620-321 Algebra, Semester 1, 2009
Assignment 2 — Solutions

1. Let R be a commutative ring with 1 and let I and J be ideals of R. Prove that R/I = R/J as
R-modules if and only if I = J. Give an example to show that it is possible to have R/I = R/J
as rings even if I # J.

Solution:—

Suppose that R/I = R/J. We will show that I C J. The opposite inclusion follows from the
same argument with the roles of I and J interchanged. Let ¢ : R/I — R/J be any isomorphism
(of modules).

i€l = i(r+0)=ir+I=0+1 VreRr since [ is an ideal
= o(i(r+1)=0+J VreR since ¢ is a module homomorphism
= ip(r+I)=04+J VYreR since ¢ is a module homomorphism
= i(s+J)=0+J VseR since ¢ is surjective
— i1+ J)=0+J
— i1+J=0+J
= i1e€J

We have shown that I C J. By the comment above we have I = J as required.
The converse, I =J = R/I = R/J, is immediate.

As a counterexample we can take R = R[z], I = (x — 1) and J = (z + 1), since
Rlz]/(z —1) = R = Rz]/(z + 1) (as rings)

and I # J because x — 1 and = — 2 are not associates.

2. Let R C R[z] be the subring consisting of all polynomials in which the coefficient of x is zero:
R={f € Rlz]| f(x) = ap + agax® + - + anx™, for some ao,as,...,a, € R}

Show that R[z] is finitely generated as an R-module, and that it is torsion-free but not free.
Solution:—
The set {1,2} C R[z] is a finite generating set for R[x] over R, since

n n

Zaixi = (oo + Zaiﬂfi)l + a1x

=0 =2
noting that (ag + > iy ;z') € R and oy € R.
That gR[z] is torsion-free follows from the fact that the ring R[z] has no zero divisors. More

explicitly:

f € rR[z] is a torsion element = 3 g € R — {0} such that gf =0
= f=0 since otherwise deg(fg) > deg(g) >0

To show that pR[z] is not free, let f,g € R[x] be any two elements. Then 2%f,2?g € R and
(x29)f — (2 f)g = 0 show that the set {f, g} is linearly dependent over R. Any basis for pR|z]



would therefore contain not more than one element. Suppose then that {f} is a basis for gpR[x].
Then

le gR[z] = 1=rf for some r € R
= deg(f) =0
= (f)=R

which is a contradiction as f is supposed to generate R[x].

3. (a) An R-module M is said to be irreducible if {0} and M are the only submodules of M.
Show that a torsion module M over a PID R is irreducible if and only if M = Rm with
anng(m) = (p) for some prime p € R.

(b) M is said to be indecomposable if it is not a direct sum of two non-zero submodules. Show
that, if M is a finitely generated R-module over a PID , then M 1is indecomposable if and
only if M = Rm where anng(m) = {0} or anng(m) = (p¢) with p prime.

Solution:—

(a) Let M be torsion module over a PID R. Let m € M be any non-zero element, and consider
the homomorphism ¢ : R — M given by ¢(r) = rm.

Suppose that M is irreducible. The submodule ¢(R) C M must therefore be equal to M as
m = 1.m € ¢(R). By the first isomorphism theorem we have p(R) = R/ker(y). The kernel is
ker(¢) = annpg(m) and is an ideal in R. It is non-trivial because m is a torsion element. As R is
a PID, we have anngr(m) = (d) for some nonzero d € R. Hence, we have M = R/(d). Suppose
that d = pg. Then ¢((p)) is a submodule of M. If ¢((p)) = 0, then p € ker(p), and so d|p. In
this case we would have d ~ p. If o((p)) = M, then (p) = M and p must be a unit. In summary,
we have shown that M = ¢(R) = Rm and that anng(m) = (d) with d irreducible ( and therefore
prime).

For the converse, suppose that M = Rm with anng(m) = (p) for some prime p € R, and consider
the homomorphism ¢ as above. Let N be a submodule of M. Then ¢~ !(N) is an ideal in R (by
the correspondence theorems from lectures) that contains (p). Since p is prime, we know that
(p) is a maximal ideal. Tt follows that either ¢ 1(N) = (p) or ¢ 1(N) = R. If o }(N) = (p),
then N = ¢((p)) = {0}. If o~ 1(N) = R, then Ng(R) = M. It follows that M is irreducible.

