ust meet an y other (0 ; 1) v ertical curv es at a triple p oin t with a (1 ; 0) horizon tal

curv e. Th us, the only p ossible con�gurations for C are giv en in Figures 3 and 4.

yyyyyyyyyyyyyyyyyyyyyyyy

yyyyyyyyyyyyyyyyyyyyyyyy

yyyyyyyyyyyyyyyyyyyyyyyy

Figure 3. Con�guration C .
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:

:

:

yyyyyyyyyyyyyyyyyyyyyyyy

Figure 4. Con�guration C with r + 2 horizon tal curv es.

In the follo wing lemmas w e will exclude the con�gurations in Figure 3. Lab el

the triple p oin ts in the �rst t w o con�gurations of Figure 3 b y P

1

2 L

1

and P

1

,

and in the third con�guration b y P

1

; P

1

; P

2

. Also, lab el the exceptional divisor

obtained b y blo wing up the triple p oin t P

i

b y E

i

and its prop er transform b y

~

E

i

.

Lemma 3.11. If E

i

is a cutting divisor then the (0 ; 1) vertic al curve c ontaining P

i

c an b e r emove d fr om C by a bir ational tr ansformation.

Pr o of. In eac h of the con�gurations of Figure 3 w e can p erform a Cremona trans-

formation b y blo wing up P

1

and P

i

for i = 1 or 2 and then blo wing do wn

~

L

1

and

the prop er transform of the (0 ; 1) v ertical curv e that con tains P

i

. The exceptional

divisors E and E

i

b ecome (0 ; 1) curv es and the (0 ; 1) v ertical curv e that con tains

P

i

b ecomes an exceptional divisor in a new con�guration C . When E

i

is a cutting

divisor this op eration essen tially remo v es a (0 ; 1) v ertical curv e from C .

Lemma 3.12. In a c on�gur ation fr om Figur e 3 with ( k ; r ) 2 f (1 ; 3) ; (2 ; 2) g at le ast

one of the exc eptional divisors E

1

or E

2

is a cutting divisor.

Pr o of. Supp ose otherwise, that E

1

is not a cutting divisor and for ( k ; r ) = (2 ; 2) nor

is E

2

a cutting divisor. The exceptional curv es E

i

in tro duce an extra in tersection

and hence an extra cutting divisor is required. There is one suc h extra in tersection

in the con�guration with ( k ; r ) = (1 ; 3) and t w o suc h extra in tersections in the

con�guration with ( k ; r ) = (2 ; 2). As men tioned in the pro of of Lemma 3.10 the

solution ( k ; r ) = (1 ; 3) giv es equalit y in (1) and so it cannot sustain an extra cutting

divisor. Similarly the solution ( k ; r ) = (2 ; 2) is 1 a w a y from equalit y in (1) and so

it cannot sustain t w o extra cutting divisors. Hence w e get a con tradiction and the

lemma is pro v en.

By the previous t w o lemmas w e can simplify an y con�guration from Figure 3

to lie in Figure 4 or to b e the �rst con�guration from Figure 3 (the one with

( k ; r ) = (1 ; 2)) with the requiremen t that E

1

is not a cutting divisor. It is this last

case that w e will no w exclude.

The next three lemma s supp ose that w e ha v e the �rst con�guration from Figure 3

and that E

1

is not a cutting divisor. W e will denote the four horizon tal curv es b y

H

i

, i = 1 ; : : : ; 4, and their prop er transforms b y

~

H

i

where H

4

is the (1 ; 1) curv e, H

1

con tains P

1

and H

3

con tains P

1

. Also denote the (1 ; 0) v ertical curv e that con tains

P

1

b y L

1

and its prop er transform b y

~

L

1

.

Lemma 3.13. A t le ast one of

~

H

1

and

~

H

2

and at le ast one of

~

H

3

and

~

H

4

has

self-interse ction � 1 .
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Pr o of. The prop er transform of eac h horizon tal curv e has self-in tersection less than

or equal to � 1 and all curv es in D b ey ond horizon tal curv es ha v e self-in tersection

strictly less than � 1. If the t w o horizon tal curv es that meet

~

L

1

,

~

H

1

and

~

H

2

,

ha v e self-in tersection strictly less than � 1, then since all curv es b ey ond the t w o

horizon tal curv es also ha v e self-in tersection strictly less than � 1, and since

~

L

1

has

self-in tersection � 1 and v alence 3 this giv es a con tradiction b y Lemma 3.5. The

same argumen t applies to

~

H

3

and

~

H

4

together with E .

Lemma 3.14.

~

H

4

�

~

H

4

= � 1 if and only if

~

H

2

�

~

H

2

= � 1 .

Pr o of. Since L

1

m ust b e separated from at least one of H

2

and H

3

then at most

one of

~

H

2

�

~

H

2

= � 1 and

~

H

3

�

~

H

3

= � 1 can b e true. Similarly E

1

m ust b e separated

from at least one of H

1

and H

4

so at most one of

~

H

1

�

~

H

1

= � 1 and

~

H

4

�

~

H

4

= � 1

can b e true. By Lemma 3.13, if

~

H

2

�

~

H

2

6= � 1 then

~

H

1

�

~

H

1

= � 1 so

~

H

4

�

~

H

4

6= � 1.

Similarly ,

~

H

1

�

~

H

1

6= � 1 implies that

~

H

2

�

~

H

2

= � 1 and

~

H

4

�

~

H

4

= � 1.

Lemma 3.15. The c on�gur ation fr om Figur e 3 with ( k ; r ) = (1 ; 2) to gether with

the r e quir ement that E

1

is not a cutting divisor c annot o c cur.

Pr o of. Supp ose otherwise. Assume that

~

H

1

�

~

H

1

= � 1 and

~

H

3

�

~

H

3

= � 1. If this

is not the case, then b y Lemmas 3.13 and 3.14 w e ma y assume that

~

H

4

�

~

H

4

= � 1

and

~

H

2

�

~

H

2

= � 1 and argue similarly . The curv es b ey ond

~

H

1

ha v e self-in tersection

strictly less than � 1. The curv e imm ediately adjacen t and b ey ond

~

H

1

is

~

E

1

and

this has self-in tersection strictly less than � 2. This is b ecause w e m ust blo w up

b et w een E

1

and H

4

to separate cycles, and also b et w een

~

E

1

and

~

L

1

to break cycles

and to main tain

~

H

1

�

~

H

1

= � 1 and

~

H

3

�

~

H

3

= � 1. Th us if w e blo w do wn

~

H

1

the remaining branc h b ey ond

~

L

1

consists of curv es with self-in tersection strictly

less than � 1. Also

~

H

2

has self-in tersection strictly less than � 1 since w e ha v e to

blo w up the in tersection b et w een H

2

and H

4

and the in tersection b et w een H

2

and

L

1

in order to break cycles and main tain

~

H

3

�

~

H

3

= � 1. After blo wing do wn

~

H

1

,

~

L

1

has self-in tersection 0 and v alency 3 with t w o branc hes consisting of curv es

of self-in tersection strictly less than � 1. Th us w e can use Lemma 3.5 to get a

con tradiction.

