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Question 1

Use the method of separation of variables to solve the problem of start-up flow in an infinite circular pipe of
radius a. This means that the fluid is at rest in the pipe until t = 0 when a constant pressure gradient G is
imposed. You may start from the governing equation for unidirectional flow
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i. Write the solution as a steady-state solution wss(σ) plus a transient wtr(σ, t). Find wss(σ) and write
down the equations for wtr(σ, t).

ii. Nondimensionalize the equations using lc = a, uc = Ga2

µ with tc left undecided. What choice of tc simplifies
the equations for wtr(σ, t)?

iii. With this choice of tc, solve for wtr(σ, t) by separation of variables to show
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where xn is the nth positive real root of the Bessel function J0. How long does it take the flow to get close
(say within 1 %) to the steady flow along the centreline? (Assume the first term dominates and look up
x1 in tables.)

You will need to find some integrals of Bessel functions. I suggest you look for orthogonality relations and
recurrence relations for Bessel functions in, say, Abramowitz & Stegun Eqs. 11.4.5, 9.1.27,11.3.20

Question 2

Since the stress is infinite at t = 0 in the Rayleigh problem, consider a similar problem except that at t = 0 the
plate is suddenly subjected to a constant shear stress τ from then on. Is there a natural velocity scale for this
problem?

Hence argue why you might look for a similarity solution of the form
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From the first of these forms, solve for F (ξ) and hence show that
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where erfc(x) = 1− erf(x).
Hint: in applying the boundary conditions it may be easier to use the second form.
What problem would you face if you tried to program a plate to move in this way i.e. so as to produce a constant
stress?

Question 3

Use matched asymptotic expansions to solve to O(ε)

εy′′ + y′ = − exp(−x), y(0) = 0, y(1) = 1

by the following procedure, assuming there is a boundary layer at x = 0:

i. Calculate two terms of the outer solution i.e. yout = y0 + εy1 +O(ε2) , and two terms of the inner solution.

(you will have to determine a suitable scaling for the inner solution using the method of dominant balance)

ii. Match in the following way: rewrite yout in the inner variable X, expand for small ε and keep only two
terms - this gives (yout)in to O(ε2).

Similarly for yin - rewrite in the outer variable x, expand for small ε to O(ε2) - this gives (yin)out to O(ε2).

(you can use the fact that terms like e−x/ε are smaller than any power of ε as ε→ 0.)

Matching these determines all the constants in yin.

iii. Hence construct a composite solution

yc = yin + yout − (yin)out

Compare graphically/numerically the composite solution to O(1):

yc = 1 + e−x − e−1 − e−x/ε(2− e−1)

and your O(ε) solution with the exact solution (hint: first year) for some suitable ε, say ε = 0.05.
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