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Abstract

W e sho w that the zero curv ature limit of the space of h yp erb olic monop oles

giv es the Euclidean monop oles, settling a conjecture of A tiy ah. W e also

study the in�nite curv ature limit of the space of h yp erb olic monop oles and

sho w that the asso ciated rational maps app ear explicitly here.

AMS classi�c ation: 81T13, 53C07

1 In tro duction.

A monop ole is a pair ( A; �) consisting of a connection and a section of

the adjoin t bundle of a trivial S U (2) bundle E o v er R

3

satisfying the

Bogomoln y equation

d

A

� = � F

A

where d

A

is the co v arian t deriv ativ e de�ned b y A and F

A

is the curv ature of

A . W e also require that ( A; �) ha v e �nite energy and k � k ! 1 as r ! 1 .

The Ho dge star uses a metric on R

3

. W e will consider h yp erb olic and

Euclidean metrics. A tiy ah [1 , 2 ] conjectured that the zero curv ature limit of

the space of h yp erb olic monop oles yields the space of Euclidean monop oles.

Chakrabarti [8 ] con�rmed A tiy ah's conjecture in the cases where he has

explicit form ulae for monop oles.

There are v arious w a ys of in terpreting ho w the limit of the mo duli space

of h yp erb olic monop oles should con v erge to the mo duli space of Euclidean

monop oles. One natural w a y is to use the fact that eac h of the mo duli

spaces is di�eomorphic to the space of rational maps from the t w o-sphere

to itself [1, 10 ]. By �xing a rational map w e can ask if the path of asso ciated

monop oles|one for eac h metric|is con tin uous. This is essen tially what

w e do, except that w e use a di�eren t corresp ondence b et w een the mo duli

space of monop oles and the space of rational maps. Instead of framing

the bundle at a p oin t at in�nit y , w e frame the bundle at 0 2 R

3

or in

other w ords require that gauge transformations are the iden tit y at 0. The
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dimension of this mo duli space is larger than the dimension of the usual

mo duli space since there are no preferred frames at 0. With this condition

on the gauge transformations w e can asso ciate to a monop ole a rational

map via radial scattering from the cen tre of h yp erb olic or Euclidean space

rather than scattering from in�nit y . In previous w ork [14 , 15 ] it w as sho wn

that these mo duli spaces corresp ond to the space of unb ase d rational maps

from the t w o-sphere to itself whic h con trasts with the more usual space of

based maps. This re
ects the fact that there is no longer a distinguished

direction in R

3

. W e can no w state the main result of this pap er.

Theorem 1 The se quenc e of hyp erb olic monop oles obtaine d by �xing a r a-

tional map and sending the curvatur e of hyp erb olic sp ac e to zer o c onver ges

to the c orr esp onding Euclide an monop ole.

More precisely , w e pro v e that an y subsequence of this con v ergen t sequence

of h yp erb olic monop oles p ossesses a further subsequence that con v erges

uniformly on compact subsets.

Our approac h uses a non-linear heat 
o w to construct the monop oles

as w ell as to supply estimates for the monop oles. It ends up that the

initial data for the 
o w corresp onds in some sense to the in�nite curv ature

limit of h yp erb olic monop oles. The in�nite curv ature limit, or equiv alen tly

the renormalised zero mass limit, of h yp erb olic monop oles is in teresting in

itself due to the w ork of A tiy ah and Murra y [4 , 5] relating this limit to

solutions of the Y ang-Baxter equations.

In the next four sections w e will summarise the results from [14 , 16 ] re-

garding the construction of monop oles using the non-linear heat 
o w equa-

tion. W e will only consider S U (2) monop oles here, although the metho d

of pro of w orks for an y compact group G .

2 Monop oles and rational maps.

In this pap er w e will consider the follo wing family of metrics:

ds

2

�

=

sinh

2

( �r )

�

2

4 d �w dw

(1 + j w j

2

)

2

+ dr

2

ds

2

0

= r

2

4 d �w dw

(1 + j w j

2

)

2

+ dr

2

where r giv es the radial distance out w ards from the cen tre and w is a

holomorphic co ordinate for the spheres of constan t radius. The metric ds

2

�

is the h yp erb olic metric of curv ature � � and ds

2

0

is the Euclidean metric.

