Solutions to 620-142 Mathematics B Exam
Semester One 2006

425 = 1 x 357+ 68
357 = 5 x68+417
68 = 4x17+0
Thus ged(425,357) = 17.
(b)

3 = 43
=3r = (-1)
=2x3zr = 2x-—1
r = 3.
(c)
{1 0 2 1]
01 1|2

Let z=te€Zssox=1—-2t=1+tand y =2 —t =2+ 2t thus enumerating
completely (t = 0,t = 1, = 2) we obtain (1,2,0), (2,1,1), (0,0,2) as the complete
set of solutions.
2. (a) n=c(m)=¢(91) = ¢(7Tx 13) = (T—1)(13 - 1) = 6 x 12 = 72.
(b) Seek d so that ed =1 mod ¢(m), that is, find a multiplicative inverse to e = 5
mod 72.

72 = 14x5+2
= 2x2+1 gcd

2 = 2x1+40

1 = 5—-2x%x2
= 5—-2x(72—-14 x5)
= 29X5—-2xT7T2

29 x5=142x72=1 mod 72; d =29 is inverse to e =5, mod 72.
(c) 532 =7?: Using binary powering:

53 29 x
79 14

53 7T %
79 3 x
53 1



So

53% = 53 x (53 x 53) x 79
= 53 x (79 x79)
= 53 x53
79

Decrypt the ‘message’ 53 as 79.

(a) 62=36=36—2x17=2.
(b) 17 is a prime so there are ¢(17) = 17 — 1 = 16 multiplicative units in Z7.

(c) Fermat’s Little Theorem says that x'® = 1 for all  # 0 € Z7 thus the order of a
unit divides 16 and so is in {1,2,4, 8,16}.

(d) The order does not divide 4 (as 2% = —1 # 1) but 2% = (2%)2 = (-=1)? = 1 so the
order divides 8, and thus must be 8.

(e) * 6% =2 s0 as all orders in Z;; are powers of 2, the order of 6 is twice the order
of 2 and thus is 16.

(a) rankA = rankB = 3 = number of non-zero rows in row-echelon form.

(b) {(27 _47 27 3)7 (5a _107 17 7)7 (Oa O, _L 8)}
(i.e., the first, second and fifth columns of A)

) {(1,0,3,4,0),(0,1,-2,6,0),(0,0,0,0,1)}: non-zero rows of B.

(d) No. There are four rows, but their span has dimension 3.

(e) No. The column space has dimension 3, and is therefore not the whole of R*.
)

(—4,8,4,—5) = 3(2,—4,2,3) — 2(5,—10,1,7) for columns in A (see column 3 of
B).

(g) We have
rank(7) + nullity(T) = dim(R®) = 5;

rank(7") = 3, so nullity(7") = 2.

(a) (0,1) and (1,0) € V = {(x,9) € R? : 2 x y = 0} (the union of the x and y axes)
BUT (1,1) = (0,1) + (1,0) ¢ V as 1 x 1 #£0.

(b) Let W be the span of the set
B=1{(22,1,0),(-2,2,0,1)}.

(i) An orthonormal basis is {u, us} where,

1 1

51 ||b1||b1 3(2,2,1,0)
wy = by — (b2 : Ul)ul
= bg —0xXu = b2
1 1

——wy = =(—2,2,0,1)
[[ws| 3



6.

p=Proj,(v) = (v-u)u+ (v-us) us
_ ((3,6,0,3) - %(2,2, 1,0)) %(2,2, 1,0)
+ ((3,6,0,3) : %(—2,2,0, 1)) %(—2, 2,0,1)
= 2(2,2,1,0) + 1(—=2,2,0,1) = (2,6,2,1)
(iii)
w3 = U= Projy, ., (v)
= (3,6,0,3) — (2,6,2,1) = (1,0, -2,2)
us = Hw—lgﬂwg = %(1, 0,-2,2)

So an orthonormal basis for W' is
1 1 1
—(2,2,1.0),=(—2.2.0,1),=(1,0,—-2,2) » .
{Fe2roge2z0n 0022}

(a) Using syndromes we see that the first and third are codewords (the second and
fourth have non-zero syndromes).

