Some solutions to Problem Set 5.

1. (a) Not a contraction, for example, d(f(0), f(—1)) =e—1>d(0,—-1) =1.

(b) Not a contraction. Indeed if f is a contraction, then |f(z) — f(y)| < c|z — y| for some
¢ < 1and all z,y > 0. On the other hand, the mean value theorem implies that for every
y > 0 there is z := 2z, € (0,y) such that |f(0) — f(y)| = e *|y| < c|y| so that e™* < ¢. But
if y — 0, then 2z — 0 and e™* — 1, contradiction.

(c) f is a contraction by the mean value theorem, since |f/(c)| = | — e“=¢°| < e~ for all
c> 0.

(d) f is not a contraction since if |f(z) — f(y)| < ¢z — y| with ¢ < 1, then, in particular,
lf(m/2)—=f(y)] = |f(y)| < ¢|7/2—y|. By the mean value theorem, for every y > /2, there
is 2 € (n/2,y) o that |(y)| = |f(/2) — f()| = sin(z)| - |y — 7/2]. Hence [sin(2)] < c.
But if y — /2, then z — 7/2 and so sin z — 1, contradiction.

(e) f is a contraction. First, cos : R — R satisfies |cosz — cosy| < |z — y| and cos(R) =
[—1,1]. Considering z +— cosz on the set [—1,1], it is a contraction with the constant
sinl < 1. So |cos(cos ) — cos(cosy)| < (sinl) - |cosz — cosy| < (sinl) - |x — y|.

2. f is a contraction with respect to d; but not with respect to de and du.
Take z = (1,1) and y = (0,0). Then f(1,1) = (8/5,1/5) and f(0,0) = (0,0). Then,
d2((1a 1)a (070)) = \/i and

da((f(1,1), £(0,0)) = da((8/5,1/5),(0,0)) = \/65/25 = 1/13/10-v/2 = 1/13/10-d2((1, 1), (0,0)).
Similarly, doo((1,1),(0,0)) =1 and
doo((f(1> 1)a f(Ov O)) = d2((8/5v 1/5)7 (07 0) = maX{8/5a 1/5} = 8/5 = 8/5'doo((1> 1)a (07 0))

For the di metric we have

1 1
di(f(z1,91), f(x2,12)) = dl(ﬁ(8$1 + 8y1,z1 + Y1), E(Sm + 8y, x2 + ¥2))

= S+ 1) — @2+ )| + (@ + 91) — (@2 + )]

10 10
9 9
=10 (1 —m2) + (y1 — y2)| = Todoo((xhyl), (z2,92)).

So f is a contraction with respect to the metric d; with contraction constant 9/10.
3. (a) For z,y € (0,q],
[0 =P = o+ yl - o —y| <[z +[y[] - |z =y < (20) - |2 —y|

so that f is a contraction if a < 1/2. Observe that if x € (0, a] with a < 1/2, then clearly
0 <22 <a? < asothat f:(0,a] — (0,a]. If 2 = z, then 2 = 0 or z = 1. Hence
f: X — X does not have a fixed point in X. Note that (X, d) is not complete.

1
(b) Clearly, z + — > 1 for x > 1 so that f : X — X. Observe next that
x
1 1 1
x y Ty

(@) — 1) = (1— 1y) Je—yl <z

so that

1
since 1 —1/(zy) < 1 for all z,y > 1. Assume that f has a fixed point . Then z + — = z,
T

1
so — = 0, contradiction. Note that f is not a contraction since otherwise 1 — 1/(zy) < «

for some constant a@ < 1 and all z,y > 1. Taking y = 1 and x large we get a contradiction.
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4. The space (B(xg,70),d) is complete (as it is a closed subspace of a complete metric
space) so it suffices to show that f : (B(xo,70)) — B(xg,70). If z € B(xg,70), then

d(f(z),z0) < d(f(z), f(w0)) + d(f(0),70) < ad(z,20) + 70(1 — )

<arg+ (1 —a)rg =r1p.

Hence f : B(wo,m0) — B(xg,70) is a contraction, and f has a unique fixed point in
B(xg,70) by the Banach fixed point theorem.

5 (a) Observe that [f(x)]® — e*[f(x)]? + f(;) = e’ if and only if
1 f(fL")
Thus, f is the fixed point of T": C|0, 1] — C10, 1] where
1 f(w)
T -\
By the mean value theorem applied to the function h(t) = #, there exists ¢ € (a,b)
such that )
a b 1—c
— = a—bl < |a— bl
‘1+a2 1+ b2 ‘(1—1—02)2 la=bl<le=b
Thus, if f,g € C]0,1], then
1 f(x) g(x) 1
_ I _ < Z. _
(D) - o)l = | L5 - 29| < 5 1) - ato)

for all z € [0,1]. Consequently, if d, is the supremum metric,

Aoe(TF), (Tg)) < 5 - dol£,0)

so that T' : C[0,1] — C]0,1] is a contraction. Since (C]0,1],d) is complete, there is
exactly one f such that Tf = f.
(b) For ¢t € [0, a] we have

(T / F(s) — 9(s)|ds < a- dos(f 9).