Notice that as � ! 0, ds

2

�

con v erges to ds

2

0

uniformly on compact sets.

Put d

A

= @

A

w

� dw + @

A

�w

� d �w + @

A

r

� dr . Lo cally , the Bogomoln y equation

can b e expressed b y the follo wing t w o equations:

[ @

A

�w

; @

A

r

� i �] = 0 (1)
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[ @

A

�w

; @

A

w

] =

� 2 i sinh

2

( �r )

�

2

(1 + j w j

2

)

2

@

A

r

� (2)

and in the Euclidean case the second equation is giv en b y

[ @

A

�w

; @

A

w

] =

� 2 ir

2

(1 + j w j

2

)

2

@

A

r

� : (3)

The asymptotic conditions on the monop ole ensure along eac h radial geo desic

the existence of a b ounded solution of the scattering equation

( @

A

r

� i �) s = 0 (4)

whic h is unique up to a constan t factor. W e can c ho ose a family of solutions

to (4) that dep end smo othly on w . It follo ws from (1) that ( @

A

r

� i �) @

A

�w

s =

0 so @

A

�w

s = � ( w ) s for some � ( w ) 2 C . In particular, @

�w

s (0) = � ( w ) s (0)

since b y the c hoice of co ordinate system @

A

�w

= @

�w

at r = 0. In other w ords,

s (0) : CP

1

! CP

1

is a holomorphic map.

3 Hermitian metrics.

W e can use the scattering equation to pro duce a unique smo oth frame g

of E satisfying

( @

A

r

� i �) g = 0 ; g (0) = I : (5)

Since gauge transformations are required to b e the iden tit y at 0, they

preserv e these prop erties of g . A consequence of (1) is that g

� 1

@

A

�w

g is

indep enden t of r and furthermore, since @

A

�w

= @

�w

at r = 0 in an y gauge,

w e ha v e @

A

�w

g = 0.

De�ne the Hermitian metric H = �g

T

g . Notice that H is indep enden t

of the c hoice of gauge. By expressing the monop ole in the gauge de�ned

b y g the monop ole can b e retriev ed from H as follo ws:

@

A

r

� i � = @

r

; @

A

�w

= @

�w

;

@

A

r

+ i � = @

r

+ H

� 1

@

r

H ; @

A

w

= @

w

+ H

� 1

@

w

H :

(6)

W e will �nd it con v enien t to w ork with H instead of the monop ole. W e

think of H as taking its v alues in the space S L (2 ; C ) =S U (2) whic h comes

equipp ed with the complete metric d giv en lo cally b y tr ( H

� 1

� H ). It is

also useful to use

� ( H

1

; H

2

) = tr ( H

� 1

1

H

2

) + tr ( H

1

H

� 1

2

) � 4 (7)

whic h satis�es c

1

d

2

� � � c

2

d

2

for p ositiv e constan ts c

1

and c

2

.
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F or an y Hermitian metric H , de�ne its Bogomoln y tensor as follo ws:

B

�

( H ) = @

r

( H

� 1

@

r

H ) +

�

2

(1 + j w j

2

)

2

sinh

2

( �r )

@

�w

( H

� 1

@

w

H ) ;

B

0

( H ) = @

r

( H

� 1

@

r

H ) +

(1 + j w j

2

)

2

r

2

@

�w

( H

� 1

@

w

H ) :

If H arises from a monop ole using the construction describ ed ab o v e, then

B

�

( H ) = 0 b y (2) or (3).

In order to sho w that eac h rational map giv es rise to a monop ole w e

use the non-linear heat 
o w equation

H

� 1

@ H =@ t = B

�

( H ) ; H ( w ; r ; 0) = H

�

( w ; r )

for an y metric H

�

( w ; r ) de�ned o v er R

3

. The non-compactness of R

3

and

the fact that B

�

( H ) blo ws up at r = 0 forces us to instead consider a

sequence of b oundary v alue problems de�ned on f r

0

� r � R g .

