Some solutions to Problem Set 11.

1. (a) X\ Aisopenin X since A is closed in X, and Y is open in Y. Hence (X \ A)xY
isopenin X x Y, and A x Y is closed in X x Y. Similarly X x (Y \ B) is open in
X xY,s0 X x Bisclosedin X xY. Hence Ax B=(AxY)N(X x B) is closed in
X xY.

(b) Let W = {(x,y) € R?: 2y = 1}. Then W is closed in R x R since it is the preimage
f71({1}) of a closed set under the continuous map f : R> — R, f(z,y) = zy. But
w1 (W) =R — {0} is not closed in R.

2. Assume X is Hausdorff and let (z,y) € X x X \ A. Then = # y € X so there exist
disjoint open sets U,V with x € U and y € V. If (a,b) € U x V then a # b, hence
UxV CXxX\A. But W(z,y) = U x V is open in the product topology, hence
X xX\NA={W(z,y): (z,y) € X x X \ A} is open and A is closed in X x X.
Conversely, assume A is closed, so X x X \ A is open. Now the product topology on
X x X has a basis consisting of products U x V where U and V are open in X. Given
x,y € X with = # y, we have (x,y) € X x X \ A, hence there exist open sets U and V'
in X such that (z,y) € UxV C X x X\ A. Thenx € U,y € V and UNV = (). Hence
X is Hausdorff.

3. For (c) and (d) consider the projection 7; : X — X;. Since X is compact
(connected) and m; is continuous, then m;(X) is compact (connected). And since
mj(X) = Xj, the space X is compact (connected).

For (a) and (b), fix points z; € X; for 1 < ¢ < n and define f; : X; — X by
fi(x) = (x1,...,2j-1,2,2j41,...,2yn). This is a homeomorphism X; onto f;(X;) in X,
whose inverse is the restriction of the projection 7; from f;(X;) to Xj.

Assume that X is normal and let A, B be disjoint closed subsets of X;. Then f;(A), f;(B)
are disjoint closed subsets of f;(X;), and f;(X;) is closed in X by Q1 (and induction).
Hence f;(A), fj(B) are disjoint closed subsets of X, so there are disjoint open sets
U and V in X such that f;(4) C U and f;(B) C V. Then U’ = U N f;(X;) and
V' =V N fj(X;) are disjoint open subsets of f;(X;), and 7;(U’), m;(V') are disjoint
open subsets of X; containing A, B respectively. Hence X; is normal. (a) is proved in
the same way.

4. (a) {fn} is pointwise bounded since | f,(z)| < |z|+ 1 for all n, but it is not equicon-
tinuous. Indeed, take z, = 5. and y, = . Then |z, — yn| = 5. — 0 as n — oo but
[fn(n) = fyn)| = [sin(nen) = sin(nyn)| = [2n —ynl =1 - 55 — 1.

(b) {gn} is not pointwise bounded since |g, ()| > n — 1 but is equicontinuous. Indeed,
|gn () — gn(y)| = |sinz —siny| < |z —y| by the mean value theorem. Hence given ¢ > 0

we can choose § = ¢, then |z — y| < ¢ implies |gn(z) — gn(y)| < € for all n € N.

(¢) {h,} is pointwise bounded since |h,(z)| < 1if || < 1 and |h,(z)] = |z]V/" < |z|

if || > 1. If {h,} is equicontinuous then for ¢ = 1/2 there is 6 > 0 such that

|0 — 2| = |z| < & implies |z|'/™ < 1/2 for all n € N. But if we take z,, = 1/n, then

hn(xy) = "%/ﬁ — 1, contradiction.

(d) {k,} is pointwise bounded. Indeed, |sin(z/n)
|

|kn(2) — kn(y)| = nlsin(z/n) — sin(y/n)| < n -
family {k,} is equicontinuous.

| < |z|/n. So |k,(z)| < |x|. Moreover,
(x/n) — (y/n)| = |z — y|. Hence the



5. The family F is equicontinuous and bounded. To see the equicontinuity let € > 0
and take 0 < § < e/M. Then for any z,y € [a,b] such that |z —y| < § and all f € F,
the mean value theorem gives:

[f(@) = fW)l =1l |z -yl
for some 1 between x and y. Hence
[f(@) = fy)l < Mz —y[ < M- (/M) = e.
Moreover, for all x € [a,b] and all f € F,
[f (@) < [f(@o)[ + |f(zo) — f(2)| < M + M(b—a).