4. Non-isotrivial ra tional pol ynomials of simple type

The con�guration in Figure 4 is the starting p oin t for an y non-isotrivial rational

p olynomial of simple t yp e. Notice that w e can �ll one puncture in eac h �bre of

an y suc h map to get an isotrivial family of curv es and the puncture v aries linearly

with c 2 C . Notice also that there is an irregular �bre for eac h of the r in tersection

p oin ts of the (1 ; 1) curv e with (1 ; 0) horizon tal curv es a w a y from L

1

. In fact there

is at most one more irregular �bre whic h can only o ccur in rather sp ecial cases, as

w e discuss in subsection 4.1.

F rom no w on the con�guration C is giv en b y Figure 4 with r + 2 horizon tal curv es.

Beginning with C w e will list all of the rational p olynomials of simple t yp e generated

from this con�guration. W e shall giv e the splice diagrams for these p olynomials

�rst. Although w e compute the p olynomial s later, geometric information of in terest

is often more easily extracted from the splice diagram or from our construction of

the p olynomials than from an actual p olynomial.

The splice diagram enco des the top ology of the p olynomial . It represen ts the

link at in�nit y of the generic �bre, or it can b e though t of as an e�cien t plum bing
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graph for the divisor at in�nit y , D � X . It enco des an en tire parametrised family

of p olynomials with the same top ology of their regular �bres. See [7, 15, 16 ] for

more details. Within this family , p olynomial s can still di�er in the top ology of their

irregular �bres. Our metho ds also giv e all information ab out the irregular �bres,

as w e describ e in subsection 4.1.

The con�guration C has r + 3 irreducible comp onen ts so when w e blo w up to get D

b y Lemma 3.1 (i) w e will lea v e r +1 exceptional curv es b ehind as cutting divisors. By

Lemma 3.1 (ii) w e m ust break the r cycles in C with m ultiple blo w-ups at the p oin ts

of in tersection lea ving r exceptional curv es b ehind as cutting divisors. W e blo w up

m ultiple times b et w een the r th (1 ; 0) horizon tal curv e and the (1 ; 1) horizon tal curv e

in order to break a cycle. Th us, w e require those blo w-ups to satisfy the condition

that the exceptional curv e will break the cycle if remo v ed. Equiv alen tly , eac h new

blo w-up tak es place at the in tersection of the most recen t exceptional curv e with

an adjacen t curv e. W e call suc h a m ultiple blo w-up a sep ar ating blow-up se quenc e .

W e ha v e one extra cutting divisor. This will arise as the last exceptional curv e

blo wn up in a sequence of blo w-ups that do es not break a cycle. W e will call this se-

quence of blo w-ups a non-sep ar ating blow-up se quenc e . A priori, this non-separating

blo w-up sequence could b e a sequence as in Figure 5, where the �nal � 1 curv e is

P

�

�
�
�

�

__
�

_ _ __
�

_ _

�

__
�

__
�
� �

_ _

� 1

�

Figure 5. Sequence of blo w-ups starting at P and ending at the

� 1 curv e.

the cutting divisor. Ho w ev er, w e shall see that the extra no des this in tro duces in

the dual graph prohibit D from blo wing do wn to a Morro w con�guration, so the

sequence is simply a string of � 2 exceptional curv es follo w ed b y � 1 exceptional

curv e that is the cutting divisor. This arises from blo wing up a p oin t on a curv e in

the blo w-up of C that do es not lie on an in tersection of irreducible comp onen ts.

Let us b egin b y just p erforming the separating blo w-up sequences at the p oin ts

of in tersection, of C and lea ving the non-separating blo w-up sequence un til later.

This giv es the dual graph in Figure 6 with the prop er transforms of the r + 1 (1 ; 0)

horizon tal curv es and the (1 ; 1) horizon tal curv e indicated along with

~

L

1

and the

exceptional curv e E arising from the blo w-up of the triple p oin t in C . There are

r branc hes heading out from the prop er transform of (1 ; 1) consisting of curv es of

self-in tersection less than � 1 and b ey ond eac h of the prop er transforms of the r

(1 ; 0) horizon tal curv es the curv es ha v e self-in tersection less than � 1.

The self-in tersection of eac h of (

f

1 ; 0 )

0

, E and

~

L

1

is � 1. The self-in tersections of

(

f

1 ; 1 ) and (

f

1 ; 0 )

i

, i = 1 ; : : : ; r are negativ e and dep end on ho w w e blo w up at eac h

p oin t of in tersection.

Lemma 4.1. Ther e is at most one br anch in D b eyond (

f

1 ; 1 ) , and r � 1 of the

horizontal curves (

f

1 ; 0 )

i

(those with index i = 1 ; : : : ; r � 1 say) have self-interse ction

� 1 and only � 2 curves b eyond.



RA TIONAL POL YNOMIALS OF SIMPLE TYPE 13

(

f

1 ; 1 ) (

f

1 ; 0 )

r

�

JJJ
JJJ

JJ �

kkkkkkkkkkkkkk
E

~

L

1

(

f

1 ; 0 )

r � 1

�

vvv
vvv

vvv
�

RRRRRRRRRRRRRR
�

(

f

1 ; 0 )

0

�
(

f

1 ; 0 )

1

�

Figure 6. Dual graph of C blo wn up at p oin ts of in tersection.

Pr o of. Since the self-in tersection of eac h of the curv es b ey ond (

f

1 ; 1 ) is less than � 1

eac h branc h b ey ond (

f

1 ; 1) cannot b e blo wn do wn b efore (

f

1 ; 1 ). Th us, there are at

most t w o branc hes.

