A HALF-TWIST TYPE FORMULA FOR THE R-MA TRIX OF A
SYMMETRIZABLE KA C-MOOD Y ALGEBRA

PETER TINGLEY

Abstra ct. Kirillo v-Reshetikhin and Levendorskii-Soib elman developed a formula for the univ er-
sal R-matrix of Uq(g) of the form R = (X' 11 X' 1)I( X). The action of X on a represertation
V permutes weight spacesaccording to the longest element in the Weyl group, sois only debned
when g is of bnite type. We give a similar formula which is valid for any symmetrizable Kac-
Moody algebra. This is done by replacing the action of X on V with an endomorphism that
preserves weight spaces,but which is bar-linear instead of linear.

1. Intr oduction

Let g be a bnite type complex simple Lie algebra, and let Uy(g) be the corresponding quartized
universal erveloping algebra. In [KR] and [LS], Kirillo v-Reshetikhin and Levendorskii-Soibelman
dewveloped a formula for the universal R-matrix

(1) R= (X't X' Y x),

where X belongsto a completion of Uy(g). The elemert X is constructed using the braid group
elemen T,,, corresponding to the longeg word of the Weyl group, so only makes sensewhen g is
of bnite type.

The element X debnesa vedor spaceendomorphism Xy on ead represertation V, and in fact
X is debnedby this system {Xy} of endomorphisms. With this point of view, Equation (1) is
equivalent to the claim that, for any bnite dimensional represettations V and W andu" V! W,

2) R(U) = (Xy ! Xy )Xy w (W),

In the presert work we replace Xy with an endomorphism" , which presenesweight spaces.
We shaw that, for any symmetrizable Kac-Moody algebra g, and any integrable highest weight
represenations V and W of Uy(g), the action of the universal R-matrix onu ™ V! W is given by

®) RW= (4 " 4D v w ().

There is a technical di#cult y because" y is not linear over the base beld Q(q), but instead is
compatible with the automorphism of Q(q) which inverts g. For this reason" y, dependson a choice
of a ObarinvolutionO on V. To make Equation (3) precisewe dePnea bar involution onV ! W in
terms of choseninvolutions of V and W, and then shaw that the composition (* 1! " )" v+ w
doesnot depend on any choices.

The system of endomorphisms” was previously studied in [T], where it was usedto construct
the universal R-matrix when g is of Pnite type. Essetiially we have extended this previous work
to include all symmetrizable Kac-Moody algebras. However, the action of " on a tensor product
is debPneddi$erently herethan in [T], sothe constructions of R are a-priori not identical, and we
have not in fact proven that the construction in [T] givesthe universal R-matrix in all cases.

This note is organizedasfollows. In Section2 we establishnotation and review somebadground
material. In Section 3 we construct the system of endomorphisms”. In Section 4 prove our main
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Theorem (Theorem 4.1), which simply says that our construction givesthe universal R-matrix in
all cases.In Section 5 we discuss two questionswhich motivated this work.

1.1. Acknowledgemen ts. We thank Joel Kamnitzer, Nicolai Reshetikhin and Noah Snyder for
many helpful discussions.This work was partially supported by the NSF RTG grant DMS-035432
and the Australia Researty Council grant DP0879951.

2. Backgr ound

2.1. Conventions. We brst bx somenotati on. For the most part we follow corvertions from [CP].

¥ g is a complex simple Lie algebrawith Cartan algebrah and Cartan matrix A = (& )i # -

¥ #aa$denotesthe paring betweenh and h' and (49 denotesthe usual symmetric bilinear form
on either h or h'. Fix the usual bases! ; for h' and H; for h, and recall that #H;, ! i$= g .

¥d =(!,!)/2,sothat (Hi,Hj) = d]l 1ai,- .

¥" is the weight satisfying (!;,") = d; for all i.

¥ Uq(0) is the quartized universal erveloping algebraassaiated to g, generatedover Q(q) by E;
and F; foralli" I, and Ky, for w in the co-weight lattice of g. As usual, let K; = Ky,. We use
convertions asin [CP]. For convelnience,we recall the exact formula for the coproduct:

B1E =E! K +1! E
(4) LUF =R 1+KI T
$!Ki =Ki!Ki

¥ We in fact needto adjoint a bxedk™ root of g to Q(q), wherek is twice the sizeof the weight
lattice mod the root lattice. We denote this by g'/* .

