
Solutions to 620-302 Chance and Options Pricing

Exam Paper-2007

1. (a) A European option can only be exercised at maturity, whereas
an American option can be exercised at any time prior to or at
maturity.

(b) Assuming, say, continuous time and a constant compounding
interest rate r,

PA;K(t) = max
�
e�r�E �(S� �K)� � E �e�rT (ST �K)�

where the maximum is taken over all stopping times (ST's) �
with values in [0; T ], and the inequality holds since � � T is
one such ST.

Bonus question answer: CE;K(t) � CA;K(t); t 2 [0; T ] (Merton
Theorem).

(c) PE;K1
(t) < PE;K2

(t) since the payo� of the put with strike K2

is higher: (ST �K1)
� < (ST �K2)

� for all ST .

(d) CE;0(t) � St as the payo� of the call is (ST � 0)+ = ST , i.e. this
is just short-selling of the stock.

2. (a) The market is arbitrage-free as the no-arbitrage condition for
binomial markets is satis�ed: d < 1 + r < u.

(b) The payo� of the straddle: g(s) = js� 110j:
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(c) Pricing: risk-neutral probabilities are p� = 1+r�d
u�d = 1:1�0:9

1:2�0:9 =
2=3; q� = 1�p� = 1=3, and u2S0 = 144; udS0 = 108; d2S0 = 81:
Hence the straddle price is

(1+r)�2E �g(S2) = 1:1�2
�
g(144)(p�)2+g(108)2p�q�+g(81)(q�)2

�
=

1

1:21

�
34(2=3)2 + 2� 2(2=3)(1=3) + 29(1=3)2

� � 15:886:
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(d) Stock price diagram:
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Pricing: using the risk-neutral probabilities p� = 2=3; 1� p� =
1=3 (from part (c)), the straddle price diagram is:

j144� 110j = 34
.

34�2=3+2�1=3
1:1 = 70

3:3 � 21:212
. -

(70=3:3)�2=3+10�1=3
1:1 = 173

10:89 � 15:886 j108� 110j = 2
- .

2�2=3+29�1=3
1:1

33
3:3 = 10

-
j81� 110j = 29

Answer: the time t = 0 price is 15.886; the time t = 1 prices
are: 21.212 if S1 = uS0; 10 otherwise.

(e) Put-call parity: S0+P0�C0 =
K

(1+r)T , where P0 (C0) is the time

t = 0 put (call) price. So

C0 � P0 = S0 � K

(1 + r)T
= 100� 110

1:12
=

11

1:21
� 9:091:

(f) [i] Self �nancing trading strategy: f(�t; bt); t = 1; : : : ; Tg; such
that �tSt + btBt = �t+1St + bt+1Bt; t = 1; : : : ; T � 1.

[ii] Replication portfolio for a contingent claim: a self �nancing
trading strategy which generates the same cash 
ow at maturity
as the claim.

3. (a) T, as '(t)'(t) = j'(t)j2 � 1.

(b) F, as '(t) = '(t) means that '(t) 2 R (wrong for X � 1).
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(c) T, as '(2�k) = E e2�kiX = E 1 = 1 when X is integer-valued.

(d) T, as d2

dt2E e
itX = E (�X2eitX).

(e) F, as '(0) +  (0) = 2, impossible for a characteristic function.

(f) F, this only means that EX = 0:

(g) F, as it fails e.g. for F0 = f;;
g, F1 = F : then E (Xj F0) =
EX 6= X = E (Xj F).

(h) T, as conditioning on Y and g(Y ) is equivalent.

(i) T, as f� = ng =
Sn

k=0(f�1 = kg \ f�2 = n � kg), and all the
events on the RHS are from Fn:

(j) T, as fW 2
t � tg is a martingale, and we can use the optional

sampling theorem.

4. (a) For s; t > 0; using the properties of conditional expectations:
E (Xt+sj Ft) = E (Nt+s � Nt + Nt � Wt+s + Wt � Wt � 3(t +
s)j Ft) = [independence of increments] = E (Nt+s � Nt) � E (Wt+s �
Wt) + E (Nt � Wtj Ft) � 3(t + s) = [as Nt;Wt are Ft-measurable]

= ENs + 0 +Nt �Wt � 3(t+ s) = Nt �Wt � 3t = Xt:

(b) E eitX2 = E eit(N2�W2�6) = [by independence] = e�6itE eitN2eitW2 =
expf�6it + 6(eit � 1) � t2g [using the formulae at the end of the exam

paper: N2 � Poisson(3� 2), W2 � N(0; 2)].