F urthermore, since the self-in tersection of eac h of the curv es b ey ond (

f

1 ; 0 )

i

, i =

1 ; : : : ; r is less than � 1, the branc h b ey ond (

f

1 ; 0 )

i

can b e blo wn do wn b efore (

f

1 ; 0 )

i

only if (

f

1 ; 0 )

i

has self-in tersection � 1 and eac h curv e b ey ond has self-in tersection

� 2. Th us, at most t w o branc hes b ey ond (

f

1 ; 0 )

i

, i = 1 ; : : : ; r do not consist of

a � 1 curv e with a string of � 2 curv es b ey ond. If there are t w o suc h branc hes

then the blo w-ups that create them create corresp onding branc hes b ey ond (

f

1 ; 1 )

(or p ossibly just decrease the in tersection n um b er at (

f

1 ; 1 )). These t w o branc hes

cannot b e fully blo wn do wn un til ev erything else connecting to the

~

L

1

v ertex are

blo wn do wn, but the v ertex (

f

1 ; 1 ) and an y branc hes b ey ond it cannot blo w do wn

�rst. Th us D cannot blo w do wn to a Morro w con�guration. Th us there is at most

one suc h branc h, pro ving the Lemma.

Figure 7 giv es the dual graph of the partially blo wn up C where the lab el of eac h

curv e is no w its self-in tersection n um b er. The branc h b ey ond (

f

1 ; 0 )

i

consists of a

string of a

i

� 1 � 2 curv es and A =

P

r � 1

i =1

a

i

. W e ha v e th us far only blo wn up once

b et w een the r th (1 ; 0) horizon tal curv e and the (1 ; 1) horizon tal curv e, indicating the

exceptional divisor b y 
 . W e ma y blo w up man y more times|p erform a separating

blo w-up sequence|lea ving b ehind the �nal exceptional curv e as cutting divisor to

get a branc h b ey ond (

f

1 ; 1 ) and a branc h b ey ond (

f

1 ; 0 )

r

. In addition, w e still ha v e

to p erform the non-separating blo w-up sequence at some p oin t on the divisor.

� A
� 1

�

LLL
LLL

LL 


______ ______
�

nnnnnnnnn
� 1 � 1 � 1 � 2 � 2

�

sss
sss

ss �

OOO
OOO

OOO
O

WWWWWWWWW
� �

f a

r � 1

� 1 g

�

� 1

�

� 1

�

SSSSSSSSS

� 2

�

f a

1

� 1 g
� 2

�

Figure 7. Dual graph of partially blo wn-up con�guration of curv es.
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Lemma 4.2. The non-sep ar ating blow-up se quenc e o c curs b eyond either (

f

1 ; 1 ) , (

f

1 ; 0)

r

,

or (

f

1 ; 0 )

0

and in the latter c ase (

f

1 ; 1 ) � (

f

1 ; 1 ) = � 1 .

Pr o of. If the non-separating blo w-up sequence o ccurs on the branc h b ey ond (

f

1 ; 0 )

i

,

i = 1 ; : : : ; r � 1 then that branc h cannot b e blo wn do wn. By the pro of of lemma 4.1,

in order to obtain a linear graph w e m ust blo w do wn r � 1 of the branc hes b ey ond

(

f

1 ; 0 )

i

, i = 1 ; : : : ; r . Th us, if the non-separating blo w-up sequence do es o ccur

b ey ond (

f

1 ; 0 )

i

for some i � r � 1, then the (

f

1 ; 0 )

r

branc h blo ws do wn, so w e simply

sw ap the lab els i and r .

The non-separating blo w-up sequence cannot o ccur on E or

~

L

1

b ecause the

resulting cutting divisor w ould not b e sen t to a �nite v alue.

If the non-separating blo w-up sequence o ccurs on the branc h b ey ond (

f

1 ; 0 )

0

then

w e m ust b e able to blo w do wn the branc h b ey ond (

f

1 ; 1 ), hence the branc h m ust

consist of (

f

1 ; 1 ) with self-in tersection � 1.

Lemma 4.3. We may assume the non-sep ar ating blow-up se quenc e do es not o c cur

b eyond (

f

1 ; 0 )

0

.

Pr o of. By Lemma 4.2 if the non-separating blo w-up sequence o ccurs b ey ond (

f

1 ; 0 )

0

then (

f

1 ; 1 ) � (

f

1 ; 1 ) = � 1. In particular, 1 = A =

P

r � 1

1

a

i

. Th us, r = 2, a

1

= 1.

With only four horizon tal curv es, w e can p erform a Cremona transformation to

mak e (

f

1 ; 0 )

0

the (1 ; 1) curv e and hence w e are in the �rst case of Lemma 4.2.

Lemma 4.4. The non-sep ar ating blow-up se quenc e o c curs on either of the last

curves b eyond (

f

1 ; 1) or (

f

1 ; 0 )

r

and is a string of � 2 curves fol lowe d by the � 1

curve that is a cutting divisor.

Pr o of. Arguing as previously , if the non-separating blo w-up sequence o ccurs an y-

where else, or if it is more complicated, then it in tro duces a new branc h prev en ting

the divisor D from blo wing do wn to a linear graph.

W e no w kno w that our divisor D results from Figure 7 b y doing a separating

blo w-up sequence b et w een the (1 ; 1) curv e and the r -th (1 ; 0) curv e, lea ving b ehind

the �nal � 1 exceptional curv e as a cutting divisor and then p erforming a non-

separating blo w-up sequence on a curv e adjacen t to this cutting divisor to pro duce

second cutting divisor.

A priori, it is not clear that this pro cedure alw a ys giv es rise to a divisor D � X

where X is a blo w-up of P

2

and D is the pre-image of the line at in�nit y . The

classi�cation will b e complete once w e sho w it do es.

Lemma 4.5. The ab ove pr o c e dur e always gives rise to a c on�gur ation that blows

down to a Morr ow c on�gur ation (se e L emma 3.1) and henc e determines a r ational

p olynomial of simple typ e.

Pr o of. The calculation in v olv es the relation b et w een plum bing graphs and splice

diagrams describ ed in [7] or [16 ], with whic h w e assume familia rit y . In particular,

w e use the con tin ued fractions of w eigh ted graphs describ ed in [7 ]. If one has a

c hain of v ertices with w eigh ts � c

0

; � c

1

; : : : ; � c

t

, its con tin ued fraction based at the
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�rst v ertex is de�ned to b e

c

0

�

1

c

1

�

1

c

2

�

.

.

.

