620-321 Algebra, Semester 1, 2009
Assignment 1

Due: Monday 6th April, 4pm

Late submissions will not be accepted. A completed plagiarism cover sheet should be
submitted with the assignment. All answers should be appropriately justified.

1. Give examples for each of the following (you need not prove the required properties):

(a) A non-commutative ring with no multiplicative identity.

An integral domain that is not a UFD.
(f) A ring that is not a PID, but in which all ideals are principal.

2. Define new operations of Z by: t@y=x+y+landxOy=zy+z+y.

(a) Prove that with respect to these operations Z forms a ring.
(b) Prove that (Z,®, ®) is isomorphic to (Z,+, x) (i.e., Z with the usual operations).

3. Let a,b € R be two elements in a commutative ring R. Show carefully that
R/(a,b) = (R/(a))/(b+ (a))
4. Let R be a commutative ring with multiplicative identity, let I be an ideal in R. Let

J ={x € R|3n € N such that 2" € I}
Show that J is an ideal in R. (J is called the radical of I.)

5. Let R be a commutative ring with 1, and suppose that every element x € R satisfies 2" = x for
some n > 1 (depending on x). Show that every prime ideal in R is maximal.

6. Let R be a UFD. Let a,b € R be two elements which are not both zero. An element m € R is a
least common multiple of a and b (denoted lem(a, b)) if it satisfies:

1: alm and b|m;

2: if m' € R is such that a|m’ and b|m/, then m|m’.

(a) Prove that lem(a,b) exists and is unique up to multiplication by a unit.

(b) Let m be a lem of a and b, and let d be a ged of a and b. Prove that md is an associate of ab.

7. Let R be the following subset of Q:

R={zre€Q|z=—, for some a,b € Z, with b not divisible by 3}.
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Show that R is a subring of Q.
(b) Describe the units of R.

Show that every proper ideal in R has the form (3*) (i.e., the ideal in R generated by 3*) for
some positive k € Z (depending on the ideal).

(d) Show that R/(3) is a field.
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8. (a) Show that the following are irreducible in Q[z]:

L +r+1 i 2’ + 7w 47 iii. 2° + 3z + 2
(b) Factorise the polynomial 22 + 2 + 1 into irreducible factors in:

9. Show that Z[(] is a Euclidean Domain, where ¢ = ¢>7/3,
10. Use the Euclidean algorithm to find a ged in Q[z] of
f@)=za'—23+222 —x+1 and g(z)=2"+2°+22% 4+ +1

and write it as a Q[z]-linear combination of f and g.
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