620-321 Algebra, Semester 1, 2009
Assignment 1 — Solutions

1. Give examples for each of the following (you need not prove the required properties):

(a) A non-commutative ring with no multiplicative identity.

(b) A non-commutative ring with multiplicative identity.

(c) A commutive ring with no multiplicative identity.

(d) A commutive ring with multiplicative identity that is not an integral domain.
(e) An integral domain that is not a UFD.

(f) A ring that is not a PID, but in which all ideals are principal.

Solution:—

—~

a
b) The ring of 2 x 2 matrices with entries from Z, with the usual matrix operations.

)
)
c) 27
)
)
)

The ring of 2 x 2 matrices with entries from 27, with the usual matrix operations.

—~ —~

d) Z/4Z
e) Z[v=5
ALY/

—_—

2. Define new operations of Z by: t®y=x+y+1andrzOy=zy+x+y.
(a) Prove that with respect to these operations Z forms a ring.
(b) Prove that (Z,®,®) is isomorphic to (Z,+, x) (i.e., Z with the usual operations).

Solution:—

(a) Using standard properties of the integers we have:
(zoy)dz=(+y+1)@z=@+y+)+z+l=0+y+2z+1)+1=0d(y®2)
(z@-1)==z
(x®(—x—2))=-1
rPy=cx+y+l=y+arx+1l=ydx

Therefore (Z,®) forms an abelian group, with (additive) identity 0r = —1 and (additive)
inverse of x given by —x — 2 . We also have:

(zoy)Oz=(x0y)z+(@x0y)+z=(zy+r+y)z+ay+z+y+=z
=xzyztrz+yzt+try+r+y+=z
=z(yz+y+z)+tx+yz+y+z
=2z(yO2)+r+y0z=10(y0o2)

and
rOydz)=z0@W+z+)=zy+z+)+ax+(y+z+1)=ay+taz+z+rx+y+z+1
—@ytrHy) @ttt (20Y) 6 (Eo2)
which, as ® is clearly commutative, gives
W@2)0r=20@Yd2)=20Y (02 =(For)d (20

Having verified all the defining axioms, we conclude that R = (Z,®,®) is a (commutative)
ring.



(b) Let ¢ : (Z,+, %) — (Z,®,®) be the map given by p(x) =  — 1. Then ¢ is a ring homomor-
phism since

plet+y)=c+y—1=(@@-1)+(@y-1)+1
= ¢(z) @ o(y)

and

plry) =y —1=(@-Ny-D+z+y-2=@@-y - +@-1)+(y—-1)
= o(x) © ¢(y)

It is clear that the map ¢ is a bijection, and hence that it is an isomorphism.

3. Let a,b € R be two elements in a commutative ring R. Show carefully that

R/(a,b) = (R/(a))/(b + (a))

Solution:—
For clarity, I'll write (a) for the ideal (a) < R, (a,b) for (a,b) <R and (b+ (a)) for (b+ (a)) < R/(a).
Let ¢ : R/{a) — R/(a,b) be the map given by ¢(r + (a)) = r + (a,b). This is well-defined since

r+la)=s+{a) = r—se{a) = r—se{ab = r+(a,b)=s+{a,b).
It is a homomorphism since
e((r +{a))(s + (a))) = @(rs + (a)) = s+ {a,b) = (r + (a,0))(s + (a, b)) = ¢(r + (a))¢(s + (a))
and
o((r + (@) + (s + (@) = o(r + s+ (a)) = 7+ 5 + (a,b) = (r + (a, b)) + (s + (a, b))
= ¢(r +(a)) + ¢(s + {a))

As ¢ is clearly surjective, from the first isomorphism theorem we have (R/(a))/ker ¢ = R/(a,b).
The required result then follows since

r+{a) €kerp <= p(r+(a)) =0 <= r+(a,b) =0+ (a,b) < r € (a,b)
r=uxa+yb forsome z,y € R

r+ (a) = yb+ (a) for somey € R

r+(a) = (y+ (a))(b+ (a)) for somey e R

r+ (a) € (b+ (a))

Free




4. Let R be a commutative ring with multiplicative identity, let I be an ideal in R. Let
J={z € R|3IneN such that 2" € I}
Show that J is an ideal in R. (J is called the radical of I.)

