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The examination paper is in two sections. The questions in Section A are shorter
and more routine than those in Section B. It is recommended that candidates
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with them at the end of the examination. No written or printed material related to
the subject may be brought into the examination.

Reproduction of question paper: After the examination, this ques-
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Section A

1. Consider the polynomials i + z, z + (1 + )z?%, 22 — 2iz® in the complex
vector space Ps of all polynomials of degree at most 3 with complex
coefficients.

(a) Are the polynomials linearly independent?

(b) Do the polynomials form a basis for P37

Give brief explanations.

6 marks

2. Let V be a real vector space with bases B = {v;,v;} and
B = {v; — v, v3 + 2u3}. Let f:V — V be a linear transformation
satisfying

flv) =v1 4 2vy, flve) = 3uy.

(a) Find the matrix of f with respect to the basis B.
(b} Find the matrix of f with respect to the basis B’

(c) Deduce the eigenvalues of f.
6 marks

3. (a) Find the minimal polynomial for the matrix

A=
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(b) Is the matrix diagonalizable? Give brief reasons.
6 marks
4. A 6 x 6 complex matrix has m(X) = (X — 4)*(X + i)? as minimal

polynomial . Determine all the possible Jordan normal forms for the
matrix (up to rearranging the Jordan blocks).

& marks

. 1 4 - .
5. (a) Isthe matrix A = {—i ;J any of Hermitian or unitary or normal?

(b) Is the matrix in (a) diagonalisable? Given a brief reason for your
answer.

(¢} Describe a 2 x 2 matrix which is both Hermitian and unitary, but
not the identity matrix.

6 marks



6. The set H = {(1), (12)(34), (13)(24), (14)(23)} forms a subgroup of the

10.

group of permutations Sy.
(a) Find the order of each element in the group H.
(b} Is the group H cyclic?
(c) Ts the group H Abelian?
Give brief explanations.
6 marks

Let & be a group of order 27.

(a) What are the possible orders of subgroups of G?
(b) Suppose that a subgroup H of G is different from G and is not
cyclic. Find the order of H.
Give brief explanations.

6 marks

. Let G be the direct product Zy x Zs.

(a) Find an element of order 6 in G.
(b) Construct a mapping from G to Zs, which is an isomorphism.
Give brief reasons for your answer.

6 marks

Let G be the multiplicative group of 2 X 2 real matrices of the form
[8 2}, where a # 0. Define f: G — R\ {0} by f({g ZJ) =a.

(a) Show that f is a homomorphism to the group of non-zero real
numbers under multiplication.

(b} Find the image and kernel of f.
6 marks

Let X be the hexagon in R? with vertices (1,0), (3, 1), (—3,3), (—1,0},
(%’ _%))(_%’ _%)
(a) Sketch X and list the elements of the group G of all symmetries
of X, taking X to itself by isometries.
(b) For the action of G on X, find the stabilizer and orbit of
i. the vertex (1,0}.

ii. the vertex (3,3).
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6 marks



Section B

11. (a) Suppose that A is a complex n xn matrix and p(z} is a polynomial
with complex coefficients. Prove that if A is any eigenvalue of A
then p(A) is an eigenvalue of p(A).
(b) Conversely use the Jordan normal form of A to prove that if v is
an eigenvalue of p(A), then v = p(A), for some eigenvalue A of A.

10 marks

12. Let V be a finite dimensional real inner product space and let V* denote
the space of linear transformations from V' — R.

(a) Show that V* has an inner product, which is defined by {f, g) =
fler)gler)+ -+ flen)g(en), where {ey,...,e,} is an orthonormal
basis for V and f,g € V*.

(b) Show that there is a linear transformation T from V to V* given
by T : w — f where f(u) = (u,w), forw € V and f € V*.

(c}) Prove that {e},...,er} is an orthonormal basis for V*, where
ef(e;) = 0, for i # j and ef(e;) = 1, for all ¢, j between 1 and
n.

(d) Prove that T'(e;) = e} and hence that T is an isometry.
10 marks

13. Let V be a finite dimensional complex inner product space and let
f:V — V be a linear transformation satisfying f* = f='.

(a) State the spectral theorem, and deduce that there is an orthonor-
mal basis of V consisting of eigenvectors for f.

(b) Show that (f(v), f(w)) = (v,w) for all v,w € V.
(¢) Show that every eigenvalue of f has absolute value 1.
(d) Give an example to show that the result of (a) can fail if V is a

real inner product space. [Hint: consider functions f : R? — R?].

10 marks



14. Let G be the group of 2 x 2 matrices: {{é ? ) _01 _01 ) [_01 (1)}’

{(1) _01}’ E} _01}’ hl ﬂ [(1) é} {_01 _01}}. Let {+1,—1} be

a group under multiplication. Define a homomorphism ¢ : G —
{+1, -1}, by ¢(A) = detA. (Here detA is the determinant of the
matrix A).

(a) Find the kernel and image of ¢.

{(b) Find a normal subgroup H of G so that the quotient group G/H
is isomorphic to Z,. Justify your answer.

(c¢) Determine if the group G is cyclic or not.
10 marks
15. For any isometry f : E? — E? of the Euclidean plane, let
Fix(f) = {z € E*: f(z) = z}
denote the fixed point set of f.

(a) The non-identity isometries of E? are of four types: rotations,
reflections, translations and glide reflections. Describe the fixed
point set for each type.

(b) Describe all the symmetries of the infinite pattern:

10 marks

16. Let H be the quaternions, i.e the four dimensional real vector space with
basis 1,7, 7,k where i* = 2 = k* = -1, ij =k = —ji, jk=1i = —kj
and ki = j = —tk.

(a) Show that H \ {0} forms a group under multiplication. [Hint;
Use the same trick as for complex numbers, namely define @ =
ag — ta) — jag — kag where u = ap +iay + jaq + kas is an arbitrary
quaternion, with ag, ¢), aq, a3 are real numbers. Then check that
ull = tu = al + a} + a3 + a3].

(b) Define a map f:H\ {0} — R* by f(u) = u@t, where R™ denotes
the multiplicative group of positive real numbers. Prove that f is
a homomorphism.

(¢} Deduce that the unit sphere §% in R? has the structure of a group.
[Hint; $* = {(ag, a1, az,a3) : @ + a? +a? + a2 = 1}].

10 marks



