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1. (a) (i) Define cosh(z) and sinh(x) in terms of exponentials.

3
(ii) Evaluate / e dz giving your answer in the form «sinh(3t) where

a is a function of ¢.
(iii) Establish the identity cosh(2z) = 2cosh?(z) — 1.

(iv) Find the area of the surface swept out by revolving about the z-axis
the arc, C', of the curve

x
()
y = 4cosh {7
that lies between x = —log, 16 and = = log, 81.
(b) Establish the identity
arccosh(z) = log, (x + Va2 — 1) , ifz>1,

verifying the constraint on x .

[20 marks|
2. (a) Consider the equation
"+ 22% =2, reR.
Show that this equation has exactly one root .
Quote fully any theorems that you use.
(b) (i) Use the Mean-value Theorem to show that
\/ﬂ—\/i<u where 0 <z <y
2z’ '
12 7
(i) Hence show that — < V3 < 1
[20 marks|

3. (a) Consider the two closed polar curves, the rose r = 2cos(26) and the
circle r = 2sin(f).

(i) On the same diagram, sketch the two curves.
(ii) Find the points of intersection of the two curves.

(iii) Find the area of one ‘petal’ of the rose.



(b) Consider the curves r; = f() and ro = k f(0), where o <60 < [ and
ke R\ {0}.

(i)
(i)

Find the ratio of the lengths of the two curves.

The curves are rotated about the z-axis to generate surfaces. Find
the ratio of the areas of the two surfaces.

[20 marks]

4. (a) By completing the square, show that

(i)

/1/2 1 T
—_——dz = ——.
g rr—u+1 3V3

Write down the binomial series expansion for (14 u)*, with k real
and |u| < 1.

Using (i) above or otherwise, find the Maclaurin series expansion for

1+ 23"

By writing 2% + 1 in factor form, re-write the integral in (a).
Using your results in (ii) and (iii) show that

3V3 = /—1\" 2 1
T=— — + .
4 8 3n+1 3n+2

n=0

[20 marks]

Show that, for any integer n > 2,

tan"(z) = — {tan" " (z)} — tan"*(z).

w/4
Let Jn:/ tan”(x) dz .
0

Show that 1
J, = — Jpa.
n—1 2

w/4
Evaluate / tan®(z) d .
0



(b) Given that

2 pd—a? ze2y
// g(fv,y)dydxz/ / dydx,
R o Jo 4—y

(i) sketch the region of integration R;

(ii) express the double integral in terms of a repeated integral in which
integration with respect to z is performed first;

(iii) evaluate the integral.

[20 marks|

6. (a) Consider the function

vy (r—y)?
f<x’y)_y+a: a2 :

(i) Find all stationary points of the function.

(ii) Discuss how the nature of the stationary points depends on the value
of the parameter a.

(b) (i) Sketch the set of points in the complex plane representing the com-
plex numbers, z, where

|z —1—2i =3.

(i) If z satisfies |z — 1 — 2i| = 3, find the set of points v =z +4 — 3i
in cartesian form. Describe this set geometrically.

(iii) Find the greatest and least values of |z —4 — 6i| if z is subject to
the inequality |z — 1 —2i] < 3.

[20 marks]

END OF EXAMINATION