Solution:—

Let J={x € R| 2" € I for some n € N}. Let 2,y € I, and let m,n € N be such that 2™ € I and
y™ € I. The set J is non-empty since I, being an ideal, is non-empty and I C J. To see that J is

an ideal:
Jr
@y =Y (m ! ”) 7 ()
=0 L
i <m + n) T ot
i m+n 7 7 m—+n—i
- £ 3 (M)
=0 i=m+1
m m+n
Z (m—i—n) i y)m—z) (_1)nyn + < Z (mjn> xi—m(_y)m-i-n—i) m
=0 i=m+1
el (Since I is an ideal and y",z™ € I.)

Therefore (x —y) € J. Also, if » € R, then (ra)™ = r™z™ € [ since I is an ideal and 2™ € I.
Therefore rm € J. Hence J is an ideal.

5. Let R be a commutative ring with 1, and suppose that every element x € R satisfies " = x for
some n > 1 (depending on x). Show that every prime ideal in R is maximal.

Solution:—

Let P < R be a prime ideal. Then R/P is an integral domain. We will show that R/P is a
field, which implies that P is maximal. We need to show that every non-zero element in R/P
is a unit. Let x € R\ P and consider T = z + P € R/P. Let n be such that 2™ = x. Then
" = (z+P)" = 2"+ P =2+ P =T. Since R/P is an integral domain the cancellation law implies
that 2"~ ! = 1. Therefore Z.7" "2 = 1 and 7 is a unit.

6. Let R be a UFD. Let a,b € R be two elements which are not both zero. An element m € R is a
least common multiple of a and b (denoted lem(a, b)) if it satisfies:

1: alm and blm;

2: if m' € R is such that alm’ and blm’, then m|m/.

(a) Prove that lem(a,b) exists and is unique up to multiplication by a unit.

(b) Let m be a lem of a and b, and let d be a ged of a and b. Prove that md is an associate of ab.
Solution:—

(a) Existence: If either is zero, then m = 0 satisfies the definition. So assume that neither is
zero. If a, say, is a unit, then m = b satisfies the definition. So we assume that neither a nor b
is a unit. Since R is a UFD, we have irreducible decompositions: a = a1 ...a; and b = by ...b,.
By rearranging the factors if necessary, we can assume that there is a & < min{¢,n} such that
a; ~ b; for 1 <i < k and a; o b; for i,j > k. Let m = abyy, ...by. Clearly alm. We also have
that blm since m ~ bagyq...as. If m’ € R is such that alm’ and blm’, then m|m’ since a|m/,
bgt1--.bp|m' and a and by ... b, are relatively prime. It follows that m is a least common
multiple of a and b.

Uniqueness: If n € R also satisfies the definition, we have m|n and n|m which implies that
n is an associate of m.



(b) If either is zero, then lem(a,b)ged(a,b) = ab = 0. If a, say, is a unit, then lem(a,b) ~ b
and ged(a, b) ~ 1, so lem(a,b) ged(a,b) ~ b ~ ab. Assuming both are non-zero and non-unit
and with the notation of the previous part, observe that a;...ax is a ged of a and b. It
is clearly a common divisor, and if d’ is some other common divisor, then the irreducible
decomposition of d’ must contain each of the irreducibles aq,...,a; (up to associates). It
follows that d ~ aj...ag, and md ~ may ...ax ~ bagy1...aa1...a, = ba

7. Let R be the following subset of Q:
R={z€Q|z= %, for some a,b € Z, with b not divisible by 3}.

(a) Show that R is a subring of Q.
(b) Describe the units of R.

(c) Show that every proper ideal in R has the form (3F) (i.c., the ideal in R generated by 3%) for
some positive k € 7 (depending on the ideal).

(d) Show that R/(3) is a field.

Solution:—

(a) Let a/b and o/ be elements of R. Then 3 does not divide b since 3|bf = 3|b or 3|5 as 3
is prime. Let [¢/d]| denote the reduced fraction equal to ¢/d, and note that [¢/d] € R if 3 does
not divide d (the converse is false). Then

(a/b) — (/) = [(a — ab)/(bB)] € R

and

(a/b)(a/B) = [(ac)/(b/B)] € R

So R is a subring of Q.