H

� 1

@ H =@ t = B

�

( H )

H ( w ; r ; t ) = H

�

( w ; r ) ; f r = r

0

g [ f r = R g [ f t = 0 g

)

(8)

where the second condition includes the b oundary condition throughout

the 
o w as w ell as the initial state of H .

Prop osition 1 ([14, 16 ]) Ther e is a unique solution H

�

( w ; r ; t ) of (8)

c onver ging to a metric H

�

( w ; r ; 1 ) that is smo oth on the interior f r

0

<

r < R g and satis�es B

�

( H

�

( w ; r ; 1 )) = 0 . F urthermor e,

d ( H

�

( w ; r ; t ) ; H

�

( w ; r ; 0)) �

Z

1

0

min f r ; s gjH

�

( w ; r ) j ds:

The righ t c hoice of H

�

( w ; r ) will guaran tee that as w e let r

0

! 0 and

R ! 1 the sequence of limiting metrics will con v erge to a metric de�ned

o v er all of R

3

.

4 Hyp erb olic monop oles.

Let u : S

2

! S U (2) b e a lift of the rational map f : S

2

! S

2

. The lift is

only de�ned up to a righ t action of U (1). This am biguit y is used to patc h

together f across S

2

. Nev ertheless,

H

�

( w ; r ) = u ( w )

 

e

� 2 r

0

0 e

2 r

!

u

� 1

( w )

is w ell-de�ned. No w, j B

�

( H

�

) j � C �

2

r = sinh

2

( �r ) for some constan t C ,

indep enden t of � . The factor of r comes from the fact that j B

�

( H

�

) j
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v anishes at r = 0 and is di�eren tiable there. The other factors are made

clear b y the term

H

� 1

�

@

w

H

�

= u

 

e

2 r

0

0 e

� 2 r

!

u

� 1

@

w

u

 

e

� 2 r

0

0 e

2 r

!

u

� 1

� @

w

u � u

� 1

whic h is b ounded since u

� 1

@

w

u is lo w er triangular (b y holomorphicit y). So

w e get

d ( H ( w ; r ; t ) ; H ( w ; r ; 0)) �

Z

1

0

C �

2

s min f r ; s g = sinh

2

( �s ) ds (9)

and the righ t hand side is dominated b y C

R

1

0

ln (1 � e

� s

) ds=� = C

1

=� and

v anishes as r ! 0.

De�ne

D

�

= � @

2

r

�

�

2

(1 + j w j

2

)

2

sinh

2

( �r )

@

�w

@

w

: (10)

If H

r

1

;R

and H

r

2

;R

are the resp ectiv e solutions of (8) for r

0

= r

1

and

r

0

= r

2

, then � ( H

r

1

;R

; H

r

2

;R

), de�ned in (7) satis�es � � 0 and D

�

� � 0

on r

1

< r < R (for r

1

> r

2

). Since D

�

is elliptic, � tak es its maxim um

v alue on the b oundary . A t r = R , � = 0 since H

r

1

;R

and H

r

2

;R

ha v e

the same b oundary condition there. The maxim um at r = r

1

is giv en b y

a constan t times (9), since the b oundary v alue of H

r

1

;R

giv es the initial

metric for the 
o w used to pro duce H

r

2

;R

. F or �xed R , as r

0

! 0 the

expression in (9) tends to 0 so w e ha v e a Cauc h y sequence that con v erges

to a metric H

R

�

on the ball r � R .

