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BEGINNING OF EXAMINATION QUESTIONS

1. (a) Give the definitions of zero divisor, integral domain, and Euclidean domain. ;

(b) Give an example of an integral domain that is not a Euclidean domain.

(c) State the division algorithm as it applies to Q[x] and use it to prove that Q[x] is
a Principal Ideal Domain.

2. Use the Euclidean algorithm to find a greatest common divisor d of 4 + 7i and 1 + li
in Z[z). Find elements x, y G Z[z] such that d = x(4 + li} + y(l + 7i).

3. (a) Factor x2 + 3 into irreducible polynomials in Zs[x] and %,j[x].

(b) Express x4 — x2 — 2 as a product of irreducibles in Q[x], R[x], C[x] and Z5[x],

(c) Show that in a Unique Factorisation Domain all irreducible elements are prime.

4. List, up to isomorphism, all abelian groups of order 504. Give the primary decompo-
sition and annihilator (as a Z-module) of each group.

5. Let TV be the submodule of (the Z-module) F = Z © Z 0 Z generated by by

(a) Find a basis {61, 62, 63} of F and d\, d2, d3 G Z such that the the non-zero elements
of the set {di&i, d2&2, d363} form a basis for TV (as a Z-module).

(b) Give a direct sum of non- trivial cyclic groups that is isomorphic to F/N.

6. Let A G M8(C) be a matrix and suppose that the matrix xl — A G M8(C[x]) is
equivalent to the matrix:

diag(l, 1,1,1, (x - 1), (x - 1), (x - l)(x - 2), (x - l)(x - 2)2(x - 3)).

(a) Give the corresponding decomposition of C8 regarded as a C[x]-module.
(All summands should be non-trivial cyclic C[x]-modules.)

(b) Give the Jordan Normal Form of the matrix A.

(c) Give the minimal and characteristic polynomials of A,
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7. (a) Exactly on of the following is a field: Z3[x]/(x2 - 2) and Z7[x]/(x2 + 3). Decide
which one. You should justify why it is a field and also why the other is not.

(b) What is the order of the field F above?

(c) Find a generator for the group F* of non-zero elements of the field (under multi-
plication) .

8. (a) i. Suppose that a £ R is a constructible number. What can be said about the
dimension of Q(a) as a vector space over Q?

ii. Is it possible to construct a regular nonagon (9-gon) with straight-edge and
compass? Explain. What about a regular hexagon (6-gon)?

(b) Find the Galois groups of the following extensions K of Q, and in each case list
the correspondence between subgroups of G(K/Q) and subfields L C. K.

ii. K = (g)(e^/<3)

Explain why there is no proper subfield of Q(e27™/3) other than Q.

9. Let K be the splitting field of the polynomial f(x) = x4 — 3

(a) Calculate [K : Q].

(b) Find a basis B for K as a Q-vector space.

(c) Give the size of the Galois group C?(AT/Q), and identify it.

(d) Write down a field L such that Q C L C AT and L is not a Galois extension of Q.

— END OF EXAMINATION QUESTIONS —
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