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before attempting those in Section B. It is possible to pass the examination
on marks from Section A alone. All questions may, however, be attempted.

This paper may be held in the Baillieu Library
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SECTION A

Question 1

Decide whether the following polynomials form a spanning set in the complex
vector space P»(C) of all polynomials of degree at most 2 with complex
coefficients. Does this collection of polynomials form a basis for P;(C)?
Give brief reasons for your answers. '
{z?+i, z-1, z®+=x, 2i-1}
(6 marks)

Question 2

Let V' be a real vector space with basis B = {v;,vp, 73} and let f: V = V
be the linear transformation satisfying

flvy) = 2uy '+;’03, f(v1 + 2v9) = vs, f(va + 3v;,) = va.

Find the matrix of f relative to the basis B.
(6 marks)

Question 3

Show that the complex matrix

1
V2 V2
is Hermitian. Is this matrix diagonalisable? Give a brief reason for your

answer.
(6 marks)

Question 4

A 6 x 6 complex matrix X has minimal polynomial m(X) = (X + 2)3.
Determine all the possible Jordan normal forms for the matrix X (up to
reordering of the Jordan blocks).

(6 marks)

Question 5

Let W be the real vector space of all linear transformations g : R® — R.
So the sum and scalar multiplication are given by (g + A)(v) = g(v) + h(v)
and (Ag)(v) = A(g(v)), for g,h € W and X € R. Define an inner product on
W by (g,h) = glei)h(er) + glea)h(e) + g(es)h(es), where {e1, e;,e3} is the
standard basis {(1,0,0),(0,1,0)},(0,0,1)} for R® (You do not need to check
this is an inner product).

Let V be the subspace of W spanned by the transformations f,, f,, where
fl(el) = fl(eg) = 1,f1(83) = 0 and fg(el) = O,fz(eg) = fg(&g) = —1. Find
the orthogonal complement of V relative to this inner product.

(6 marks)
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Question 6

(a) Calculate the following permutation as a products of disjoint cycles
(135)(24) - (12345)

(b) Find all conjugates of (12)(34) in the symmetric group Sy of permuta-
tions of 1,2, 3,4.

(6 marks)

Question 7

(a) Show that the collection of real 2 x 2 matrices A of the form

a b
b a
where a, b are real numbers with a # b, a # —b, forms a group G under

matrix multiplication.

(b) Prove that the map ¢ : G — R* given by #(A) = a+ b is a homomor-
phism from G to the multiplicative group R* of non zero real numbers.

(c) Find the kernel and the image of ¢.
(6 marks)

Question 8

The set {1,3,5,9,11, 13} forms a group G under multiplication modulo 14.
(a) List the possible orders of subgroups of G.
(b) Find the orders of all elements of the group G.
(c) Is this group cyclic? Give a reason for your answer.

(6 marks)

Question 9

Consider the set R of points {(x,y) in the plane satisfying either 1 < lz] <2
andy=0,ororz=0and 1 <|y| <2

(a) Draw R and describe the group G of its symmetries.
(b) For the point (1,0) in R, find its orbit and stabiliser.

(c) Explain how the orbit/stabiliser theorem connects G and the orbit and
stabiliser in (b).

(6 marks)
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Question 10

Let G be a group of order 10.
(a) Suppose that G has a subgroup I of order 5. Explain why H must be
normal in G. :

(b) If G = Z3 x Zs explain why G is isomorphic to Ze.

(c) Give an example of a group of order 10 which is not cyclic.

(6 marks)
SECTION B

Question 11
Let V' be a complex finite dimensional inner product space and let f : V — V
be a linear transformation satisfying f* = f1.

(a) State the spectral theorem and deduce that there is an orthonormal

basis of V' consisting of eigenvectors of f.

(b) Show that (f(u), f(v)) = (u,v), for all vectors u,v € V, where (a, b) is
the inner product of vectors in V.

(c) Show that every eigenvalue of f has absolute value 1.

(d) Give an example to show that the result in (a) can fail if V is a real
inner product space. (Hint: Consider the case V = R?).

(10 marks)

Question 12
Suppose that a linear transformation f from a real vector space to itself has
characteristic polynomial X?(X + 1)2(X — 1)%
{(a) Describe the possible minimal polynomials of f.
(b) Hence list the possible Jordan canonical forms of f. (You can ignore
all reorderings of Jordan blocks).

(¢) Explain why the linear transformation f cannot be invertible..
{10 marks)

Question 13

(a) Let A be an n X n complex Hermitian matrix. Define a product on C®
by (X,Y)} = XAY™*, where X,Y &€ C" are written as row vectors. Show
that this is an inner product, if all the eigenvalues of A are positive real
numbers. (Hint: write A = UDU”, where D is diagonal).

(b) Show that if A = B*B, where B is any invertible n X n complex matrix,
then A is a Hermitian matrix and all the eigenvalues of A are real and
positive. (Hint: If X is an eigenvector of A, written as a column vector,
consider the product X*AX.)

(10 marks)
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Question 14

Consider the group G = S5 x S; which is a direct product of two copies of
the symmetric group Ss.

(a) Find the orders of all the elements of G.
(b) Find two subgroups of G of order 6 which are not isomorphic.

(c) Describe a normal subgroup of & different from the trivial subgroups
({((1), (1))} and G) and describe a subgroup of G which is not normal.

(10 marks)

Question 15

Consider the symmetric group S, acting on the four numbers {1,2,3,4}.
Consider the three ways of dividing these numbers into two pairs, namely
Py ={1,2},{3,4}, P, = {1,3},{2,4}, P, = {1,4}, {2,3}.

(a) Prove that there is a homomorphism from S, onto Ss by using the
action of S; on {1,2,3,4} to give an action of S; on the set of three
objects { P, P», P3}

(b) Describe the elements of the kernel of this homomorphism and explain
why this subgroup is isomorphic to the group D, of symmetries of a
rectangle.

(10 marks)

Question 16

Consider the infinite pattern of symbols

ZZZZZZ...
(a) Describe the full group G of symmetries of this pattern.
(b) Find the stabiliser H of one of the symbols Z.

(c) Find a maximal normal subgroup of translations T in G and explain
why the quotient group G/T is isomorphic to the stabiliser subgroup
H.

(10 marks)

This is the end of the examination. Please check your working carefully.
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