¥ V. is the irreducible represeration of Uy(g) with highest weight #.

¥ v- is a highest weight vector of V- .

¥ A vector v in a represenation V is called singular if Ej(v) = Oforall i " I.

¥ V(W) denotesthe p weight spaceof V.

¥ Throughout, arepreseration of Uy(g) meansatype 1 integrable highestweight represertation.

2.2. The R-matrix. We brieRy recall the debnition of a universalR-matrix, and the related notion
of a braiding.

DePnition 2.1. A braided monoidal category is a monoidal category C, alongwith a natural system

of isomorphisms$\t}(W VI W% W! V for each pair V,W " C, suchthat, for any U,V,W " C,
the following two equalities hold:

(5) S ! Id&Id! $%y = SOy

(6) Id ! $Br,w &$Br,v id = $Br,v "W
The system$" := {$5',} is called a braiding on C.

Let Uq(d) I' Uy(g) bethe completion of Ug(g) ! Ug(g) in the weaktopology debPnedby all matrix
elemerts of V. | V,, for all ordered pairs of deminart integral weights (#, p).

Debnition 2.2. A universal R-matrix is an elementR of Uq(d) I' Ug(g) suchthat $\k}fw = Flip &R
is a braiding on the category of Uq(g) representations. Equivalently, an elementR is a universal
R-matrix if it satisbesthe following three conditions
(i) Forallu" Ug(g), RI( u) =" °°(u)R.
(i) (' ! 1)R = Ry3R23, where Rj mean R placed in thei and j™ tensor factors.
(III) (1' ') R = R13R12.
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The following theorem is certral to the theory of quartized universal erveloping algebra. See
[CP] for a discussionwhen g is of bnite type, and [L] for the general case.

Prop osition 2.3. Let g be a symmetrizableKac-Moody algeba. Then Uy(g) hasa unique universal
R-matrix of the form

% & '
@) R=A 1! 1+ Xa!l Yy |
positive integral
weights % (with
multiplicity)

where X 4 hasweight% Yy hasweight' % andfor allv" V andw" W, A(v! w) = gWiV).wi(w)

2.3. Constructing isomorphis ms using systems of endomorphisms. In this section we re-
view a method for constructing natural systemsof isomorphisms$yw : V! W % W ! V for
represenations V and W of Ug(g). This idea was usedby Henriquesand Kamnitzer in [HK], and
was further deweloped in [KT2]. The data neededis:

(i) An algebraautomorphism Cg of Uy(g) which is also a coalgebraanti-automorphism.
(i) A natural systemof invertible (vector space)endomorphisms&, of ead represenation V
of Uy(g) sud that the following diagram commutes for all V:

Sy

8) Vi "v\!
) @,
C! "
Uq(9) Uq(9)-
It follows immediately from the debnition of coalgebraanti-automorphism that
9) $%:= Flip &(& ! &) &&-w

is an isomorphism of Uy(g) represertations from V! W to W ! V.

In the current work we require a little more freedom: we will sometimesuse automorphisms Cg
of Uy(g) which are not linear over C(q), but instead are bar-linear (i.e. invert g). This causessome
technical di# culti es, which we deal with in Section 3.

Commen t 2.4. To describe the data (G;, &, it is su#cient to describe Cg, and the action of &.
on any one vector v in each irreducible represenation V-. This is usually more corveniert then
describing &. explicitly. Of course,the choice of Cg imposesa restriction on the possbilities for
&. (v), sowhen we give a description of &in this way we are always claiming that the action on
our chosen vector in eat V- is compatible with Cs.