(c)

E (X2
2 jN2) = E

�
(N2 �W2 � 6)2jN2

�
= E

�
N 2

2 +W 2
2 + 36� 2N2W2 � 12N2 + 12W2jN2

�
[as Nt;Wt are independent + properties of CE's]

= N 2
2 + 2 + 36� 2N2EW2 � 12N2 + 12EW2

= N 2
2 � 12N2 + 38: [as EWt = 0]

(d) This is again a Gaussian process as vectors (Yt1; : : : ; Ytn) are
linear transformations of (Ws1; : : : ;Wsn). So only need to show
that the mean & covariance functions coincide with those of the
std BM process. Obvious: EYt = tEW1=t = 0 and, for 0 < s <
t; EYsYt = stEW1=sW1=t = st � (1=t) = s as minf1=s; 1=tg =
1=t:
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(e) W1+2W2� 3W4+W6 = W1� 2(W4�W2)+W6�W4 � [as each

group is Gaussian, and due to independent increments] � N(0 + 0 + 0; 1 +
22 � 2 + 2) = N(0; 11).

(f) Using conditional densities:

f(W1;W3)(x; y) = fW3jW1
(yjx)fW1

(x) = fW3�W1+xjW1)(yjx)fW1
(x)

=
1p

2�
p
2
exp

n
�(y � x)2

2� 2

o
� 1p

2�
exp

n
�x

2

2

o

=
1

2�
p
2
exp

n
�1

4
y2 +

1

2
xy � 3

4
x2
o
:

5. (a) St = S0 expf(r � �2=2)t+ �Wtg
(b) For 0 � s < t; Ft = �(Ws; s � t);

E (e�rtStjFs) = S0e
��2t=2E

�
e�(Wt�Ws)+�WsjFt

�
= [by independent increments ]

= S0e
��2t=2e�WsE e�(Wt�Ws) = Sse

�rs��2(t�s)=2e�
2(t�s)=2 = e�rsSs

(c) We have

Xt = 8S5
0 expf5(r � �2=2)t+ 5�Wtg

=
1

4
expf5(0:1�0:22=2)t+5�0:2Wtg = 1

4
expf0:4t+Wtg = f(Yt);

where Yt = 0:4t+Wt; f(x) =
1
4
ex; and so f 0 = f 00 = f ,

dXt = f 0(Yt)dYt+
1

2
f 00(Yt)(dYt)

2 = f(Yt)

�
0:4dt+dWt+

1

2
dt

�

= 0:225e0:4t+Wtdt+ 0:25e0:4t+WtdWt:

(d)

C0 = e�rTE �(ST �K)+ = E
�
e�0:02+0:2W1 � e�0:02

�+
= e�0:02E

�
e0:2W1 � 1;W1 > 0

�
= e�0:02

�
E (e0:2W1;W1 > 0)�P (W1 > 0)

�
=
e�0:02p
2�

Z 1

0

e0:2xe�x
2=2dx� e�0:02

2

=
1p
2�

Z 1

0

e�(x�0:2)
2=2dx� e�0:02

2

= N(0:2)� e�0:02

2
� 0:5796� e�0:02

2
� 0:0895:
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6. (a) By the product rule of Itô's calculus,

dXt = �e�t(x0 � 2)dt+

�Z t

0

esdWs

�
e�tdt� e�tetdWt

=

�
�e�t(x0 � 2) + e�t

Z t

0

esdWs

�
dt� dWt = (2�Xt)dt� dWt:

(b) Since the integrand in the Itô integral non-random, the inte-
gral is a normally distributed RV with zero mean and varianceR t

0 (e
s)2ds = (e2t� 1)=2. As Xt is a linear transformation of the

integral, we obtain Xt � N
�
2 + e�t(x0 � 2); (1� e�2t)=2

�
.

As t!1; the density converges to that of N
�
2; 1=2

�
.

(c) Using Itô's formula with f(t; x) = etx2 [so that ft = etx2, f 0x =
2etx, f 0xx = 2et],

dYt = etX2
t dt+ 2etXtdXt +

1

2
2et(dXt)

2

= [�etX2
t + 4etXt + et]dt� 2etXtdWt

= [�Yt + 4et=2
p
Yt + et]dt� 2et=2

p
YtdWt:

(d) FWKE: for u = u(t; y);

u0t = [�(�u)0y + (�2u=2)00yy] = u+ (y � 2)u0y +
1

2
u00yy;

BWKE: for v = v(s; x);

v0s = [��v0x � �2v00xx=2] = (x� 2)v0x �
1

2
v00xx:

(e) For stationary density � = �(y);

0 = (y � 2)� +
1

2
�0;

Solving the equation: �0=� = �2(y � 2) , (ln �)0 = �2(y � 2)
, ln � = �(y � 2)2 +C , � = Ce�(y�2)

2

; which is the density
of N(2; 1=2).

This is the same as the limiting distribution found in part (b).

(f) For an appropriate function  (s; x); the function v(s; x) =
E [ (�;X�)jXs = x] will satisfy the BWKE. Take  (s; x) = s.
Then

v(s; x) = E (� jXs = x) = s+ E (� jX0 = x) = s+ U(x):

5



So v0s = 1; v0x = U 0; v00xx = U 00; and hence from the BWKE we
get

1 = (x� 2)U 0(x)� 1

2
U 00(x):

6