�

1

c

t

The dual graph for the curv e con�guration of Lemma 4.5 has c hains starting

at the v ertex (

f

1 ; 1) and (

f

1 ; 0 )

r

. W e claim these c hains ha v e con tin ued fractions

ev aluating to A � 1 +

P

Q

and

q

p

resp ectiv ely , where P ; Q; p; q are arbitrary p ositiv e

in tegers with P q � pQ = 1. W e describ e the main ingredien ts of this calculation

but lea v e the details to the reader.

An easy induction sho ws that the initial separating blo w-up sequence leads to

c hains at (

f

1 ; 1 ) and (

f

1 ; 0 )

r

with con tin ued fractions A � 1 +

n

m

and

m

n

with p ositiv e

coprime n and m . The non-separating blo w-up sequence then c hanges the fraction

n

m

or

m

n

that it op erates on as follo ws. If the non-separating blo w-up sequence

consists of k blo w-ups at the end of the left c hain then

n

m

is replaced b y

N

M

with

N m � nM = 1 and k �

M

m

<

N

n

� ( k + 1). If the non-separating blo w-up sequence

is on the righ t then

m

n

is similarly c hanged instead.

Renaming, w e can describ e this in terms of our c hosen names p; q ; P ; Q as follo ws.

W e either ha v e P > p or q > Q . If P > p the initial separating blo w-up sequence

leads to c hains with con tin ued fractions A � 1 +

p

q

and

q

p

and the non-separating

blo w-up sequence then consists of a sequence of k := b

Q

q

c blo wups extending the

left c hain (and c hanging its con tin ued fraction to A � 1 +

P

Q

). If q > Q the con tin ued

fractions are A � 1 +

P

Q

and

Q

P

after the separating blo wup and the non-separating

blo w-up consists of k := b

p

P

c blo w-ups extending the righ t c hain (and c hanging its

con tin ued fraction to

q

p

).

T o pro v e the Lemma w e m ust sho w that the dual graph of our curv e con�guration

blo ws do wn to a Morro w con�guration. W e can blo w do wn the c hains starting at

(

f

1 ; 0 )

i

, i = 0 ; : : : ; r � 1, to get a c hain. T o c hec k that this c hain is a Morro w

con�guration w e m ust compute its determinan t, whic h w e can do with con tin ued

fractions as in [7 ]. W e �rst replace the t w o end c hains b y v ertices with the rational

w eigh ts � A + 1 �

P

Q

and �

q

p

determined b y their con tin ued fractions to get a c hain

of four v ertices with w eigh ts

� A + 1 �

P

Q

; 0 ; � 1 + A; �

q

p

:

Then, computing the con tin ued fraction for this c hain based at its righ t v ertex

giv es

q

p

�

Q

P

=

P q � pQ

P p

=

1

P p

, sho wing that the determinan t is � 1 as desired, and

completing the pro of.

Theorem 4.1. Given p ositive inte gers P ; Q; p; q with P q � pQ = 1 and p ositive

inte gers a

1

; : : : ; a

r � 1

, the splic e diagr am of our r ational p olynomial f of simple typ e
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with non-isotrivial �br es is given in Figur e 8 with

A = a

1

+ � � � + a

r � 1

;

B = AQ + P � Q;

C = Aq + p � q ;

b

i

= q Qa

i

+ 1 for e ach i .

The de gr e e of f is: deg( f ) = A ( Q + q ) + P + p .

�

�

p

1

oo
�

a

r � 1

1

��

�

�

Q

�

1

OO

� q

B

�

1

��

� C

1

�

1

� Q

�

q

� P

1

� b

r � 1

qqqqqqqqqqqqqq
1

� b

1

MMM
MMM

MMM
MMM

MM
.

.

.

.

.

.

�

a

1

1

��

�

Figure 8. Splice diagram for non-isotrivial rational p olynomial .

(In [17 ] an \additional" case w as giv en, whic h is, ho w ev er, of the ab o v e t yp e

with P = Q = p = 1, q = a

1

= 2.)

Pr o of. F or the follo wing computations w e con tin ue to assume the reader is famili ar

with the relationship b et w een resolution graphs and splice diagrams describ ed in

[16 ]. The arro ws signify places at in�nit y of the generic �bre, one on eac h horizon tal

curv e. The fact that (

f

1 ; 0 )

r

is next to

~

L

1

in the dual graph sa ys that the edge

determinan t of the in terv ening edge is 1. This corresp onds to the fact that P q �

pQ = 1, whic h w e already kno w. Similarly , (

f

1 ; 0 )

i

is next to

~

L

1

for i = 1 ; : : : ; r � 1

so the w eigh t b

i

is determined b y the edge determinan t condition b

i

= q Qa

i

+ 1.

The \total linking n um b er" at the v ertex corresp onding to eac h horizon tal curv e

(b efore blo wing do wn (

f

1 ; 0 )

0

) is zero (terminology of [16 ]; this re
ects the fact that

the link comp onen t corresp onding to the horizon tal curv e has zero linking n um b er

with the en tire link at in�nit y , since at almost all p oin ts on a horizon tal curv e, the

p olynomial has no p ole). The w eigh t C is determined b y the zero total linking

n um b er of (

f

1 ; 1), giving C = Aq + p � q . F or an y i the fact that v ertex (

f

1 ; 0)

i

has

zero total linking giv es B = AQ + P � Q .

It is w orth summarising some consequences of our construction that will b e useful

later.

Lemma 4.6. The numb er of blow-ups in the �nal non-sep ar ating blow-up se quenc e

is k := max ( b

Q

q

c ; b

p

P

c ) and these blow-ups o c curr e d at the ( Q; � q ) br anch or the

( p; � P ) br anch of the ab ove splic e diagr am ac c or ding as the �rst or se c ond entry

of this max is the lar ger. Mor e over, the non-sep ar ating blow-ups o c curr e d on the

c orr esp onding horizontal curve if and only if q = 1 r esp. P = 1 .



RA TIONAL POL YNOMIALS OF SIMPLE TYPE 17

Pr o of. The �rst part w as part of the pro of of Lemma 4.5. F or the second part, note

that if q = 1 then certainly q > Q m ust fail, so P > p and the nonseparating blo w-

ups w ere on the left. The con tin ued fraction on the left w as A � 1 +

p

q

= A � 1 + p

whic h is in tegral, sho wing that the left c hain consisted only of the exceptional curv e

b efore the non-separating blo w-up. Con v ersely , if the non-separating blo w-ups w ere

adjacen t to that exceptional curv e then the left c hain w as a single v ertex, hence

had in tegral con tin ued fraction, so q = 1. The argumen t for P = 1 is the same.