2.4. A useful lemma. Let (V-,v-) and (Vy,V,) beirreducible represerations with chosenhighest
weight vectors. Every vectoru" V- | 'V, canbe written as

(10) u=v! c+bys! co+...+b! coa+p! vy,
where,for 0( j ( k' 1, is aweight vector of V. of weight strictly lessthen #, and ¢; a weight

vector of V,, of weight strictly lessthen p. Furthermore, the vectorsty " V- and ¢ " V, are
uniquely determined by u. Thus we can dePneprojections from V. ! V,, to V. andV, asfollows:

Debnition  2.5. The projections p*, : V! V, % Ve and p?, : V- ! V, % V, are given by, for
allu™ Ve IV,

(11) pt, (u):
(12) P, (u):

o
Co.
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Lemma 2.6. Let S, be the space of singular vectors in V. ! V,,. The restrictions of the maps
p', andp?, from Debnition 2.5t0 S, are injective.

Proof. We prove the Lemma only for p’ﬁu , since the proof for p{u is completely analogaus. Let
C1, &88Cm be a weight basisfor V,,. Let u be a singular vector of V. ! V,, of weight ' . Then u can
be written uniquely as

(13) u= vi! g,

where ead v; is a weight vector in V.. Let ( be a maximal weight sudh that there is somej with
wt(v;) = ( andv; ¥ O. It su#ces to show that ( = #, soassumefor a contradiction that it does
not. Then v; is not a highest weight vector, soE;(v;) ¥ 0 for somei. But then

terms whose prst factors have

&
_ = ORI
(14) Ei (u) Eilvi)t 6.+ weight strictly lessthen ( + !;.

wt(vjg)= %

Sincethe ¢ are linearly independent and E;(v;) ¥ 0 for somej with wt(v;) = (, this implies that
Ei(u) ¥ 0O, contradicting the fact that v is a singular vector. !

3. Constr ucting the system of endomorphisms

Constructing and studying " = {" v} is the technical heart of this work. As we mentioned
in the introduction, " v is bar linear instead of linear, which makesit more di#cult to choosea
normalization. To get around this, we introduce the notion of a bar involution bary, on V, and
actualy debne" on the category of representations with a chosenbar involution. We then debnea
tensor product on this new category, and show that (" 1., ! " Whary ) &' (Vibary )" (W.bary ) dO€S
not depend on the choicesof bary and bary . The real work is in debningthis tensor product,
which essetially amounts to debninga bar involution on V! W in terms of bar involutions bary

and bary .

3.1. Bar involution. The following Q algebra involution of Uy(g) has been studied in seweral
places,for example[K, Sedion 1.3], and is usually called bar involution. We usethe notation Cyg;
becausewe will alsowork with bar involutions bar, on represenations V, which are compatible
with Cpj,, in the senseof Equation (8).

Debnition  3.1. Cpy : Ug(g) % Uq(0) is the Q-algeba involution debnel by

|

Ei Cbarq— q! !

#CbarKi = Ki! !

# CparEi = E;j
C:barF| = I:|

It is perhaps useful to imagine that g is specializedto a complex number on the unit circle
(although not a root of unity), sothat Cpy, is conjugate linear.

Depnition 3.2. LetV be arepresentationof Uy(g). A bar involution on V is a Q-linear involution
bary suchthat
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(i) bary is compatible with Cpsr in the sensethat the following diagram commutes:

bar v "

(15) Vi V|

®) J
Uq(9) G "Ug(9).

(i) LetVi"v ={v" V suchthat bary(v) = v}. ThenV = Q(q)! o V™.

Commen t 3.3. It is straightforward to ched that CZ2,, is the identity. Along with condition (ii),
this implies that barZ is the identity, sothe term OinvolutionQOiis justiPed.

Commen t 3.4. When it doesnot causeconfusion we will denote bary (v) by w.

Prop osition 3.5. Fix # and a highestweight vector v- " V.. There is a unique bar involution
bar(y. v.y on V- suchthat bare. y.y(v) = ve.

Proof. Recall that V- has a basis consisting of various F;, &4F;,v-. All of these vectors must be
bxed by any bar involution preservingv-, sothere is at most one possibility. On the other hand,
it is clear that the unique Q-linear map sendingf (q)F;, &aF;,v- to f (q 1)F; &&&F;,v- for eat of
these basisvectorsis a bar involution. !

Corollary 3.6. Every representationV hasa (non-unique) bar involution bary .

Proof. Choosea decomposition of V into irreducible componerts, and a highest weight vector in
ead irreducible componert, then use Proposition 3.5. !