(b) If 3 fa, then a/b is a unit since b/a € R and (a/b)(b/a) = 1. These are the only units in R
because if 3|a and (a/b)(a/F) = 1 then aaw = b but 3 divides aa and not b3. So the units in
R are given by {a/b € R | 3fa}.

(c) Let I be a proper ideal in R. As I is proper it has more than one element and contains
no units. As I contains no units, 3 divides the numerator of each element in I (by the
previous part of the question). For each a/b € R let v(a/b) denote the exponent of 3 in the
prime factorisation of a. Then for all a/b € I we have v(a/b) > 1. Let k > 1 be given by
k = min{v(a/b) | a/b € I,gcd(a,b) = 1}. Then 3 divides the numerator of each element
in I, and I C (3¥). For the reverse inclusion note that there exists an element in I of the
form (3%a)/B where 3 /| a, as otherwise v(a/b) > k41 for all a/b € I. So 3/a € R and
3% = B/a(3%a/B) € I since I is an ideal in R. The inclusion (3*) C I follows from 3* € I.

(d) Tt follows from the previous part that the ideal (3) is maximal since (3) D (3%) for any k > 1.
(In fact it is the only maximal ideal in R.) Since the ideal (3) is maximal, R/(3) is a field.




8. (a) Show that the following are irreducible in Q[z]:

i 2t +z+1 i a®+Te +7 iii. 2° + 3z + 2
(b) Factorise the polynomial 2® + z + 1 into irreducible factors in:
i. Zolx] ii. Zs|x]
Solution:—

(a) i. Since the polynomial has no roots in @, it has no linear factors. If it were reducible, it
would have linear factors, as it is a quadratic.
ii. Irreducible by Eisenstein’s criterion (with p = 7).
iii. If the polynomial had a linear root, it would have a root Q and therefore a root in Z that
divides 2. Since there is no such root, the polynomial has no linear factors. Suppose there is
a factorisation of the form:

2® + 3z +2 = (2? + br + a)(z® + vz + Bz + a)

with a, b, a, 3,7 € Z. Then

y+b=0
B4+by+a=0
a+b8+ay=0
ba+af =3

ac =2

So (a,a) € {(1,2),(-1,-2),(2,1),(=2,—1)}. Suppose (a,a) = (1,2). Then we obtain b*> —b—
1 = 0, which is not possible for b € Z. The other three possibilities for (a, ) lead to similar
contradictions.

(b) i. Since it has no roots in Zs, it has no linear factors. The cubic polynomial is therefore
irreducible.
ii. The element 1 € Zs is a root of the polynomial, so (x — 1) = (z + 2) is a factor. Division
gives 23+ 241 = (2 +2)(2? + x +2). The quadratic factor is irreducible since it has no roots
in Zg.

9. Show that Z[(] is a Euclidean Domain, where ¢ = e*™/3.

Solution:—
Z[¢] = {m+nl+kC? | myn, k € Z} = {m+n | m,n € Z} since 14+(+¢% = 0.

The elements of Z[(] are those complex numbers that lie on the (infinite)
triangular lattice indicated on the right. Every element of C is within —=

V3
of an element of Z[¢]. Define o : Z[¢] — N by o(m +n) = |m + n¢]® = ¢
m? — mn + n? Let a,b € Z[¢] with b # 0. Define ¢ = a/b € C, and
choose ¢ € Z[(] satisfying |c — ¢q| < % Then a = ¢b = gb+ (¢ — q)b.
Let » = (¢ — q)b. Note that r = a — ¢b is an element of Z[(], and o(r) =

(e = @)b* = |e = qPb]* = [c — q[*o(b) < 3o(b) < o(b).




10. Use the Euclidean algorithm to find a ged in Q[z] of

f@)=a2—23+2: —x4+1 and g(x)=a"4+2°+22° + 2z +1

and write it as a Q[x]-linear combination of f and g.

Solution:—

9= [+ (22" +2z)
1
f= 5(95 —1)(22% +22) + (22 + 1)
223 + 22 = 2x(2®> + 1) + 0
It follows that the ged is 2 + 1, and that
1
4 1=f— 5@ - 1)(22° 4 2z)
1
= {51~ 1)
1 1
= (14 5@~ 1) — 5z~ 1)g

= L@+ )] — 51