Theorem 4.2. The mo duli sp ac e of p olynomials f : C

2

! C with the ab ove r e gu-

lar splic e diagr am, mo dulo left-right e quivalenc e (that is, the action of p olynomial

automorphisms of b oth domain C

2

and r ange C ), has dimension r + k � 2 with k

determine d in the pr evious L emma. In fact it is a C

k

-�br ation over the ( r � 2) -

dimensional c on�gur ation sp ac e of r � 1 distinct p oints in C

�

lab el le d a

1

; : : : ; a

r � 1

,

mo dulo p ermutations that pr eserve the lab el ling and tr ansformations of the form

z 7! az .

Pr o of. The splice diagram prescrib es the n um b er of horizon tal curv es and the sep-

arating blo w-up sequences at eac h p oin t of in tersection. The only freedom is in

the placemen t of the horizon tal curv es in P

1

� P

1

, and in the c hoice of p oin ts, on

prescrib ed curv es, on whic h to p erform the string of blo w-ups w e call the non-

separating blo w-up sequence. The (1 ; 1) horizon tal curv e is a priori the graph of

a linear map y = ax + b but can b e p ositioned as the graph of y = x b y b y an

automorphisms of the image C .

The p oin t in the con�guration space of the Theorem determines the placemen t of

the horizon tal curv es (1 ; 0)

1

; : : : ; (1 ; 0)

r

(after putting the (1 ; 0)

0

curv e at P

1

� f1g

and the (1 ; 0)

r

curv e at P

1

� f 0 g ). The �bre C

k

determines the sequence of p oin ts

for the non-separating blo w-up sequence.

This pro v es the Theorem, except that w e need to b e careful, since some diagrams

o ccur in the form of Theorem 4.1 in t w o di�eren t w a ys, whic h migh t seem to lead

to disconnected mo duli space. But the only cases that app ear t wice ha v e four

horizon tal curv es and the con�gurations C are related b y Cremona transformations.

This completes the classi�cation of non-isotrivial rational p olynomials of simple

t yp e.

4.1. The irregular �bres. W e can read o� the top ology of the irregular �bres of

the p olynomial f of Theorem 4.1 from our construction, since an y suc h �bre is the

prop er transform of a v ertical (0 ; 1) curv e together with an y exceptional curv es left

b ehind as cutting divisors when blo wing up on this v ertical curv e.

W e shall use the notation C ( r ) to mean C with r punctures (so C

�

= C (1)), and

for the purp ose of this subsection w e used C [ C

0

to mean disjoin t union of curv es

C and C

0

, and C + C

0

to mean union with a single normal crossing. The generic

�bre of f is C ( r + 1).

The irregular �bres of f arise through the breaking of cycles b et w een the (1 ; 1)

curv e and the (1 ; 0)

i

curv e for i = 1 ; : : : ; r , so there are r of them. The non-

separating blo w-up also con tributes, but it usually con tributes to the r -th irregular

�bre. Ho w ev er, if P = 1 or q = 1 then the non-separating blo w-up o ccurs on

a horizon tal curv e and can th us ha v e an y f -v alue, so it generically leads to an

additional ( r + 1)-st irregular �bre.
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The irregular �bres are all reduced except for the r -th irregular �bre, whic h is

alw a ys non-reduced unless one of P ; Q; p; q is 1.

W e �rst assume q 6= 1 and P 6= 1, so there are exactly r irregular �bres. Then for

eac h i = 1 ; : : : ; r � 1 the i -th irregular �bre is C ( r � 1) + C

�

if a

i

= 1 and C ( r ) [ C

�

if a

i

> 1. The r -th irregular �bre is C ( r ) [ C

�

[ C generically . As men tioned ab o v e,

this �bre is reduced if and only if Q = 1 or p = 1. There is a single parameter v alue

in the C

k

factor of the parameter space of Theorem 4.2 for whic h the r -th irregular

�bre has di�eren t top ology , namely C ( r ) [ ( C + C ) . In this case it is non-reduced

ev en if Q = 1 or p = 1.

If q = 1 or P = 1 then write

P

Q

and

q

p

as

1

a

and

ak +1

k

in some order. The

non-separating blo w-up creates irregularit y in a �bre whic h generically is distinct

from the the �rst r irregular �bres. The generic situation is that the r -th irregular

�bre is C ( r ) [ C

�

or C ( r � 1) + C

�

according as a > 1 or a = 1 and the ( r + 1)-st

irregular �bre is C ( r + 1) [ C or C ( r ) + C according as k > 1 or k = 1, and b oth

are reduced. But there are co dimension 1 subspaces of the parameter space for

whic h the top ology is di�eren t. F or instance, the ( r + 1)-st irregular �bre will b e

non-reduced if one blo ws up more than once on a v ertical curv e while doing the

non-separating blo w-up sequence that creates it.

4.2. Mono drom y. W e can also read o� the mono drom y for our p olynomial f .

Consider a generic v ertical (0 ; 1) curv e C in our construction. Remo ving its in-

tersections with the horizon tal curv es giv es a regular �bre F of f . Since w e ha v e

p ositioned the horizon tal curv e (1 ; 0)

0

at 1 w e think of F as an r + 1-punctured

C . W e call the in tersection of the (1 ; 1) horizon tal curv e with C the 0-th puncture

of F and for i = 1 ; : : : ; r w e call the in tersection of the (1 ; 0)

i

curv e with C the i -th

puncture of F .

If the ( r + 1)-st irregular �bre exists the lo cal mono drom y around it is trivial. F or

i = 1 ; : : : ; r the mono drom y around the i -th irregular �bre rotates the 0-th puncture

of the regular �bre C ( r + 1) around the i -th puncture. In terms of the braid group

on the r + 1 punctures, with standard generators �

i

exc hanging the ( i � 1)-st and

i -th puncture for i = 1 ; : : : ; r , the lo cal mono dromies are h

1

= �

2

1

, h

2

= �

1

�

2

2

�

� 1

1

,

: : : , h

r

= �

1

: : : �

r � 1

�

2

r

�

� 1

r � 1

: : : �

� 1

1

. The mono drom y h

1

= h

r

: : : h

1

at in�nit y is

�

1

�

2

: : : �

r

�

r

: : : �

1

. It is not hard to v erify that h

1

; : : : ; h

r

freely generate a free

subgroup of the braid group.

5. Explicit pol ynomials

The splice diagram giv es su�cien t information (Newton p olygon, top ological

prop erties, etc.) that one can easily �nd the p olynomial without signi�can t compu-

tation b y making an educated guess and then con�rming that the guess is correct.

