Some solutions to Problem Set 9.

1. Call a space X discrete if it is equipped with the discrete topology and trivial if it
is equipped with the the trivial topology. Now prove:

(a) If X is discrete, then every function f : X — Y, where Y is any topological spaces,
is continuous.

(b) If X is trivial with at least two elements, then there exists a topological space Y
and a function f: X — Y that is not continuous.

(c) If Y is trivial, then every function f: X — Y, where X is any topological space, is
continuous.

(d) If Y is discrete and contains at least two elements, then there exists a topological
space X and a function f: X — Y that is not continuous.

Solution: (b) For example, take Y = X with the discrete topology. Then the identity
function f: X = (X, trivial) — Y = (X, discrete) is not continuous.

(d) For example, take X =Y with the trivial topology. Again the identity function
f: X = (Y, trivial) — Y = (Y, discrete) is not continuous.

2. Show that the unit open ball B = {(z,y) € R? | 2% +y? < 1} in R? is homeomorphic
to the open square C' = (—1,1) x (—1, 1) using the usual topology.

Solution: Note that f(z,y) = ﬁm - (z,y) takes the circle 9B(0,r) onto the

boundary 9C, of the square C, = (—r,r) x (—r,r). The set B(0,1) \ {(0,0)} is

the disjoint union of dB(0,r), 0 < r < 1, and C \ {(0,0)} is the disjoint union of

dC,, 0 < r < 1. Hence define F' : B — C by F(0,0) = (0,0) and for (z,y) # (0,0),
v x2+y? . . 1 . . -1

F(z,y) = m(az,y) Its inverse is F~" : C' — Bis given by £~ (0,0) = (0,0) and

otherwise F~!(z,y) = max{lz]|yl}

N
where (z,y) # (0,0). To see that F' and F~! is continuous at (0,0), first note that there
are positive constants o and (3 such that a max{|z|,|y|} < /22 + y? < Smax{|z|, |y|}.
(Recall that the metrics do and do, are Lipschitz equivalent). Using this we get
1F( ]| < 8] — 0 and [[F-2e,)] < @ )] — 0 a5 (@ o)]] — 0. Thus
F(z,y) — (0,0) = F(0,0) and F~'(z,y) — (0,0) = F~(0,0) as (z,y) — (0,0), so
F, F~! are continuous at (0,0).

3. Show that the unit open ball B = {(z,y) € R? | 2 +y? < 1} in R? is homeomorphic
to the open right half plane H = (0,00) x R using the usual topology.

(z,y). Clearly, both F, F~! are continuous at points

Solution: We first show that H is homeomorphic with R2. To see this take any
strictly increasing homeomorphism f : (0,00) — R (for example f(z) = Inz). Define
F(z,y) = (f(z),y). Then F : H — R? is a bijection, and both F, F~! are continuous.
Next we show that R? and the open ball B are homeomorphic. To do this, define
G:B — R?by G(z,y) = mtp,y) (Note that HG($,y)H — 00 as H(m,y)“ —1.)

Then G is clearly continuous and has a continuous inverse G~! : R? — B given by

G Yx,y) = m(:c, y). (Check!) The composition of homeomorphisms is again a

homeomorphism. So the map G~'o F : H — B gives the required homeomorphism.
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4. Let f,g: X — Y be continuous functions between topological spaces, and assume
that Y is Hausdorff. Prove that {z € X : f(z) = g(z)} is a closed subset of X.

Solution: Let A = {x € X : f(x) = g(x)}. It suffices to show that the complement
A€ is open in X. So take x € A°. Then f(x) # g(z) and since Y is Hausdorff
there are two disjoint open sets V, and W, such that f(z) € V, and g(z) € W,.
Set U, := f~1(Vp) N g Y (W,). Then U, is open and x € U,. Further, if y € U,,
then f(y) € V, and g(y) € W, showing that f(y) # ¢(y). Hence U, C A€ so that
A® = J,c 4 Uz is open as required.

5. Let (X,7) be a compact topological space and let A, B be closed subsets of (X, 7).
Show that A U B is compact.

Solution: AU B is a closed subset of a compact space, hence compact.
6. Let X =(0,1) and let

T={ACX[|A=0or A=(0,1) or A= (0,1—1/n) for n > 2}.
Show that every open set A other than X is compact. Is X compact?

Solution: Let A € T and A # (0,1). Hence A = (0,1 — 1/k) for some k£ > 1. Suppose
that {U; }ics is an open cover of A. Here we can take I C N. Since (0,1-1/k) C U,c; Ui,
there is ¢ € I such that (0,1—1/k) C U;. Hence A is compact in this topology. Consider
now the whole space X = (0,1). Then (0,1) = {J,55(0,1—1/n). However, (0, 1) cannot
be covered by finitely many of such sets since for any N € N, Uy, (0,1 —1/n) =
(0,1 —1/N). So (X,7) is not compact.
7. Let 7 be the co-countable topology on R, that is,

T={ACR|A=0or R\ Ais countable}.
Is [0,1] compact in (R,7)? What are the compact sets in (R, 7)?
Solution: Clearly, if FF C R is finite, then it is compact. If F' is an infinite subset of
R, then it is not compact. Indeed, since F' has infinitely many elements it contains
a countable set of distinct points a,, n € N. Define U, = R\ {ax | £ > n}. Then
R\ U, = {ax | K > n} is countable so that U, is open. Since |J,>, Un = R, the
collection is an open cover of F. If F' were compact, then F' C U; U ---U Uy for some
N € N. But U1U"'UUNZR\{ak|kZN}:UN. So,ay € FCUU---UUp and
ay € Uy U---UUp, contradiction.

8. Suppose that {X;};cs is a family of non-empty closed sets X, and that at least one
of the X; is compact. In addition, assume that the family has the property that for
any two 4,7 € I either X; C X; or X; C X;. Show that (,c; X; # 0.

Solution: Say X; is compact. Let B = {k € I|X; C X3}. The (.5 Xp = X;. Let
A ={k € I|X; 2 Xi}. Then each X} is a closed subset of a compact space X;

and further (\,cg Xi # 0 for any finite subset S of A. This means that {Xj}rea
has the finite intersection property. Hence ()4 Xx # 0 since X; is compact. So

Nier X = (Mien Xk) 0 (Nkea Xi) = (Niea Xk) # 0.

9. Ask if you've tried this. (Barnsley, “Fractals Everywhere” has the details.)