Debnition 3.7. Fix (V,hary) and (W, bary ), wher bary, and hary are involutions of V and
W compatible with Cpy . Let (bary ! bary ) be the vector space involution on V! W debnel by
f(gv! w% f(qd H)e! wfor all f(g)" Q(g andv" V,w" W.

Commen t 3.8. It is straightforward to ched that the action of (bary ! bary) on a vector in
V! W doesnot depend on its expressionasa sum of elements of the form f (q)v! w. The resulting
map is a Q-linear involution.

Debnition 3.9. Fix u" V- ! V, aweightvector of weight' . DebPnev* for each weight %as the
unique elementof V- (" ' 99! V,(% suchthat

&
(16) us= V¥,

weights #

Lemma 3.10. Fix (V-,bary.) and (V,, bary, ). Let vg be a singular weight vector in V- I V,, and
write

(17) ve= h! g,
where each Iy is a weight vector of V., and each ¢ is a weight vector of V. Then

&
(18) bar(ve) = q(u,u)! (wt(ci),wt(ci))+2 (! wi(g), )q I g
j=0

is also singular.
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Proof. Fix i " I. The vector vg is singular, S0 E;vg = 0 and hence(E;vg)* = 0 for all % Then:
& &
(19) 0= (Eive)* = q#*(DER! ¢ + h! Eig.
wt(cj)=# wt(c )= #! (i

Using Equation (18):
(Eibar(vg))*

GO ()2 W ED ((DE G 1 g

wt(cj)=#
(20) + q(u,u)! (#D AL (G)F2 (p! #+ (G )q | Eig
wt(cj)=#! (i
(21) — q(“v“)! (#(I Ci#t! (Ci)r2 (u!#+ (i) )= .
& \ &
*) g #IEG! g+ g! Eg*
wt(cj )= # wt(cj)=#! (;

(22) - q(u,u)! (#DCi#t ()+2 (p! #4060 )(bal’\/,. 1 barvu )(Eiv&)#,

where (bary. ! bary,) is the involution from Debpnition 3.7. But Ei(ve)* = 0, sowe seethat
Ei(ve)* = 0. Sincethis holds for all i and all % bar(vg) is singular. !

Depnition  3.11. Letbary. v.)" (v,.v,) be the uniqueinvolution on V- ! V, which agrees with the
involution bar from Lemma 3.10 on singular vectors, and is compatible with Cp; .

Lemma 3.12. barw. v.) (v,.v,) IS abar involution.

Proof. Depnition 3.2 part (i) follows immediately from the dePnition of bar. v.)" (v, v,)- TO
establish Debnition 3.2 part (i), it su#ces to show that there is a basis for the spaceS. of
singular vetors of V- I 'V, which is bxedby bargy. v.)» (v, v,)- SinceV- = Q(q)! o V., thereis a
basisfor S, consisting of elemerts of V. | 5 V,. Using Lemma 2.6, we seethat there is a basis
for S|, consisting of vectors of the form

(23) v I g+ &&at p! vy,

where & = by and the missing terms are all of the form b! ¢ with wt(c) < p. By Debnition 3.11
and Lemma 2.6, this vector is invariant under barey. v. )" (v, v,)- !

In light of Debnition 3.2 part (ii), we can extend Debnition 3.11 by naturality to construct a
bar-involution on (V,bary)! (W, bary ) in terms of any bar-involutions bary and bary .

3.2. The system of endomorphisms " . Considerthe Q-algebraautomorphism C; of Ugy(0):
!
i Ci (Ei) = EiK{*
# N = K.E
(24) ’ C (Fi) K.IF.l
i C (Ki) = K
C(@=d"

Notice that C, is not linear over Q(q), but instead inverts g. One can easily check that C, isa Q
algebrainvolution, and that it is also a coalgebraanti-in volution.

Debnition 3.13. Fix a representationV with a bar involution bary. Then " y o, is the Q linear
endomorphismof V debnel by

(25) " V.bary (V) - q! wt(v),wt(v))/2+w t(v), )tHI’V (V)
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Commen t 3.14. Using Debnitions 3.1, one can seethat, for any irreducible V- + V, " y par,
restricts to an endomorphismof V- .

