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Cartesian tensors

Question 1

Which of the following expressions make sense in index notation?

i. a = bicijdj

ii. ai = bi + cijdjiei

iii. a = bici + dj

iv. al = εijkbjck

v. ak = bicki

vi. aij = bicj + ejk

Question 2

Simplify the expression
(Aijk + Ajki + Akji)xixjxk

Question 3

Use Cartesian tensor methods to prove the following identities:

i. (a× b) · c = a · (b× c)

ii. ∇×∇φ = 0

iii. ∇ · ∇ × a = 0

iv. ∇ · (u× v) = (∇× u) · v − (∇× v) · u

v. ∇ · (ρu) = ρ∇ · u + u · ∇ρ

vi. ∇× r = 0 where r = (x, y, z)

vii. a× b× c + b× c× a + c× a× b = 0

viii. D
Dt (r× ρu) + (r× ρu)∇ · u = r× [ ∂

∂t (ρu) +∇ · (ρuu)]

ix. u · ∇u = 1
2∇(u · u) + (∇× u)× u

x. ∇× (u× v) = (v · ∇)u− (u · ∇)v + (∇ · v)u− (∇ · u)v

Hint: use the identity
εijkεpqk = δipδjq − δiqδjp

freely. Convert the identity to component form, manipulate then convert back to dyadic form.
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Question 4

Prove or disprove , where bij is not symmetric:

i. bijxiyj = bijyixj

ii. bijxixj = bjixixj

iii. (bij + bji)xiyj = 2bjixiyj

iv. (bij + bji)xixj = 2bjixixj

v. εijkτij = 0 ⇒ τij = τji

Question 5

Show that

i. S:T = 0 if S is symmetric and T is antisymmetric.

ii. εijkεijl = 2δkl

Question 6

Evaluate

i. δii

ii. δijδji

iii. δijδikδjk

iv. εijkεijk

Question 7

A particle is rotating with constant angular velocity Ω about a point P so that its velocity is u = Ω × r. Use
Cartesian tensor methods to show that its acceleration can be written as either

a = (Ω · r)Ω− (Ω ·Ω)r

or
a = −1

2
∇[(Ω× r)2]
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