No w w e will sho w that as R ! 1 , the metrics H

R

�

con v erge uniformly

on compact subsets to a metric H

�

that satis�es B

�

( H

�

) = 0. F or R

1

> R

consider � ( H

R

�

; H

R

1

�

). Notice that D ( � ( r ) � cr ) � 0 for an y constan t c . If

w e c ho ose c = sup

r = R

� =R , then � � cr � 0 at r = 0 and r = R . By the

maxim um principle, � ( r ) � r sup

r = R

� =R for r � R . Again (9) sho ws that

sup

r = R

� is b ounded as R ! 1 . Th us

d ( H

R

�

( w ; r ) ; H

R

1

�

( w ; r )) � C r =R

so as R ! 1 , f H

R

�

g con v erges uniformly on compact subsets. The con-

v ergence can b e impro v ed to C

1

[9 , 18 ] so the limiting metric has v anish-

ing Bogomoln y tensor. This pro duces a h yp erb olic monop ole de�ned on

R

3

� 0. A remo v able singularities theorem [17 ] enables us to conclude that

the connection is smo oth on all of R

3

.

Notice that as � ! 1 , the metrics H

�

( w ; r ) con v erge uniformly to the

initial metric, H

�

( w ; r ). This is the in�nite curv ature limit. The metric

H

�

( w ; r ) is asso ciated to a \monop ole" on h yp erb olic space of in�nite

curv ature as follo ws. F or a lift u of the rational map, put

u

� 1

@

�w

u =

 

� ( w ) � ( w )

0 � � ( w )

!
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and de�ne ( A; �) b y

A

�w

= u �

 

� ( w ) e

� 2 r

� ( w )

0 � � ( w )

!

; � = u �

 

i 0

0 � i

!

A

w

= �

�

A

�w

T

; A

r

= 0

(11)

where A and � transform under u resp ectiv ely as a connection and an

endomorphism. W e need to include the transformation u for t w o reasons.

It is not the iden tit y at r = 0 so it do esn't qualify as a gauge transformation

and, although the lift u is not unique, (11) only dep ends on the rational

map. The pair ( A; �) comes from (6) for H = H

�

( w ; r ) and satis�es (1)

and

@

A

r

� = 0 (12)

whic h is the limit of (2) as � ! 1 . W e ha v e not sho wn that in the in�nite

curv ature limit the monop oles con v erge to pairs of the form (11). Rather,

w e ha v e pro v en a w eak analogue of Theorem 1.

Theorem 2 Consider the se quenc e of hyp erb olic monop oles obtaine d by

�xing a r ational map and sending the curvatur e of hyp erb olic sp ac e to in-

�nity. Then the c orr esp onding Hermitian metrics c onver ge uniformly to

the Hermitian metric c orr esp onding to the in�nite curvatur e \monop ole".

5 Euclidean limit.

Consider the sequence of h yp erb olic monop oles obtained b y �xing a ratio-

nal map and sending the curv ature of h yp erb olic space to zero. In order to

sho w that this sequence con v erges to the Euclidean monop ole corresp ond-

ing to the rational map, w e will b egin with a result that giv es a uniform

b ound on the curv ature of a monop ole dep ending only on its c harge. It will

follo w that an y sequence of h yp erb olic monop oles p ossesses a subsequence

that con v erges to a Euclidean monop ole.

Lemma 1 A ny hyp erb olic monop ole ( A; �) satis�es

j F

A

( w ; r ) j ; j d

A

�( w ; r ) j < C cosh( �r )

wher e r is the hyp erb olic distanc e fr om the c entr e of H

3

and C is a c onstant

dep ending only on the char ge of ( A; �) .

Pro of. W e can rescale the h yp erb olic monop ole b y setting

(

~

A

w

;

~

A

�w

;

~

A

r

;

~

�)( w ; r ) = ( A

w

; A

�w

; A

r

=�; � =� )( w ; r =� )

so (

~

A ;

~

�) is a h yp erb olic monop ole of mass 1 =� o v er h yp erb olic space of

curv ature � 1. The monop ole (

~

A ;

~

�) de�nes a U (1)-in v arian t instan ton on

S

4

� S

2

with resp ect to the round metric on S

4

of c harge 2 k =� where

k is the c harge of the monop ole. The conformal c hange from the pro duct
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metric on H