(b) B is in row-echelon form: rank 7, nullity 9 — 7 = 2 = dimension of solution space.

(c) There are 2dim — 92 — 4 code words.

(d) The two codewords above are independent since they are distinct. They give a
basis since the subspace of codewords is 2-dimensional.

(e) Codewords are
{000000000, 101110101,011101110,110011011 = 101110101 + 011101110}. The
middle two are independent (in fact any non-zero pair is a basis).

(f) The Hamming distance is the least number of 1’s in a non-zero code word for
linear codes: this is 6, the same for all words in this code.

(g) This code will detect 6 — 1 = 5 errors, and will correct 2 errors (since 2 x 2+ 1 =
5<6).

(h) The first satisfies
d (000000001, 000000000) = 1 < 2, d(000000001,101110101) =5 > 2,

d(000000001,011101110) = 7 > 2, d(000000001,110011011) =5 > 2
The corrected word is thus 000000000 (its nearest neighbour).

The second is already a code word, and is correct;

the third has
d(111101111,000000000) = 8, d(111101111,101110101) =4 > 2,

d(111101111,011101110) = 2, d(111101111,110011011) =4 > 2
so the nearest neighbour is 011101110.



(i) It cannot correct a word with three errors such as 0 s % % 01110 with * % * = 000.
This word 000001110 is half way between 000000000 and 011101110. Moreover

d(000001110,101110101) = 7, d(000001110,110011011) = 5.

(a)
1111
1010
M=11199
1000

(b) There are 6 paths with 3 edges from 1 to 2.
(c) There are [1 11 1][4 2 2 1]T = 9 paths with 5 edges from 4 to 4.

1 -3 -1 1 -3
1o e ro [1 1111 o [4 0
A=111 Y=l AA—{—3012] 11 _[0 14}

1 2 5 12

-1
4700 111 1] |1 _[4
T A\-1 _ T, _ _
(4°4) _{0 141}’ Ay‘{—?, 01 2] 1 —{14]
5

(ATA) ATy = {4(_)1 1401] {144} B H

So the line of best fit is y = 1 + .

(b)
(25 /
.
/
/
/
«(1.1)
-3,-1)° 1(0,-1
(/)/ (0,51)
y:1+x/
(c)
1 -3 9
1 0 O
A= 1 1 1
1 2 4



9. (a) (1) <<U1, Ug), (Ul, ’U2)> = U1V + U V2;
The formula is not symmetric (the coefficient of ujvs is 1 but the coefficient
of viug is 0). An explicit counter example to symmetry is (((1,0), (0,1)) =1
but (((0,1), (1,0)) = 0.

(11) * <<U1, UQ>, (1)1, U2)> = 3ulvl — U1V2 — UQV1.
The formula is not positive definite (0,1) # 0 but ((0, 1), (0,1)) = 0.
(b) (1)
b 4

(a, b) = a’Ab where A = [ 0

wiv O

2
or equivalently, ((aq,as), (b1,b2)) = 2a1b; + gang.

Checking the inner product azioms.

symmetry

2
((a1,aq), (by,b2)) = 2a1by + gazbz

2
= 2b1a1 + gbg&g
= ((b1,02), (a1, a2))

linearity

(a,b+c) = a’Ab+c)
= (a’A)b+ (a"A)c
= (a,b) + ((a,c)

(a,6b) = a'A(Sb)
= a’pAb
= [a’Ab
= [{(a,b)
positivity
2
(a1, as), (ay,as)) = 2a3 + gag > 0 for all (a;,ay) € R%
definiteness From above

<(a1,a2), (al,a2)> =0« CL% =0&& CL% =0« (al,ag) =0¢c Rz.

