Some solutions to Problem Set 6.

1. The space (R,d;) is incomplete. Indeed, let z, = n. Then di(zy,zy) =
larctann — arctanm| — 0 as n,m — oo. So (x,) is Cauchy sequence. However, if
z € R and dy(zp,x) — 0, then |arctann — arctan x| — 0 and since arctann — /2,
it follows that arctanz = 7/2 which is impossible. The completion (HA%,c/l\l) may
be defined as follows, let R=RU {—00,00} and cﬂ(:r,y) = di(z,y) if z,y € R,
c/l\l(x,—oo) = cﬂ(—oo,a:) = arctanz + 7/2 for z € R, c?l(:c,oo) = c?l(oo,x) =
w/2 — arctanz for x € R, c/l\l(oo,—oo) = C/l\l(—O0,00) = 7, and c?l(:i:oo,:lzoo) = 0.
Then (R, d;) is complete and the set R is dense in (R, d;). Another completion is
given by ([-m/2,7/2],d) where d is the standard metric. The map arctan : R —
(—=m/2,7/2) C [-m/2,7m/2] is an isometry, and arctan(R) = (—m/2,7/2) is dense in
[—7/2,7/2].

The space (R, ds) is complete. Indeed, () is Cauchy with respect to da, then (x3)
is Cauchy with respect to the standard metric and so there is y € R such that
|23 —y| — 0. Let = ¥/y. Then da(zn, ) = |z), — 2% = |23 —y| — 0.

2. (a) Ais not compact. Indeed, let x be an irrational number in [0, 1]. Then there
is a sequence (zp) in A with x,, such that |z, —z| — 0. So (z,) doesn’t have a
subsequence converging to a point in A.  (b) B is compact in R? since it is closed
and bounded. (c) C is not compact since it is not closed. (d) D is compact in R?
since it is closed and bounded. (e) E is not compact since it is unbounded.

3. Let (z,) be any sequence in Ule A;. Then there is A; and a strictly increasing
sequence ny < ng < --- of positive integers such that y, = x,, € A;. Since A4; is
compact, there exists a subsequence (y,) of (yx) such that (yx,) converges in A;. So
the subsequence (n, ) of (z,) converges in A;.

4. We prove this for £ = 2; then the general result follows by induction. Let
{(zn,yn)} be any sequence in A; x Ag. Since A; is compact, there exists a sub-
sequence {xp, } of {x,} converging to some point x in A;. Since Ay is compact,
then the sequence {y,, } has a subsequence {ynkl} converging to some point y € As.
Then the subsequence {(2n,, ; ¥n,, )} of {(#n,yn)} converges to (z,y) in the product
metric d. Hence (A1 x Ag,d) is compact.

5. (a) The function f: A — R defined by f(a) = d(z,a) is continuous. Since A is
compact, there is a € A such that f(a) < f(b) for all b € A. That is, d(z,a) < d(z,b)
for all b € A implying that d(z,a) < d(z, A). Since also d(x, A) < d(x,a), we have
d(z,a) = d(z, A).

(b) Arguing by contradiction, assume that for every ¢ > 0 there is z ¢ U such
that d(z, A) < e. In particular, taking ¢ = 1/n we find a sequence {x,} such that
xn, € X\ U and d(z,,A) < 1/n. By (a), there is a,, € A such that d(z,,a,) =
d(zp, A) < 1/n. Since A is compact, there is a subsequence {ay,} converging to a
point @ € A. Since d(zp,,an,) — 0, we have that also x,, — a and since X \ U is
closed, a € X \ U C X \ A, contradiction.
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(¢c) Arguing by contradiction, assume that d(A, B) = 0. Then for every n, there
an, € A and b, € B such that d(ay,b,) < 1/n. Since A is compact, there is sub-
sequence {ay, } converging to a € A. From d(ap,,by,) < 1/n; — 0 it follows that
bn, — a so that a is an adherent point of B. Since B is closed, a € B. Hence
a € AN B, contradiction.

Alternative approach: In (b), if X # U then X \ U is closed and non-empty,
and the function g : A — R defined by g(a) = d(a, X \ U) is continuous, so at-
tains its minimum on the compact set A. Since AN (X \ U) = 0, it follows that
d(A, X\U)=ming=ce¢>0and {z € X :d(z,A) <e} CU. In(c),if B is closed
and AN B = then U = X \ B is open and A C U. Now the result follows from
part (b).

6. Consider an u.s.c function f : X — R. For every n define U,, = {z € X|f(x) <
n}. So Uy is open. Moreover, X = J,,cny Un. Since X is compact, there is N such
that X = J, <y Un = Un. Hence the set {f(z)| z € X} is bounded from above so
that a = sup{f(z)| * € X} < oo. Suppose that there is no = such that f(z) = a.
Then f(z) < a for all z € X. For every n € N, let V;, = {x € X|f(x) < a—1/n}.
Each V,, is open and X = (J,,cy V. Indeed, if # € X then since f(z) < a there is
n such that f(z) < a—1/n, ie., x € V,. Since X is compact, there is N such that
X =U,<n Vo = V. This means that f(z) <a—1/N for all z € X which implies
a =sup{f(z)| x € X} < a— 1/N, contradiction. The proof for a l.s.c function is
similar.