3

� S

1

to the round metric c hanges the length of eac h S

1

in the

pro duct from 2 � to 2 � = cosh ( �r ). This yields the fact that the c harge o v er

a ball in S

4

cen tred at ( w ; r ; 0) 2 H

3

� S

1

of radius � = ��� = 2 k cosh( �r )

is less than � . Cho osing � to b e that required b y Uhlen b ec k's theorem [11 ]

w e get

j F

~

A

( w ; r ) j < c=�

2

= c

0

cosh( �r ) =�

2

for a constan t c

0

( k ). Th us

j F

A

( w ; r ) j = �

2

j F

~

A

( w ; r =� ) j < c

0

cosh( �r ) :

This giv es uniform b ounds on the curv ature of monop oles at in terior p oin ts

as � ! 0. 2

Remark. This uniform b ound on the curv ature con trasts with a simi-

lar result for Euclidean monop oles [13 ]. In that case, the b ound is uniform

in r but dep ends on the monop ole whereas in this case it is uniform o v er

the space of monop oles but dep ends on r .

The uniform b ound on the curv ature of a sequence of monop oles com-

bined with the fact that the sequence of h yp erb olic metrics con v erges uni-

formly on compact subsets to the Euclidean metric implies that there is a

subsequence of connections that con v erges smo othly on compact subsets to

a Euclidean monop ole. It ma y b e the case, ho w ev er, that the c harge of the

sequence of monop oles tends to w ards the sphere at in�nit y so in the limit

w e get the trivial monop ole. This seems lik ely since w e obtain monop oles

o v er h yp erb olic space of small curv ature b y renormalising monop oles of

large mass o v er usual h yp erb olic space. The normalisation in v olv es a scal-

ing whic h pushes the c harge of eac h monop ole out to w ards the sphere at

in�nit y . In other w ords, if the limit is to con v erge to a non-trivial Eu-

clidean monop ole, then the unrenormalised limit should concen trate at

0 2 R

3

. This should not b e to o surprising since if w e w ere to calculate the

cen tre of an y Euclidean monop ole using the h yp erb olic construction [6] it

w ould b e 0 2 R

3

.

W e will sho w that for a �xed rational map f H

�

g ! H

0

where H

�

is

the Hermitian metric asso ciated to the monop ole o v er h yp erb olic space of

curv ature � and H

0

is the (non-trivial) Hermitian metric asso ciated to the

Euclidean monop ole. The fact that the underlying monop oles con v erge

smo othly to a Euclidean monop ole implies that the sequence f H

�

g con-

v erges uniformly . A priori w e could get con v ergence of f H

�

g to the trivial

Hermitian metric H � I (corresp onding to the trivial monop ole) but in

the rest of this section w e will pro v e that this cannot in fact arise.

In the previous section w e de�ned H

R

�

to b e the unique Hermitian met-

ric o v er the ball of radius R in H

3

that satis�es B

�

( H ) = 0, H (0) = I

and the b oundary condition giv en in (8). No suc h problems with the

zero curv ature limit on this compact set o ccur so w e get immediately

that f H

R

�

g ! H

R

0

uniformly b ecause the underlying connections con v erge

7



smo othly since the curv ature is uniformly b ounded and hence cannot con-

cen trate. No w H

R

�

! H

�

uniformly on compact subsets as R ! 1 . If

this con v ergence is uniform in � then b y taking a diagonal sequence w e see

that f H

�

g ! H

0

as required. T o appreciate the issue here w e will describ e

what it w ould mean for the c harge of the connections to mo v e out to w ards

in�nit y . In that case, eac h sequence H

R

�

! H

�

w ould con v erge uniformly

on compact subsets as R ! 1 , ho w ev er the con v ergence w ould get slo w er

as � ! 0. Th us a diagonal sequence could easily degenerate to a trivial

metric.

W e ha v e reduced the problem to sho wing that giv en � > 0, there ex-

ists an R

�

large enough so that for R > R

�

, d ( H

R

�

; H

�

) < � for al l � .