(b) As M is finitely generated and R is a PID, we can apply the structure theorem. The primary
decomposition

M = ODR®---OR

DD R
(P1") (Pi")

is unique up to re-ordering of the summands.

If M is indecomposable, there must only be one summand in the primary decomposition. There-
fore M = (pRe) (which implies that M = Rm with anng(m) = (p€)) or M = R (which implies
that M = Rm with anng(m) = {0}).

Conversely, if M = Rm with anngr(m) = {0} or anng(m) = (p°) with p prime, then we have
M = pie) or M = R. The primary decomposition therefore has exactly one summand. If we
had = A @ B for two non-trivial submodules A, B C M, then by considering the primary
decompositions of A and B we would obtain a primary decomposition of M having at least two
summands. Contradiction. Note that we can apply the structure theorem to A and B because
any submodule of a finitely generated module over a PID is itself finitely generated.




4. Consider the matrixz
2 1+47 1—14

A=lsi6i —4 o0

S M2X3(Z[i]>

over the Gaussian integers Z[i]. Find square matrices X and Y over Z[i] such that X AY is the
invariant factor matriz for A (over Z[i]).

Solution:—

Applying row and column operations to A we obtain the following:

2 144 1—4 (141 2 1— ]
8+6i —4 0 | | -4 8+6i 0 | C1C
144 0 0 | CQHCQ—(l—i)Cl
4 1242 —4i) Oy — Cs + iCy
(144 0 0 ] .
oo 1242 -4 Ry = By + (2= 20) R
[1+4i 0 0
L0 4 1242 C2 = Cs
[1+i 0 0 .
“lo —M2J Cs = Cs =34
[1+i 0 0
”_ozim] C2 = Cs
[1+4i 0 0
~ _ 0 9% 0:| C3+— C3+ 2Cy

This is the invariant factor matrix of A. Note that 2i = (1 + ¢)?. To find X we apply the row

. : . 100
operations above to the matrix (), and to find Y we apply the column operations to (8 10).

This gives
1 0 0 1. 2 .
X = 9_9i 1 Y=1[1 24+7 44+ 3¢
! 0 -3 1—6i

5. Let M be the abelian group generated by x, y, and z subject to the relations: 2x — 4y + 2z = 0,
—2z + 10y + 4z = 0 and 6z + 18z = 0. Determine the invariant factor decomposition of M.
What is the torsion-free rank of M ¢

Solution:—

Considering the corresponding matrix we have:

2 -2 6 2 -2 6 2 0 O 20 0 2 00
-4 10 0| ~|0 6 12| ~ |0 6 12| ~ |0 6 12({ ~ [0 6 O
2 4 18 0 6 12 0 6 12 00 0 0 00

It follows that M = Zsy & Ze © Z and the torsion-free rank of M is 1.




6. List, up to isomorphism, all abelian groups of order 936, and give the annihilator of each (con-
sidering each group as a Z-module).

Solution:—

Noting that 936 = 23 x 32 x 13 and considering the possible primary decompositions we obtain
the following:

G ann (G)
Loy © L3> © Zag | (936)
Zo B ZQQ &) Zgz @D Zq3 ( )
Zo @ Lo D Zo ® Z32 @ Zq3 (234)
(312)
(156)
(

Loz O L3 © L3 D 213
ZQ@ZQZ@Z3@Z3@ZI3
Lo ® Lo ® Lo ® Ly ®Ls D Zas

7. Find a basis for the submodule of (the Z-module) Z3 that is generated by the elements (1,0, —1),
(2,-3,1), (0,3,1) and (3,1,5).
Solution:—

Let N be the submodule generated by the four elements. Considering the corresponding matrix
we have:

1 2 0 3 1 2 0 3 1 0 00 100 0
A=|0 -3 3 1|~|0 -3 3 1 ~l0 =3 3 1/~]0 13 -3

-1 1 15 [0 3 18 ®3+R1) [0 3 1 8 [08 1 3
10 0 0 10 0 0] [to 0 0
~lo1 3 -3 ~01 0 of~]01 0 o0
0 0 —23 27| (R3-8R2) [0 0 —23 27| |0 0 —23 4
10 0 0 1000 10 0 0]
~01 0 of~|0100/~|0100 =D
00 -3 4] |00 14 |00 10