Commen t 3.15. There are sometimesweights # for which ' (#,#)/2+ (#,") is not an integer.
However, it is always a multiple of /k wherek is twice the size of the weight lattice mod the root
lattice. It is for this reasonthat we adjoin q“* to the basepPeld.

Lemma 3.16. the following diagram commutes

(26) Vi - vV
® U
Uq(9) = "Us(9)-

Proof. It is su#ciant to ched that C, (X)" v(v) =" v (X V), where X = E; or F;. We do the case
of F; and leave E; asan excersize.Fix v" V.

(27) " V(Fiv) = q! Wt(Fiv),wt(Fiv))/2+(w t(Fiv), )barv (F|V)

(28) = q! wt(v)! (i wt(v)! (i) 2+w t(v)! (i) )Fi bary (V)
(29) = q(( wi(v)! ( |)q! (Wt(v),wt(v))/ 2+(w t(v),' )|:i bary (V)
(30) =K i Fi q! (wt(v),wt(v))/ 2+(w t(v), )barv (V)

(31) = C (F)" v(v).

where for Equation (29) we have used the fact that (! ;,!i)/2= ('i,") = d;. !

Debnition 3.17. Fix two representationswith bar involutions (V, bary) and (W, bary ). We set
" (V,bary )" (W,bary ) tO bethe Q linear endomorphismof V! W debnd by, for allu™ V! W,

(32) " (Vibary )" (Wobary ) (U) = @ WD WIUDIZHW DD g e w by ) -
Commen t 3.18. By Lemma3.12,bar par, )" (w,bary ) iSa@bar involution onV! W, soby Lemma
3.16," (v bary )" (W,bary ) IS cOmpatible with C, .

4. Main Theorem

Theorem 4.1. (" Uiar, ! " Whary ) (V" bary )" (Wbary ) @Ctson V! W asthe standard R-matrix.
This holds independent of the choice of bar involutions bary and baryy .

Proof. We will actually prove the equivalent statemert that

(33) $' = Flip &(" !V,lbarv P {/v%barw )" (v" bary )" (W,barw )

actson V! W asthe standard braiding Flip &R. By Lemma 3.16 and the fact that C, isa Q
coalgebraanti -automorphism, the following diagram commutes:

(34) V | ! (V! bar \y )! (W, bary ) uV | Fllp $(‘ V Vl bar " l\‘l\l%bar w ) "W |
QW [ ié/ [ ¥
—/ /
c " c' "
Uq(9) Uq(9) Uq(9).

In particular, $' : V! W % W ! V is anisomorphism. Thus it su#ces to show that $' (vg) =
Flip &R(vg) for every singular weight vector vg " V! W. By naturality it is enoughto consider
the casewhenV and W are irreducible, solet vg be a singular vector in V- ! V,. Write

(35) Ve=b ! g+ hba1! co+...+b! CGu+ ! by,
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wherefor 0 ( j ( k' 1, is aweight vector of V,, of weight strictly lessthen p. By Debnitions
3.11and 3.13,

(36) $' (vg) = Flip &(" !\/ul,barv.. P {/ul,barvu )" (V- ,bary. )" (vu,barvu)(ééé‘-'- b ! b“)

- = Flip & L, ! " {/ul,barvu)(q! (e (o) s (D) 26w K0} ) (o Bt )
(38) = g W)W 2! () 24w ()W () /2 |

(39) - q(Wt(b")‘“)bu! o+ ...,

where. .. always represerts terms where the factor coming from V,, hasweight strictly lessthen p.
It follows immediately from Proposition 2.3 that

(40) Flip &R(vg) = qW P Mp 1y + ...,

where again . .. represerts terms of the form ¢! bwherewt(c) < p. Both $' (vg) and Flip &R(v&)
are singular vectorsin V! V-, soby Lemma 2.6 they are equal.

Commen t 4.2. The above proof works independert of the choice of bar, and bary,. One can
also seedirectly that $' doesnot depend on these choices. Restrict to the irreducible case,and
notice that by Lemma 3.5,%' dependsonly the a choice of highest weight vectorsv- and v,. It is
straightforward to ched that rescalingthesevectors hasno e$ecton $' .