Unfortunately the initial conditions in the heat 
o w used in Section 4 sup-

ply estimates that do not satisfy this uniform b ound. W e ha v e to sp ecify

b etter initial conditions for the heat 
o w for H

R

�

. These are giv en to us

from a com bination of the Euclidean monop ole heat 
o w and the follo wing

explicit form ula for symmetric monop oles [7 ] in the radially free gauge:

A

w

=

� sinh(( � +2) r ) � ( � +2) sinh( �r )

� sinh(( � +2) r )(1+ j w j

2

)

u ( w )

 

0 0

1 0

!

u

� 1

( w ) ;

� =

1

2

�

� +2

tanh (( � +2) r )

�

�

tanh ( �r )

�

u ( w )

 

i 0

0 � i

!

u

� 1

( w ) ;

A

�w

= �

�

A

w

T

; A

r

= 0 ;

(13)

where � � is the curv ature of h yp erb olic space and

u ( w ) =

1

(1 + j w j

2

)

1 = 2

 

w � 1

1 �w

!

:

Notice that in the limit � ! 1 , a w a y from r = 0, (13) con v erges uniformly

to (11). As � ! 0, (13) con v erges uniformly on compact sets to the Prasad-

Sommer�eld monop ole.

F or the Euclidean monop ole heat 
o w, put

H

0

= u ( w )

 

e

� 2 r

r

k

�

k

( r ) 0

0 e

2 r

r

� k

�

� k

( r )

!

u

� 1

( w )

where � ( r ) is a smo oth cut-o� function satisfying r � ( r ) = 1 near r = 0

and � ( r ) = 1 near r = 1 . Then j B

0

( H

0

) j � C ( r ) =r

2

where C ( r ) = O ( r )

as r ! 0 and C ( r ) = O (1) as r ! 1 . F or the solution of (8) using the

Euclidean metric w e get

d ( H ( w ; r ; t ) ; H ( w ; r ; 0)) �

Z

1

0

C ( s )min f r ; s g =s

2

ds

and this v anishes as r ! 0 and is O (ln ( r )) = o ( r ) as r ! 1 . Th us, w e

again get a Cauc h y sequence when w e �x R and let r

0

! 0. As R ! 1

w e also get a Cauc h y sequence since for R

1

> R

d ( H

R

( w ; r ) ; H

R

1

( w ; r )) � C r ln ( R ) =R

8



so con v ergence is uniform on compact subsets. Non trivialit y of the limit

follo ws from the fact that the limiting metric is at most ln ( r ) a w a y from

the initial metric, so in particular, un b ounded.

W e are no w in a p osition to giv e a b etter set of initial conditions for

h yp erb olic monop oles. Put

H

�

( w ; r ) = u ( w )

 

� ( r ) 0

0 �

� 1

( r )

!

u

� 1

( w )

for � ( r ) = e

� (2+ �k ) r

( �

�

( r ) sinh ( �r ) =� )

k

. The cut-o� function satis�es

�

�

( r ) e

� �r

sinh ( �r ) =� = 1 ; r � 1 = 2

�

�

( r ) = 1 ; r � 3 = 2

and is smo oth in b et w een. Also, �

�

( r ) � �

�

0

( r ) for � > �

0

. The t w o

inequalities

e

� �r

sinh ( �r ) =� � r and @

2

r

ln ( e

� �r

sinh ( �r ) =� ) � @

2

r

ln ( r )

guaran tee that the con v ergence H

R

�

as R ! 1 is dominated b y the con-

v ergence in the Euclidean case and hence is uniform in � .

It follo ws that the limit of the sequence of h yp erb olic monop oles with

�xed rational map tends to the corresp onding Euclidean monop ole as the

curv ature of h yp erb olic space tends to zero. W e ha v e sho wn only that

there exists a subsequence that satis�es this. It then follo ws that the

en tire sequence con v erges to the corresp onding Euclidean monop ole since

an y subsequence p ossesses a further subsequence that con v erges to this

unique limit. Th us, Theorem 1 is pro v en.
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