Only the row operations have been recorded as these are all we shall need. We know that there
is a basis {f1, f2, f3} of Z3 such that {f1, f2, f3} is a basis for N. It follows that N = Z3 so we
can take {(1,0,0),(0,1,0),(0,0,1)} as our basis. Alternatively, if we continue with the general
method we consider the matrix X coming from the equation D = X ' AY. It is the columns of
X that give us the basis {f1, f2, f3} of Z3. The matrix X is obtained from [(1) 10

01 J by reversing
the row operations in the above calculation. This gives

1 00
X=[10 10
-1 8 1

and we can take {(1,0,—1),(0,1,8),(0,0,1)} as a basis of N.




8. Let R = R[x] and suppose that M is a direct sum of cyclic R-modules with annihilators (x —1)3,
(22 +1)%, (x — 1)(z® + D)* and (z + 2)(2® + 1)2. Determine the invariant factor decomposition
of M and the primary decomposition of M.

Solution:—

We have

R R R R

M @ @ 0@ ) Y@ 9@ 09

. R R R R R R

T @) @) e Y@ ) @y (@17

. R R R R . R R (primary)

T -0 (@) @+2) (@02 (@20 (Db prmaty
R R R

S @ Yo @) Y (G o DPE @+ 1)

(invariant factor)

9. Suppose that T : C6 — CS is a linear transformation having minimal polynomial
pr(t) = (t - 5)%(t - 6)°.
Give all possible Jordan Normal Form matrices for T (up to re-ordering of the elementary Jordan
blocks).

Solution:—

The Jordan Normal Form will be a 6 x 6 matrix having Jordan elementary block of size at most
2 x 2. The possibilities are:

5 0 0 00 0] [500000] [5000 0 0]
15 000/ |15 o000/ 15 000
005000/ [005 000 (005000
0006 00[’[000500/°[001500
000160/ [0000G60 [0000°F60
0 00006 [0000T1G®6/] [000O01 6
5 0 0 00 0] [5000 0 0]
15 000/ |15 000
006000 [006 000
0016 00[’[0016 00
0000GO| [000O0G6 0
0 0000G (00001 6




10. Calculate the Jordan Normal Form for the following matriz A by calculating the invariant factor

matriz of xI — A € My(Clx]).

3 -1 1 7
9 -3 -7 -1
A= 0 0 4 =8
0o 0 2 -4
What are the characteristic and minimal polynomials of A?
Solution:—
[z — 3 1 -1 -7 1 z-3 -1 =7 1 0 0 0
ol A— | 79 w¥3 T 1 r+3 -9 7 1 x+3 -2 x+10 Tr+22
N 0 0 =x—4 8 0 0 x—4 8 0 0 x-—4 8
| 0 0 -2 z4+4 0 0 -2 z+4 0 0 -2 r+4
1 0 0 0 1 0 0 0 1 0 0 0
0 —22 z+10 7x+22 0 O -2 x+4 0 -2 0 x+4
0 0 =z—-4 8 0 0 =z—-4 8 0 z—4 O 8
0 0 -2 x+4 0 —2? z+10 Tx+22 0 z+10 —2? To+22
[1 0 0 0 10 0
0 -2 0 r+4 01 0
0 0 0 a2 00 0
0 0 —2? 122414z +42 00 —a? 2%+ 1495 + 42
[1 0 0 0 1 0 O 0 0 0
01 0 0 01 0 0 0 1 0 0
00 0 a? 00 FH2% =3 00 FH2* =3
0 0 —2? 147 +42 00 2 14x +42 0 0 L2322 42
1 0 O 0 1 0 0 0 10 0 0 100 O
01 0 0 01 0 0 01 0 0 010 O
o0 42 f2d-2%| 70 0 42 i2P—2%| T o042 o | joo0o 1 0
0 0 —3z {428 00 0 Hat 00 0 gt 000
This is the invariant factor matrix. The corresponding decomposition is (c[x}(C4 = %. The

Jordan Normal Form of the matrix A is therefore:

000

o O =
O = O
o O O O

0
0
1

The characteristic and minimal polynomials are y4(t) = t* and p(t) = t*.