Commen t 4.3. Onecanched that " v is an involution of Q vector spaces,sothe inversesin the
statemert of Theorem 4 are in somesenseunnecessary We include them because' \y should really
be thought of as an isomorphism betweenV and the module which is V asa Q vector space,but
with the action of Uy(g) twisted by C; . We have not specibedthe action of " on this new module.
The way the formula is written, " is always acting on V,W or V! W with the usual action, where
it has beendebned.

5. Future directions
We have two main motivations for developing our formula for the R-matrix.

Motiv ation 1. In work with Joel Kamnitzer [KT2], we showed that DrinfeldOsunitarized R-matrix
R (see[D]) respectscrystal basis(up to somesigns). Composingwith Flip, we seethat R descends
to a crystal map from B! C to C! B, which is fact agreeswith the crystal commutor debned
in [HK]. We make extensive use of Equation (1), so our methods are only valid in the Pnite type
case. However DrinfeldOsunitarized R-matrix is debnedin the symmetrizable Kac-Moody case,as
is the crystal commutor (see[KT1] and [S]). We hope that the formula given in Theorem 4.1 will
help us to extend someof the results in [KT2] to the symmetrizable Kac-Moody case.

Motiv ation 2. Recall that the action of the braiding Flip &R on V! W can be drawn diagram-
matically as passinga string labeledV over a string labeled W. If we use3at ribbonsin place of
strings, asit is often conveniert to do, one can considerthe following isotopy:

N 6
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Roughly, if oneinterprets twisting a ribb on by 180 degreesas X, and twisting two ribb on together
as at the bottom on the right side as Flip &!( X), the two sidesof this isotopy correspond to the
two sidesof Equation (1), written as

(41) Flip &R = Flip &X' 11 X' Hi X)=(x'11 x' 1) &Flip &!( X).

In work with Noah Snyder [ST], we make this precise. One should be able to useour new formula to
give a preciseinterpretation of Owisting a ribb on by 180degreesan the s,ymmetrizable Kac-Moody
case.lt is for this reasonthat we usethe term Ohalftwist type formulaOin our title.

References

[CP] V. Chari and A. Pressley. A Guide to Quantum Groups, Cambridge Univ ersity Press, 1994.

[D] V. G. Drinfel®d. Quasi-Hopf algebras, Leningrad Math. J. 1 (1990), no. 6, 1419D1457.

[HK] A. Henriques and J. Kamnitzer, Crystals and coboundary categories, Duke Math. J., 132 (2006) no. 2,
191D216;math.QA/0406478.

[KT1] J. Kamnitzer and P. Tingley. A debnition of the crystal commutor using Kashiw ara®snvolution. To appear
in J. Algebr Comb. arXiv:math/0610952v2.

[KT2] J. Kamnitzer and P. Tingley. The crystal commutor and DrinfeldOs unitarized R-matrix. To appear in J.
Algebr Comb. arXiv:0707.2248v2.

K] M. Kashiwara, On crystal basesof the g-analogue of the universal enveloping algebras, Duke Math. J., 63
(1991), no. 2, 465D516.

[KR] A. N. Kirillo v and N. Reshetikhin, g-Weyl group and a multiplicativ e formula for universal R-matric es,
Comm. Math. Phys. 134 (1990), no. 2, 421D431.

[LS] S. Z. Levendorskii and Ya. S. Soibelman, The quantum Weyl group and a multiplicativ e formula for the
R-matrix of a simple Lie algebra, Funct. Anal. Appl. 25 (1991), no. 2, 143D145.

[L] G. Lusztig. Introduction to quantum groups, Birkh-auser Boston Inc. 1993.

[S] A. Savage. Crystals, Quiver varieties and coboundary categories for Kac-Mo ody algebras. Preprint

arXiv:0802.4083.

[ST] N. Snyder and P. Tingley. The half twist for Uq(g). Preprint arXiv:0810.0084v2.

[T] P. Tingley A formula for the R-matrix using a system of weight preserving endomorphisms. Preprint
arXiv:0711.4853v2.

E-mail address: P.Tingley@ms.unimelb.edu.au

Depar tment of Mathematics, University of Melbourne, Parkvill e, VIC, 3010, Australia