7. 1 f(z) = 2, fy) = y and @ £ y, then d(x,y) = d(f(2), f(y)) < d(z,y), contra-
diction. So f has at most one fixed point. To see that f has a fixed point consider

the function g : X — R defined by g(z) = d(z, f(z)). Then it suffices to show
that from some z, g(z) = 0. Since X is compact and ¢ is continous, g attains a
minimum, so there is g such that g(zg) < g(z) for all x € X. If g(zg) > 0, i.e.,

zo 7 f(x0), then g(f(x0)) = d(f(x0), f(f(0))) < d(zo, f(x0) = g(z0) contradicting
the minimality of g(xo).

8. (a) Let x = {zn},y = {yn} and z = {z,} € X*. Since d(zp,z,) = 0, x ~ x,
and since d(zn,yn) = d(yn,x,) we conclude that x ~ y implies y ~ x. Finally, if
x ~y and y ~ z, then d(z,,y,) — 0 and d(yn, z,) — 0 so that d(x,, z,) — 0 since
d(xn, 2n) < d(Tn, Yn) + d(Yn, 2n) — 0. Hence x ~ z, and ~ is indeed an equivalence
relation.

(b) Let x = {x,} and y = {yn} € X*. Since
d(Tn, Yn) < d(@p, Tm) + d(@m, Ym) + A(Ym, Yn)

we have d(xn, Yn) — d(Tm, Ym) < d(Tn, Tm) + d(Ym, Yyn). Writing the same inequality
but with m and n interchanged, we get

’d(xna yn) - d(xmy ym)‘ < d(l’n, xm) + d(yna ym)‘

It follows that {d(zn,yn)} is Cauchy and since R with the usual metric is complete,
the sequence {d(xy,,y,)} converges.



Next, we show that if {z/,} € [x] and {y,} € [y], then
(1) lim d(zn,y,) = lim d(x,,),).

n—oo

Since
d(xn, yn) < d(wn, @) + d(xy, y) + AU Yn),

and d(xy,x}) — 0, d(yl,, yn) — 0 we get
(2) lim d(zn,y,) < lim d(x),,),).

n—oo n—oo
Interchanging z;,, with z}, and y,, with y/,, we get

lim d(z),y.) < lim d(zn,yn)

n—oo n—oo
which together with (2) implies (1).
(¢) Disametric. Indeed, D([x], [y]) > 0. If D([x], [y]) = 0 then lim,, . d(zn,yn) =
0. This means that x ~ y, and so [x] = [y]. Symmetry of D follows from the fact
that d(zn, yn) = d(yn, T,). To prove the triangle inequality, take [x], [y] and [z] € X.

Since the limits lim,—,o d(zy, 25), limy, oo d(Xn, Yn) and limy, o d(yn, 2,) exist, and
d(xm Zn) < d(xm yn) + d(ym Zn)» we have

D(p [2]) = lim d(zn, 2n) < limy d(n, yn) + lim d(yn, 20)
= D([x], [y]) + D(ly], [z]).

Next we will show that (X, D) is complete. Take a Cauchy sequence {[x"]} in (X, D).
Here x" = {2}} = {a}, 25,24, ...} denotes a Cauchy sequence in (X,d). We have
to show that there exists [x] € X such that D([x"],[x]) — 0. Since x" = {a}} is
Cauchy in (X, d), for every n € N there exists k,, € N such that

1
(3) d(zy,, =y, ) < - for all m > k,.

m?
Consider the sequence
1 .2 .3
X ={zn} = {7}, Tpp, Tpogr - - - }-
We claim that x is Cauchy in (X, d). Indeed, denoting by x;; the constant sequence

n n n
{of say ,xf ...}, we have

(4) D(x"], [x,]) = lim d(«f, 2, ) <

J—00

S |-

Let € > 0 and choose N € N such that 1/N < ¢/3 and
D([x"],[x™]) <¢e/3 forn,m > N.

Then,
d(zy,, =y,,) = D(xg, |, [x5,])
(5) < D([xg, ], [x"]) + D([x"], [x™]) + D(x™], [, ])
<%+D([xn],[xm])+% <cHzHz=e

for all n,m > N. Next we will show that D([x"], [x]) — 0. In view of (4),

(6) D([x], [x"]) < D([x], [xg,]) + D, ], %)) < D([x], [, 1) + %
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Take € > 0. Since, in view of (5), the sequence {z} } is Cauchy, there exists k € N
such that 1/k < /2 and

(7) d(zy ,zp. ) <e/2 foralln,m > k.
Fixing n > k and taking a limit as m — oo in (7), we get
(8) D([x, ) [x]) = lim d(z,, 2, ) < /2

Combining (6) with (8),
D, [x") < D Bk, ) + - < </2 4 /2 =<

for all n > k. Consequently, D([x"],[x]) — 0, and (X, D) is complete.
(d) If x = (z,z,z,...) and y = (y,9,9,...) are constant sequences in X, then
p(x) = [x], p(y) = [y] so that

D(p Iy]) = lim d(e,y) = dz,y).
Hence ¢ : X — ¢(X) is an isometry.
(e) It suffices to show that for any [x] ENX there exists a sequence [x"] € ¢(X)
such that D([x"],[x]) — 0. Let [x] € X with x = (z1,22,23...). Denote by

x" the constant sequence {xy, Tpn, Ty, ...}. Then p(z,) = [x"], and we claim that
D([x"],[x]) — 0. Since x is Cauchy, for given € > 0, there exists k € N such that

d(xp,zm) <e/2 for n,m > k.
Fixing n > k and taking a limit as m — oo, we get

lim d(xn,zm) < /2.

So, for n > k,
D([x"],[x]) = lm d(zp,zm) <e/2<e.

m

Thus, D([x"], [x]) — 0 as required.