The answ er is as follo ws:

Case 1. k �

p

P

< k + 1. (Then

p

P

<

q

Q

� k + 1.)

Let s

1

= �

0

+ �

1

x + � � � + �

k � 1

x

k � 1

+ x

k

y . Let �

1

; : : : �

r � 1

b e distinct complex

n um b ers in C

�

.

f ( x; y ) = x

q � Qk

s

Q

1

+ x

p � P k

s

P

1

r � 1

Y

i =1

( �

i

� x

q � Qk

s

Q

1

)

a

i

:

Case 2. k �

Q

q

< k + 1. (Then

Q

q

<

P

p

� k + 1.)



RA TIONAL POL YNOMIALS OF SIMPLE TYPE 19

Let s

2

= �

0

+ �

1

y + � � � + �

k � 1

y

k � 1

+ xy

k

. Let �

1

; : : : �

r � 1

b e distinct complex

n um b ers in C

�

.

f ( x; y ) = y

Q � q k

s

q

2

+ y

P � pk

s

p

2

r � 1

Y

i =1

( �

i

� y

Q � q k

s

q

2

)

a

i

:

One can compute the splice diagram and see it is correct. One can v erify that

the generic �bres are rational b y the explicit isomorphism:

f

� 1

( t ) ! C � f 0 ; �

1

; : : : ; �

r � 1

; t g

�

( x; y ) 7! x

q � Qk

s

Q

1

(Case 1),

( x; y ) 7! y

Q � q k

s

q

2

(Case 2),

for generic t . The irregular v alues of t are 0 ; �

1

; : : : ; �

r � 1

if P 6= 1 and q 6= 1. If

P = 1 then t = �

0

Q

�

i

is the additional irregular v alue that our earlier discussion

predicts, and if q = 1 then t = �

0

is the additional irregular v alue.

The space of parameters ( �

0

; : : : ; �

k � 1

; �

1

; : : : ; �

r � 1

) maps to the mo duli space

w e computed earlier with �bre of dimension 1. Indeed, with B ; C as in Theorem

4.1, the p olynomial

f

�

( x; y ) = �

� 1

f ( �

B

x; �

� C

y )

has the same form with the parameters �

j

replaced b y �

� 1

�

j

and �

j

replaced b y

�

j B + A � 1

�

j

.

T o put the ab o v e p olynomial s in the form of f

1

( x; y ) of Theorem 1.1, in case 1

w e rename the exp onen ts q � Qk to q

1

, p � P k to p

1

, Q to q , P to p . In case 2 w e

rename Q � q k to q

1

, P � pk to p

1

, and then exc hange x and y .

6. The isotrivial case.

After the �rst v ersion of this pap er w as completed w e realised that the classi�ca-

tion in [12] for the isotrivial case has omissions. In this section w e therefore sk etc h

the corrected classi�cation using the tec hniques of this pap er. The discussion of the

parameter spaces and the irregular �bres for the resulting p olynomials is similar to

the non-isotrivial case, so w e lea v e it to the reader. One can giv e an alternativ e

pro of using Kaliman's classi�cation [9 ] of all isotrivial p olynomial s.

W e will restrict ourselv es to the case of ample rational p olynomial s, i.e. those

with at least three (1 ; 0) horizon tal curv es. The case of one (1 ; 0) horizon tal curv e

alw a ys giv es a p olynomial equiv alen t to a co ordinate b y the Abh y ank ar-Moh-Suzuki

theorem [1 , 23]. The case of t w o (1 ; 0) horizon tal curv es is dealt with from a splice

diagram p ersp ectiv e in [15 ] and earlier b y analytic metho ds in [21 ]. The result is

included in our summary Theorem 1.1.

As b efore, compactify C

2

to X and construct a map X ! P

1

� P

1

. The map

is essen tially canonical (up to an automorphism of one factor.) The image of the

divisor at in�nit y D � X in P

1

� P

1

is giv en b y a collection of (1 ; 0) curv es since

w e used three of the horizon tal curv es to get a map to P

1

� P

1

and in order that

the �bres giv e an isotrivial family , an y other horizon tal curv es m ust also b e (1 ; 0)

curv es.

When there are at least three (1 ; 0) horizon tal curv es, b y the follo wing lemma the

original con�guration of curv es in P

1

� P

1

breaks in to the t w o cases of no v ertical

curv es or one v ertical curv e.

Lemma 6.1. A n ample r ational p olynomial with isotrivial �br es has at most one

vertic al curve over a �nite value.
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Pr o of. W e can argue as in the previous section. The curv e o v er in�nit y , L

1

is

not blo wn up since there are no triple p oin ts. If there is more than one v ertical

curv e o v er a �nite v alue then there are precisely three (1 ; 0) horizon tal curv es since

otherwise there w ould b e at least t w o (1 ; 0) horizon tal curv es that w ould b e blo wn

up at least t wice and since all curv es b ey ond these horizon tal curv es (exceptional

curv es or v ertical curv es) ha v e self-in tersection < � 1 w e w ould get t w o branc hes B

1

and B

2

made up of the prop er transforms of these t w o (1 ; 0) horizon tal curv es and

all curv es b ey ond these, meeting at a v alency > 2 curv e, L

1

, with self-in tersection

0. This is the imp ossible situation of Lemma 3.5.

There can b e at most t w o v ertical curv es since if there are l v ertical curv es w e

need to break 2 l cycles but since there are precisely three (1 ; 0) horizon tal curv es,

w e b egin with l + 4 curv es so w e can break at most l + 2 cycles b y Lemma 3.1 (i).

Therefore 2 l � l + 2 so l � 2.

The lemma follo ws when w e get rid of the case of t w o v ertical curv es and three

(1 ; 0) horizon tal curv es. The few cases are easily dismissed b y hand.

So the b eginning con�guration is giv en b y Figure 9 or Figure 10. W e analyse

these b elo w as Case 1 and Case 2.

:

:

:

Figure 9. Con�guration of horizon tal curv es with L

1

.

:

:

:

Figure 10. Con�guration of horizon tal curv es with L

1

and a

v ertical curv e o v er a �nite v alue.