(i)

NI

1(1L,2)] = (((1,2), (1,2)))* = <2 124 2 22)2 e

woe-m-na| o 2| 3 ]-e 3] 3]0



-1 0 0 —1
AS:[ 0 1}’ AR:L o]

0 —1][=10 0 —1
AR‘DS:ARAS:L OH 01}:[—1 o}'

(i)

(iii)

T
T
(b) Consider the symmetric matrix
_4 3
5 5
A=
3 4
5 5
: 2 Ao 32 o :
(i) det(A—AI) =X — (<) — (=)® = A\ — 1 so the eigenvalues of A are —1, 1.

5 5
(ii) Find the corresponding eigenvectors of A.

4 2 -9 3 3 1

[

L | 3 -1 0 0

by inspection the eigenspace has dimension 1 and is spanned by [1 3]T.
Thus any non-zero multiple of [1 3] is an eigenvector for eigenvalue 1.

:—(-1) g 13 13

34 () 39 0 0

by inspection the eigenspace has dimension 1 and is spanned by [3 —1]7
(which is perpendicular to the other eigenvector as must be the case
for symmetric matrices). Thus any non-zero multiple of [-3 1|7 is an
eigenvector for eigenvalue —1.

(iii) * As described above the eigenvectors are perpendicular.

R E R EIE By

Thus T is a reflection about the line (through 0) parallel to the vector [1 3]T
that is a reflection about y = 3.



11.

12.

-2 =8 -2 Ty
X'AX = |21 xp x3) |8 4 10| |aa| =1
-2 10 7] |3

(b) These are eigenvectors of A with eigenvalues 18, 0, —9:

~1 ~1 2 2 2 2
Al2| =182, Al|-1|=0]-1], Al|l2|=-9]|2];
2 2 2 2 ~1 —1

(c) Since A is symmetric, it has orthogonal eigenspaces. Since eigenvalues are distinct,
these eigenspaces are 1-dimensional and orthogonal. A matrix P with columns
the three eigenvectors diagonalizes A:

-1 2 2 18

0
P=12 -1 2/, D=P1'AP=10 0
0

-9

o O O

-1 2 2

(e) (u,v) = uTAv is not an inner product on R? since the matrix does not have all
eigenvalues > 0. For example,

((2,2,-1),(2,2,—-1)) = —81 < 0.

(f) The quadratic form F : R® — R defined by F(x) = xTAx, is equivalent to
18a? + 0.0? 4+ (—9)c?, hence to u? — w?,

(a)
[T)s—s = { 12 :i ] :

11

_ 3 —1
PS—»B:(PB—>8)1:|:_2 1:|

(b)

Tp—5 = Ps—plT]s—sPs-s
=3 e 2]
-3 3]0 2



©
=] 3 et = mesrwin=[ 2 1] 3] =15

13. (a) T is a linear transformation:
T(B+C)=AB+C)—(B+C)A=A(B)—(B)A+A(C)—(C)A=T(B)+T(C)
T(aB) = A(aB) — (aB)A = a(AB — BA) = oT(B).

O O | 0 e [

= B, — E

=5 — by

=[5 - % -1 -men

(¢) The standard matrix [T]s_s of T is

[0 1 1 0
-1 0 0 1
Ts—s=14 0 0 1
0 -1 -1 0
(d) Row reduction gives
0o 1 1 0 1 00 -1
-1 0 0 1 011 0
Hs-s=11 0 o 1|~fooo o= F
0 -1 -1 0 000 O

The image is the span of (E; — Ey), (—FEs — Ej3), corresponding to the first two

columns of [T]s_s, that is
{{S _t}:s,tGR}.
—t —s

The kernel (from the solution space of [T]|s_.s) is the set

($(Ey + Ey) + t(Es — E3) : s,t € R} = {S t}.

-t s
={a1Ey +asFEs + azFs +ayEy a1 = ag = s, ag = —ag =t}
(e) The dimensions of the kernel and image of T" are both 2:
dim Ker (7') + dim Im (7") = dim(Max2(R); 2+2=4.
(f) Since T(B) = AB — BA, we find T(A) = AA— AA = 0. Hence if A # 0, T has a

non-zero kernel, and hence T" must have image with dimension less than 4.