Hence doo(T'f,Tg) < a-dso(f,g) and so T is a contraction. Hence there exists exactly one
f such that Ff = f. That is,

¢
t):sint+/0 f(s)ds, tel0,al.

Evaluating at t = 0 we get f(0) = 0. Differentiating both sides we get f’(t) = cost + f(t)
for ¢t € [0, al. Multiplying by e~ this is equivalent to [e7!f(t)]" = e !cost. Integrating
from 0 to s we get e™*f(s fo tcostdt =1/2+ e *[sins — cos s]/2 which implies that
f(t) =¢et/2+ [sint — cost]/2

(c) Define T': C[0, 7] — C[0, 7] by

1 t
(THt) = 3 / sin(t — s) - f(s)ds.
0
Now for 0 < s <t < 7 we have sin(t — s) > 0, hence

(RO ~T)0)] < 5 [ sine=s)17) (o)l ds < 5 [ sintt—)d(7.9)ds = Jd(7.9),

where d is the sup metric. Thus T is a contraction with contraction constant 2/3. So there

is exactly one f in C[0, 7] such that 3f(t) fo sin(t — s) f(s)ds for all t € [0, 7]. Since the
zero function solves this equation, f = 0.



(d) The equation is equivalent to

1
g(x) — / eV (y)dy = f(z) for all z € [0,1].
0
So setting

1
(TF)(x) = glx) - /0 VU f(y)dy  for € [0,1],

we have to show that there is a fixed point of T. We equip C]0,1] with the metric
d(f,h) =sup{e™®|f(x) — h(z)| : = € [0,1]}. Then (CI0,1],d) is complete. Since

1 1
ITf(x) — Th(z)] < / Y F(y) — hy)| dy = & ! / e (y) — h(y)|dy
0 0
<ol d(f,h)

we conclude d(T'f, Th) < e~'d(f,h). By Banach fixed point theorem there is exactly one
f such that T'f = f.

6. For k > 1let Uy = {x € R"| fi(z) # 0} = f,, '(R\ {0}). Since R\ {0} is open and
[ is continuous (a linear map from a finite dimensional vector space to another vector
space), we conclude that Uy is open. We claim that every Uy is dense. If not, then for
some k, there exists B(a,r) C R™ such that B(a,r)NUy = (). Hence, for every xz € B(a,r),

fr(x) = 0. Take any z € R™ not equal to a. Then y := ;H(x*a)H € B(a,r) and so f(y) = 0.
r—a

But since fj is linear,

0=FW) =7 —r7 fla) = ——

R
so that fr(x) = 0. Hence fx = 0 contradicting the assumption. Hence Uy is dense and
open. In view of the Baire’s theorem, ﬂk21 Uy is dense, in particular, non-empty. Take
any x € (>, Ur and the result follows.

7. Arguing by contradiction assume that {f,(z)} is bounded for every irrational x. For
k > 1 define

Fp={x € R||fu(x)| <k forall n € N} = () £ (k. K]).
neN

The set f,1([~k,k]) is closed since f, is continuous, and so F is closed. Moreover,
Q° € Ugen Fr since, by assumption, {f,(z)} is bounded for every irrational z. So

R=|]JFulJ{r}

keN reQ

that is, R is a countable union of closed sets since Q is countable. Every singleton {r} is
nowhere dense. Consequently, in view of Baire theorem, some Fj, has nonempty interior.
Say Fp # 0. So (a,b) C F}, and {f,(x)} is bounded for any = € (a,b). In particular,
{fn(x)} is bounded for any rational number x € (a,b), contradiction.

8. Take € > 0 and for k € N define

Fi = {o € X|d(fu(@), fun(w)) < 2/2 for all n,m > k.

The set F}, is closed. To see this note that = +— d(f,(x), fi(z)) is continuous as a compo-
sition of continuous maps. Thus, if (z;) C F}, and d(xj,z9) — 0 as j — oo, then

d(fn(x0), fm(w0)) = Him d(fu(x;), frn(2;)) < €/2
Moreover, X = J;», Fi since for every z € X, {f,(z)} converges. By Baire’s theorem,

F? +# () for some k. Thus, there exists y and 7 > 0 such that B(y,r) C Fj. Put U = B(y, ).
If z € U, then for all n,m > k,

d(fn(z), frm(z)) <e/2 <e.