Case 1. Denote b y r the n um b er of horizon tal curv es. In Figure 9 w e m ust lea v e

b ehind r � 1 curv es as cutting divisors. T o do so w e do a non-separating blo w-up

sequence on eac h of r � 1 horizon tal curv es (an ything else leads to a con�guration

of curv es whose in tersection matrix has determinan t 0, and whic h can therefore not

blo w do wn to a Morro w con�guration). Th us, on the i -th horizon tal curv e w e blo w
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up a

i

times and then lea v e b ehind the �nal exceptional divisor, giving a string of

� 2 curv es of length a

i

� 1.

The resulting splice diagram is as in Figure 11.

�

a

1

1

��

�

�

oo 1 0

�

1

� 1

qqqqqqqqqqqqqq
1

� 1

MMM
MMM

MMM
MMM

MM
.

.

.

.

.

.

�

a

r � 1

1

��

�

Figure 11. Splice diagram for case 1 of isotrivial �bres.

This splice diagram has b een analysed in [16 ], where it is sho wn that its general

p olynomial is

f ( x; y ) = y

r � 1

Y

i =1

( x � �

i

)

a

i

+ h ( x ) ;

where h ( x ) is a p olynomial of degree <

P

r � 1

i =1

a

i

.

This case co v ers the follo wing cases from [12 ]: Case 1 of Theorem 3.3., Theorem

3.7, Case I of Theorem 3.10.

Case 2. Denote b y r + 1 the n um b er of horizon tal curv es. In Figure 10 w e m ust

do separating blo w-up sequences at r in tersection p oin ts and then do an additional

non-separating blo w-up sequence. As in the Section 4, one �nds that eac h of r � 1

of the separating blo w-up sequences creates a string of � 2 curv es attac hed to the

corresp onding horizon tal curv e, while the last one can b e arbitrary , as describ ed in

the pro of of Lemma 4.5. In Figure 12 w e sho w the situation after doing the �rst

r � 1 separating blo w-up sequences and doing the �rst step of the r -th one.

� A � 1
� 1

�

MMM
MMM

MM 


_____ _____
�

ooo
ooo

ooo
0 0

� 1 � 2 � 2

� �

RRRR
RRRR

R
YYYYYYYYY

� �

f a

r � 1

� 1 g

�

� 1

�

SSSSSSSSS

� 2

�

f a

1

� 1 g
� 2

�

Figure 12. Dual graph of partially blo wn-up con�guration of

curv es for Fig. 10.

Moreo v er, the non-separating blo w-up sequence then o ccurs adjacen t to the ex-

ceptional curv e left b ehind in the �nal separating blo w-up sequence. The analysis

is almost iden tical to the pro of of Lemma 4.5, with the resulting strings no w ha ving

con tin ued fractions A +

P

Q

and

q

p

resp ectiv ely , with notation as in that pro of.
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The resulting splice diagram is as in Figure 13, with notation exactly as in

Theorem 4.1. The p olynomial in this case is exactly as in Section 5 except that

�

�

p

1

oo
�

a

r � 1

1

��

�

�

AQ + P

�

1

��

� Aq � p

1

�

1

� Q

�

q

� P

1

� b

r � 1

qqqqqqqqqqqqqq
1

� b

1

MMM
MMM

MMM
MMM

MM
.

.

.

.

.

.

�

a

1

1

��

�

Figure 13. Splice diagram for Case 2 of isotrivial �bres.

the �rst term x

q � Qk

s

Q

1

resp ectiv ely y

Q � q k

s

q

2

is omitted. Namely , let �

1

; : : : �

r � 1

b e

distinct complex n um b ers in C

�

and let k b e as in Theorem 4.2.

If k �

p

P

< k + 1 (so

p

P

<

q

Q

� k + 1), let s

1

= �

0

+ �

1

x + � � � + �

k � 1

x

k � 1

+ x

k

y .

Then

f ( x; y ) = x

p � P k

s

P

1

r � 1

Y

i =1

( �

i

� x

q � Qk

s

Q

1

)

a

i

:

If k �

Q

q

< k + 1 (so

Q

q

<

P

p

� k + 1), let s

2

= �

0

+ �

1

y + � � � + �

k � 1

y

k � 1

+ xy

k

.

Then

f ( x; y ) = y

P � pk

s

p

2

r � 1

Y

i =1

( �

i

� y

Q � q k

s

q

2

)

a

i

:

This case co v ers the follo wing cases from [12 ]: Cases 2,3,4 of Theorem 3.3 and

Case I I of Theorem 3.10. Ho w ev er, [12 ] only has examples in whic h one of P ; Q; p; q

is equal to 1.

Note that the isotrivial splice diagrams of Case 1 and Case 2 can b e considered

to b elong to one family: putting ( P ; Q ) = (1 ; 0) in Figure 13 giv es Figure 11.

Nev ertheless, the t w o cases ha v e rather di�eren t geometric prop erties.

7. General ra tional pol ynomials.

In this section w e will giv e a result for ample rational p olynomial s that are not

necessarily of simple t yp e.

Prop ositio n 7.1. A n ample r ational p olynomial c ontains a (1 ; 0) horizontal curve

whose pr op er tr ansform has self-interse ction � 1 and me ets

~

L

1

.

Pr o of. By the classi�cation of ample rational p olynomials of simple t yp e, the prop o-

sition is true in this case. So, w e ma y assume that there is a horizon tal curv e of

t yp e ( m; n ) for m > 1.

Supp ose there is no (1 ; 0) horizon tal curv e with the prop ert y of the prop osition.

Then b y the pro of of Lemma 3.4 there are at least t w o (1 ; 0) horizon tal curv es

whose prop er transforms ha v e self-in tersection < � 1 and meet

~

L

1

. By Lemma 3.2

an y curv es b ey ond these horizon tal curv es ha v e self-in tersection < � 1.
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A horizon tal curv e of t yp e ( m; n ) m ust meet L

1

at exactly one p oin t, and hence

with a tangency of order m or at a singularit y of the curv e. This is b ecause if

a horizon tal curv e w ere to meet L

1

t wice then w e w ould not b e able to break

cycles since when w e blo w up next to L

1

, those exceptional curv es are sen t to

in�nit y under the p olynomial and hence m ust b e retained in the con�guration of

curv es. Th us w e m ust blo w up there to get a con�guration of curv es with normal

in tersections. The �nal exceptional curv e in suc h a sequence of blo w-ups will ha v e

self-in tersection � 1 and v alency > 2.

