620-321 Algebra, Semester 1, 2009
Answers to Problem Sheet 7

1. There are 3 abelian groups of order 136.

Noting that 136 = 23 x 17 and considering the possible primary decompositions we obtain the
following;:

G1=Zs DLy Ga=ZLy DLy DZi7; G3=17~LoD LoD LoD L7
The corresponding invariant factor decompositions are:
G = Zizs Go =7y ®ZLeg G3 =T D Ly D Ly
2. The invariant factors are 2, 300, 900.

3. Lo ® Lo ® 7o

4. The invariant factor matrices are as follows:

{1 0] [1 0 0] (1) (2) 8
07 030 00 6
1 0 0 1 0 0
0 z+1 0 0 1—=x 0
0 0 22-1 0 0 x(l-—2?

5. Z[i]/(11 — &)

6. (a) CLZ
(b) Cy @ C,
(C) CQ D Z

7. The invariant factors are 1, 3, 6 and so M = C3 @ Cg.

8.
300 0 0 0 0 0]
1300 0 0 0 0
013 0 0 0 0 0
000 -5 0 0 0 0
000 1 =5 0 0 0
000 0 0 -5 0 0
000 0 0 1 =5 0
000 0 0 0 1 -5

The eigenvalues of T are 3 (with algebraic multiplicity 3, and geometric multiplicity 1) and
—5 (with algebraic multiplicity 5, and geometric multiplicity 2). 7" has 3 (linearly indepen-
dent) eigenvectors. The characteristic polynomial is x7(z) = (z — 3)*>(z + 5)°. The minimal
polynomial is up(x) = (z — 3)3(z + 5)3.



