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1. (a) (i) Use the Euclidean algorithm to show that the greatest common divisor of
52 and 135 is 1.

(ii) Find integers « and y such that
52z + 135y = 1.

(iii) Write down the value of 527! in Z3s.
(b) State Fermat’s Little Theorem, and use this to help you calculate 2'% in Zg,.

(¢) (i) Find the prime factorization of 40.
(ii) Calculate the number of units in Zy.
(iii) Calculate the order of 21 in Zyg.

u, v and w are positive integers, u is factor of v, and w is a factor of w, prove
d) 1f d itive integers, u is factor of v, and w is a factor of
that u? is a factor of 5v? + 10w?2.

(e) Use Mathematical Induction to prove that n® —n + 3 is divisible by 3 for all

positive integers n.
[22 marks|

2. In this question, the RSA public key cryptosystem is being implemented with base
m =25 x 13 = 65.
(a) Calculate ¢(m).
(b) Explain why e = 11 is a suitable choice of encrypting key.
(c) Using this encrypting key, encrypt the message ‘2’.
)

(d) Which one of the following is a suitable decrypting key: d = 6 or d = 357
Explain your answer.

(e) Using this decrypting key, decrypt the message ‘3’.
[10 marks]
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3. Let

1 1 41 2 1 02 0 1
0 1 211 0120 -1
A=11 2 6 2 3| andB=|({0 0 0 1 2
1 =1 0 0 2 0 00O0 O
2 1 6 01 0000 O

where the matrix B is obtained from the matrix A by applying elementary row
operations. You may use the information above to answer the following questions:

Write (2,1,3,2,1) as a linear combination of (1,0,1,1,2), (1,1,2,—1,1) and
(1,1,2,0,0).

(g) Do the columns of A span R5? Give a reason for your answer.
[11 marks]

4. (a) Determine whether the set of all polynomials of the form
ar® +bx + ¢, where a+b=rc

is a subspace of the vector space P, of real polynomials of degree < 2. Explain
your answer, either by using the subspace theorem or by providing a counter-
example.

(b) Determine whether the polynomial
plz) =2* +2+2
belongs to span {p;(z), p2(x), p3(x)}, where
pi(z) =227 + 1 +2, po(x) = 2* — 22, p3(x) =52° — 5 + 2.

[11 marks]
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5. (a) (i) Using Zy arithmetic, find a basis for the solution space of

T+ 24 +T5 = 0
To+ax5+26 = 0

r3+ x4 +x5 = 0.

(ii) Write down the number of vectors in the solution space of (i).

(iii) Consider the binary code with check matrix

100110
01 0011
001101
Use this matrix to decode the received message 111001 (using nearest

neighbour decoding).
(b) Consider the binary code {00000,01110,10111,11001}.

(i) Is this a linear code? (Give a reason for your answer.)

(ii) What is the minimum Hamming distance between pairs of distinct code-
words?
(iii) How many errors in transmission could this code detect, and how many

errors could it correct, if the nearest neighbour principle is used?
[12 marks]

6. (a) For column vectors u and v in R?, suppose that we define

(u,v) = u’Av, where A = {_31 _21} ,

or equivalently
((u1,us), (v1,v2)) = 3ugv; — U Vg — ULy + 2UgVs.

(i) Prove that ( , ) defines an inner product on R? by checking the inner
product axioms.

(ii) Use this inner product to find ||(1, —1)|].

(b) Suppose that W is the subspace of R* with basis S = {vi,Vvs,v3}, where
vi =(1,0,0,—1), vy = (1,—1,0,0) and v3 = (0,1,0,1).

(i) Use the Gram-Schmidt process to transform S to an orthonormal basis
{uy,uz,uz} for W, using the dot product as inner product.

(ii) Check your answer by verifying that {u, us, us} is an orthogonal set.

(c) Suppose that W is the subspace of R* with orthonormal basis {uy, uy}, where

u, = 1(2,-1,-2) and uy = \%(1,0, 1). Using the dot product as inner prod-

3
uct, find the orthogonal projection of v = (3,4, 1) onto W.

[18 marks]
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(a) T : R? — R? is defined by
for all (z,y) in R%. Determine whether or not 7 is a linear transformation.

Explain your answer.

(b) Find a single matrix that performs the following sequence of operations in the
plane: a shear in the x-direction of factor 2, then rotation through an angle of
5 radians anticlockwise around the origin.

(c) Let P, denote the vector space of all real polynomials of degree < n in the
variable x. A linear transformation T : P3 — Py is defined by

T(p(z)) = p(x) + p(—x).

(i) Write down T'(a + bz + cx? + dx®) and check that this is in Ps.
(ii) Find the matrix which represents T relative to the basis {1,z, 2% 23} for
P5 and the basis {1, z, 2%} for Ps.
(iii) Find bases for the image and kernel of T'.

(d) Consider the bases B = {uj,us} and B’ = {vy, vy} for R? where

]

(i) Write down the transition matrix from B’ to B.
(ii) Find the transition matrix from B to B'.

(i) If [x]p = E}, calculate [x]p.
[18 marks]
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(a) (i) Find the eigenvalues and corresponding eigenvectors of the matrix

2 2 2
A=|-1 -1 =2
1 2 3

(ii) Using your answers from (i), write down an invertible matrix P and a
diagonal matrix D such that

D =P 'AP.

(You do not need to calculate the inverse P~1.)
Check your answer by using matrix multiplication to verify that PD = AP.

(b) Consider the conic whose equation is
22% + dxy + 5y° = 3.
(i) Write the conic in the standard form
A+ By)* =1,

and give the values of A and B.
(ii) Identify the conic, and give the directions of its principal axes.

(iii) Sketch the conic using the new z’-y’ coordinate system.
[18 marks|
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