So F is bounded. By the Ascoli-Arzela theorem every sequence in F has a uniformly
convergent subsequence, and F is compact in Cla, b].

6. (a) Consider the space C'(X, X) with the uniform metric do. By the Ascoli-Arzela
theorem some subsequence of {I,,} converges to a continuous map f : X — X. We have
to show that f is an isometry. Without loss of generality we assume that doo (L, f) — 0.
If x,y € X, then

d(f(x), f(y)) = lim (I,(2), In(y)) = limd(z, y) = d(z,y).

So f preserves distance, in particular, it is injective. Since X is compact and f preserves
distance, f(X) = X (this is the content of a problem on one of the previous problem
sheets). Thus, f is an isometry from X onto X.

(b) Let {I,,} be any subsequence of {I,}. Then {I,!} is a sequence of isometries
so by the above it has a subsequence {ngll} converging to some isometry g. Now if
frygn : X — X are sequences of isometries converging in C'(X, X) to f, g respectively,
then f, 0g, — fogin C(X,X), since
d(fn(gn()), f(9(x))) < d(fa(gn(2)), ful(9(2))) + d(fn(g(2)), f(9(2)))
= d(gn(x), g(x)) + d(fulg(x)), f(g(x)))
doo(gns 9) + doo(fn, f) — 0 as n — oo.
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So fog=id and go f = id, that is, ¢ = f~!. Since this holds for any subsequence
{I,,,} of {I,}, it follows that I,;! — I~! provided that I,, — I in C(X, X).

(c) This follows from (a) since any 3 by 3 orthogonal matrix A defines an isometry
A:S8? - S? and S? is compact.

6. (a) For disjoint closed non-empty sets A and B C X define

d(z, A)

1@ = e T dw. By

The function is well-defined since d(x, A) + d(z,B) > 0 for all z € X. (If d(z, A) +
d(xz,B) = 0, then d(z,A) = 0 = d(x, B) and since A, B are closed, z € A and x € B,
contradicting ANB = {).) Moreover, f is continuous since x — d(x, A) and z — d(z, B)
are continuous. The function f is equal to 0 if and only if d(x, A) = 0 if and only if
x € A since A is closed. Similarly, f(z) = 1 if and only if d(z, B) = 0 if and only if
r € B.
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(b) Let C be a closed subset of R and let f : C'— R be a bounded continuous function.
The set R\ C is an open subset of R and so it can be represented as a countable
union of disjoint open intervals, R\ C' = (J,,cxn(@n,bn). (See notes, p 48.) The points
an, by, € C if the interval (an,b,) is bounded; if (a,,b,) = (—o0,b,), then b, € C;
and if (apn,bn) = (apn,00), then a, € C. So define h : R — R as follows. We set
h(z) = f(z) for x € C. If (ap,by) = (—00,by,) we set h(x) = f(b,) for z € (—o0,by,).
If (an,bn) = (an,0), we set h(zx) = f(ap) for z € (an,o0). If (an,by) is a bounded
interval we set

h(z) =

Then h is a bounded continuous function such that h(z) = f(x) for x € C.

f(bn) — flan)

by, — an

(x—an)+ flan), =z € (an,by).

(c) Assume that X is the Hausdorff space on which Tietze’s extension theorem holds.
Take two non-empty disjoint closed subsets A, B of X. The set AU B is closed in X.
Then the function f: AU B — R defined by f(z) =0ifx € Aand f(x) =1ifz € B
is continuous. Hence there is a continuous function h : X — R such that h = f on
AUB. Set U = f~1((—00,1/3)) and V = f~1((2/3,00)). These are open disjoint sets
and satisfy A C U and B C V. Hence X is normal as claimed. The converse is just
Tietze’s extension theorem.



