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1. (a) Using Euclid’s Algorithm show that
ged(28,11) = 1.
(b) Using your working in (a) above (or otherwise) find the multiplicative inverse of 11
in ZQS~
(c) Hence solve 11x = 3 in Zog.
(d) What can be said about the existence of a multiplicative inverse of 7 in Zq;?

[7 marks]

2. Suppose the matrix A has eigenvector w with eigenvalue A that is

Au = \u.

Using mathematical induction prove that A" has eigenvector w with eigenvalue A"
that is
A'u = \'u
for all integers n > 1.
[6 marks]
3. We are implementing the RSA public key cryptosystem with base m = 58.

(a) Calculate n = ¢(m).
(b) If the encryption key e is 23, find the decryption key d,

encrypt _ decrypt
CLYPY e CCLYP (a%)? = a in Zss.

so that a
Hint: d is in the set {8, 11, 53}. Justify your choice.

(c) Use the decryption key d to decrypt the message ‘51’ (that was encrypted with base
m = 58 and encryption key e = 23.
Knowing 51 = —7,7* = 49,49 = 23 and 23% = 7 in Zss may help.
[8 marks]

4. In an implementation of the RSA public key cryptosystem:

e the base m (for Z,,) and encryption key e are made public;

e the keys n and d are kept private.

(a) Explain briefly how any ‘message’ 0 < a < m is encrypted and decrypted.
(b) Explain any special features of m and any relationships between m, e, n and d.

(¢) In one or two sentences explain why with m = p x ¢ where p and ¢ are different 200
digit primes the public keys e and m do not reveal the private keys n and d.
[6 marks]
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5. Let

1 3 -1 0 24 1 0 26 0 —6
2 5 7 -1 0 0 1 -9 0 10
A=1_1 5 g 1 u|®B=g (¢ g 1 33
3 -2 96 1 0 00 0 0 0

In this question you may assume the fact that the matrix B was obtained using Matlab
and the command: B=rref(A).
Using this information, or otherwise, answer the following:

(a) What is the rank of A?

R*? Give a reason.
(g) Write (—1,7,—8,96) as a linear combination of (1,2, —1,3) and (3,5, -2, —2).
(h) Find a basis for the solution space of A.

(i) Verify the rank/nullity theorem for the matrix A.
[13 marks]

6. (a) Complete points 1,2 and 3 missing from the following statement in your script books:

Subspace Theorem
IF W C R" satisfies

N =

THEN
W is a subspace of R"™.

(b) Let
P={(z,y,2) :x+y+2<0} CR>
Show that P is NOT a subspace of R3.

(¢) Complete the following definition of a solution space of a matrix A in your script
books:

SolutionSpace(A) = {u: Au =},

(d) Suppose A is an m X n matrix, using the subspace theorem show that the solution
space of A is a subspace of R".
[8 marks]
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7. Consider the binary linear code C with codewords {¢;, ¢9, €3, ¢4} = { 000000000, 101101101,
010110111,111011010 }, and check matrix

1 00000O0T11]

I
cocoocoo
cooor O
coor~ o
cor~ oo
=R =R=

OO R OO O
_0 O O OO

— = O =
— = O == O

00 00 0 0
DO NOT show that C is linear.

(a) Using nearest neighbour decoding, correct the words:
(i) 001101101;
(i) 001011010.
(b) What is dpy, the minimum distance of the code C?
(c) How many errors can the code C:
(i) correct;
(i) detect.
(d) Write down the dimension of the code C.
(e) Explain carefully why { 101101101, 010110111 } forms a basis for the code C.
(f) Prove that H is a check matrix for the code C. The Matlab output below may be
useful for your justification.

> H=[1 0 0 O O

O O O O O O
O O O O O -
O O O O~ O
O O O+ OO
O O O O O
O L OO O OO
_ O O O O O O
O = O F = =

>> c=[1

o
[
[
[ERY
[ERY
[EY

>> mod (Hxc’,2)’

[10 marks|
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z|-3 -2 0 1
y| 9 -7 3 -1

8. (a) Find the line of best fit y = a + bx to the 4 data points

(b) Suppose you now try to fit a quadratic y = a + bx + cx? to the data. Write down
the matrix A you would use in the formula

AT Aw = ATy
to solve the least squares problem. Do not try to solve the problem.

(c) Giving a brief explanation, what least squares error would you expect for a cubic
polynomial of best fit to this data?
[7 marks]

9. (a) The formula

5 4 b
((ar, az), (b1,b2)) = Sarby + darby + dazby + 5azby = [ a1 ay | { 4 5 ] { b; }

DOES define an inner product on R2.

(i) Write down all the properties ( , ) must satisfy to be an inner product on R2.

DO NOT VERIFY THAT THESE PROPERTIES HOLD.

(ii) Use this inner product to find

(b) Let us suppose that the following formula
((ug,u9), (v1,v2)) = ugvy — 3ugvy — 3ugvy + Uy
defines an inner product on R2.
(i) Find |[(1,1)]* using this formula.
(ii) Does the formula in fact form an inner product? Explain your answer with

reference to either the inner product axioms or ||(1,1)]].
[8 marks]

10. Let W be the span of the set
B=1{(-2,2,1,0),(—-1,-2,2,0)}.
(a) Using the dot product and using the Gram Schmidt algorithm on B or otherwise,
find an orthonormal basis U = {u,, us} for W.

(b) Find p = Projy, (v), the orthogonal projection of v = (—3,0, 3, 2) onto the subspace
w.

(c) Hence or otherwise, find an orthonormal basis for W' = ({u;, us,v}) (the span of

{u1,uq,v}).
[8 marks]
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11. Let S : R? — R? and T : R? — R? be linear transformations on the plane with standard
matrices

Ags = [ (1) _g ] and Ar = [ _1 (1) ] respectively. Let & = [ _? ] .
(a) Calculate w = T'(x).
(b) Calculate v = S(w).
(c) Calculate the standard matrix for S oT (T followed by S).
(d)
)

(e) What significance does the vector « have for the standard matrix for S o 77

Find the image with respect to S o T of the vector «.

[8 marks]
12. (a) Find the eigenvalues and eigenvectors of the matrix
NEK|
(b) Describe geometrically what action the linear transformation
T(x) = Ax has on the line <{ _% }>
[8 marks]

13. Consider the transformation 7' : R? — R? defined by T'(x) = Az where

R N e}

Let S and B be the following bases for R? :

(G HIE S S

(a) Write down [T]s_s, the standard matrix for 7.
(b

)

) Write down the transition matrix Pg_s from B to S.
(c) Calculate the transition matrix Ps_pg from S to B.

)

(d) Hence or otherwise express w = [ } as a linear combination of the vectors in

the basis B.
(e) Calculate [T]5-5-
(f) Find [T'(w)]s.

—1

[11 marks]

Page 7 of 8 Please turn over . ..



14. (a) Verify that the vectors

4 3 0
31,1 41,10
0 0 1
are eigenvectors of the matrix
7T 24 0
A=124 -7 0
0 01

and find their associated eigenvalues.

(b) Hence or otherwise write down an invertible matrix P and a diagonal matrix D so
that
D =P 'AP.

(c) Write down an orthogonal matrix () so that
D =Q"AQ

(where D is the diagonal matrix above).
[9 marks]

15. Let A be an n x n real matrix.

(a) Write down a condition (involving eigenvectors) for A to be diagonalizable.
(b) Write down a condition on A which will mean that A is orthogonally diagonalizable.

(c) Show that if A is orthogonally diagonalizable then the condition above in 15(b) must
be satisfied.

[3 marks|
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