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Question 1 (47 Marks)

Consider a vibrating string fixed at one end and allowed to move freely in a vertical direction at the
other end (see Figure 1).

Figure 1: Illustration for Question 1

The equation governing the displacement u(z,t) of the string is given by the partial differential
equation (PDE),
u 0%
o2 " Ba?
The boundary conditions are,

O0<z<l,t>0.

_ ou(0,t)
u(l,t) =0, Frean 0.

(a) Why can we use the method of separation of variables to solve this PDE?

(b)  Using the method of separation of variables involving X(z) and T'(¢), derive the two ordinary
differential equations (ODEs) for X (x) and T(t).

(¢c) Show that the boundary value problem (BVP) for X (x) is,

X"(z) +AX(z) =0  X(1)=0, X'(0) = 0.

(i) Solve the BVP for each of the real cases for A.

(ii) For the non-trivial solution(s), state the eigenvalues and corresponding eigenfunctions.
{e) Solve the ODE for T'(t).

(f) Write down the general solution for u(z,t).



(g) Solve for the unknown coefficients given that the system started from rest and that u(x,0) =

cos é’—;} Write down the solution.

(Hint: You do not need to find the Fourier series; try writing out a few terms.)

(h)  On the same set of axes, sketch and label:
(i) The displacement of the string for t = 0, &, &, and
(if) The displacement profiles for 0 < ¢t < Z.
(Hint: Show what happens as ¢ increases.)
(i) At what mode of vibration is this string oscillating? At what values of = are the nodes located?
(j) Wave Equation versus Heat Equation.

Identify a fundamental difference between the wave equation and the heat equation by explaining
what happens to discontinuities or “kinks” in the initial condition u(z,0).
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Question 2 (9 Marks)

Determine whether the method of separation of variables can be used to solve the following PDEs for

u(z,t). If so, find the set of ODEs but do not solve these equations. If not, explain why not.
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