If w e can blo w do wn the con�guration of curv es then ev en tually at least one

curv e adjacen t to the � 1 curv e is blo wn do wn and hence the � 1 curv e ends up with

non-negativ e self-in tersection. But the �nal con�guration is not a linear graph since

the prop er transforms of the t w o (1 ; 0) horizon tal curv es and an y curv es b ey ond

giv e t w o branc hes. Th us the �nal con�guration is not a Morro w con�guration whic h

con tradicts Lemma 3.1.

The follo wing result is a generalisation of Lemma 3.3.

Corollary 7.1. F or any ample r ational p olynomial, a smo oth horizontal curve of

typ e ( m; n ) with m > 0 must b e of typ e ( m; 1) .

Pr o of. The statemen t is true for m = 1 b y Lemma 3.3 so will assume m > 1. A

curv e of t yp e ( m; n ) will in tersect the (1 ; 0) horizon tal curv es m times, with m ulti-

plicit y , unless p ossibly if the ( m; n ) curv e is singular at these p oin ts of in tersection.

The latter p ossibilit y is ruled out b y the assumption of the corollary . Hence the

(1 ; 0) horizon tal curv es will b e blo wn up at least m times and their prop er trans-

forms will ha v e self-in tersection < � m . This con tradicts the previous prop osition

so the result follo ws.

When the rational p olynomial is not ample, Russell has an example of a horizon-

tal curv e of t yp e (3 ; 2). See the examples in the next section. Note that smo othness

of the horizon tal curv e is necessary in the corollary (at the p oin ts of in tersection

with the (1 ; 0) horizon tal curv es) since w e can alw a ys ha v e t w o horizon tal curv es of

t yp es ( l ; 1) and ( m; 1) and together they can b e considered as a singular horizon tal

curv e of t yp e ( l + m; 2).

7.1. Adding horizon tal curv es. Consider the follo wing construction on C

2

. Blo w

up rep eatedly starting at a p oin t on the y -axis so that the resulting exceptional

curv es form a c hain from the y -axis to the last exceptional curv e blo wn up. If w e

no w remo v e the y -axis and all but the last exceptional curv e from the blo wn-up C

2

w e get a new C

2

that w e call C

2

1

. An y p olynomial f : C

2

! C induces a p olynomial

f

1

: C

2

1

! C . Supp ose the y -axis in tersects generic �bres of f in d p oin ts. Then the

generic �bres of f

1

are simply generic �bres of f with d extra punctures. In fact,

this construction simply adds an extra degree d horizon tal curv e, namely the y -axis

b ecomes a degree d horizon tal curv e for f

1

.

F rom the p oin t of view of the p olynomial s, what w e ha v e done is replaced f ( x; y )

b y

f

1

( x; y ) = f ( x; s ) ; s = a

0

+ a

1

x + � � � + a

k � 1

x

k � 1

+ x

k

y ;

that is, w e ha v e comp osed f with the birational morphism ( x; y ) 7! ( x; s ) of C

2

.

Since one can comp ose f �rst with a p olynomial automorphism to raise its degree,

one can easily add horizon tal curv es of arbitrarily high degree b y this construction.

This mak es clear that an y classi�cation of non-simple-t yp e p olynomial s m ust tak e
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accoun t of this sort of op eration, including comp osition with more complicated

birational morphisms.

Although this is a complication, it can also simplify some issues.

Here is a simple illustrativ e example. W e start with the simplest rational p oly-

nomial g ( x; y ) = x , apply a p olynomial automorphism to get f ( x; y ) = x + y

2

and

then apply the ab o v e birational morphism to get f

1

( x; y ) = x + ( a

0

+ a

1

x + � � � +

a

k � 1

x

k � 1

+ x

k

y )

2

with one degree one horizon tal and one degree t w o horizon tal. It

is not hard to c hec k (e.g., b y listing p ossible splice diagrams) that this giv es, up to

equiv alence, the only non-simple-t yp e p olynomials with generic �bre C � f 0 ; 1 g , so

with the classi�cation of simple t yp e p olynomial s, w e get:

Prop ositio n 7.2. A p olynomial with gener al �br e C � f 0 ; 1 g is left-right e quiva-

lent to one of the form f

2

( x; y ) or f

3

( x; y ) of The or em 1.1 with r = 2 or r = 3

r esp e ctively, or to f ( x; y ) = x + ( a

0

+ a

1

x + � � � + a

k � 1

x

k � 1

+ x

k

y )

2

.

This prop osition also follo ws from Kaliman's classi�cation [9 ] of isotrivial p oly-

nomials.

8. Examples

It is w orth including some in teresting kno wn examples of rational p olynomials

from the p ersp ectiv e used in this pap er. These examples are neither of simple t yp e

nor ample.

Russell [20 ] (correctly presen ted in [3 ]) constructed an example of a rational

p olynomial with no degree one horizon tal curv es. This is an example of a bad �eld

generator|a p olynomial that is one co ordinate in a birational transformation but

not in a birational morphism. It is giv en b y b eginning with three curv es in P

1

� P

1

as in Figure 14. The (2 ; 1) curv e and the (3 ; 2) curv e in tersect at an order three

tangency and at the same p oin t the (3 ; 2) in tersects itself at a tangency . They are

the t w o horizon tal curv es of the p olynomial . The v ertical curv e is L

1

.

(3,2)

(2,1)

Figure 14. A bad �eld generator.

The actual p olynomial in this case is, with s = xy + 1,

f ( x; y ) = ( y

2

s

4

+ y ( s + xy ) s + 1)( y s

5

+ 2 xy s

2

+ x )
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and the splice diagram is

�

3

�

����
��

�� ��<<
<<

� 4

�

� 2

�

3

� 13

�

�

__????

••��
��

� 27

�

2

�

Kaliman [10 ] classi�ed all rational p olynomial s with one �bre isomorphic to C

�

.

Figure 15 giv es three curv es in P

1

� P

1

, the t w o horizon tal curv es and L

1

. The

( m; 1) curv e has the prop ert y that when it is mapp ed do wn w ards on to a (1 ; 0) curv e,

there are only t w o p oin ts of rami�cation, b oth with maxim al rami�cation of m , at

L

1

and at the irregular �bre isomorphic to C

�

. Kaliman's en tire classi�cation

b egins with this con�guration of curv es. The only p oin ts that can b e blo wn up

are those that are in�nitely near to the p oin t of in tersection of the t w o horizon tal

curv es (b esides the unnecessary blo wing up where the ( m; 1) curv e meets L

1

) and

one exceptional curv e is left b ehind as a comp onen t of the reducible �bre.

(m,1)

Figure 15. Classi�cation of rational p olynomials with a C

�

�bre.
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