620-361 Operations Research Techniques and
Algorithms

Practice Class 6

Consider the constrained nonlinear program

, 1, 1
miy f(z) = 527+ Jo5 — 01 + @2

subject to x1,x2 < 0.

1. You can see that this is a 2-D nonlinear optimisation problem with in-
equality constraints. You would like to solve it using the KKT conditions.
(a) Write down the Lagrangian and corresponding KKT conditions.

(b) Solve the system of equations.

Solution
(a) The Lagrangian is:

1 1
L(xy,w25m1,12) = 596% + 5»’03 — 1+ 22 +mwy +nera (1)

(b) The KKT conditions are:

1 —14+m =0
To+14+n=0
m >0
1 <0
mz1 =0
n2 >0
To <0
nax2 =0

Clearly either 1 =0 =23 =1loraz; =0 = n = 1. Since z; <0,
x7 = 0 and 7] = 1. Similarly, either neo =0 =29 = -l oray =0=
72 = —1. Since 2 > 0, n3 = 0 and 25 = —1. So our KKT point is
(0,-1) with corresponding KKT multipliers (1,0).



2. Now suppose that you were unable to find the solution using the KKT
conditions. You resort to a penalty method.

(a) Write down the lo-penalty function Py (z) with penalty parameter k,
and explain in general terms, how the fs-penalty method approxi-
mates a solution to a constrained nonlinear program.

(b) Simplify Pj(x) when 21 > 0 and z2 < 0. Write down VP, (z) when
z1 >0 and z9 < 0.

(c) Find a stationary point 2% = (2%, 2%) for Py(x) such that 2% > 0 and

z% < 0. Write down the limit z* = lim z*.

k—o0

(d) Write down an estimate A\¥ of the optimal multiplier vector, and find
the limit A* = lim AR
— 00

Solution

(a) Penalty function:

Pule) = 2a% + 22— a2+ l(e) ] + S

The penalty method adds a “cost” proportional to the square of the
amount by which each constraint g;(z) < 0 is violated. As such,
as the penalty parameter k increases, the cost of violating the con-
straints increases. The method then finds the unconstrained op-
timal value: z¥ = argmin Py(x). Because Py(z) = f(x) when z is
feasible, then z* will (1) be closer to the feasible region as k increases,
and (2) approach the constrained optimum z* of f(z).

(b) Let 1 > 0 and x5 < 0. Then

1 1 k
Py(x) = ix% + 53@3 —z1+ T2+ 53@%
(4 Ek)x -1
VPk(:E) = ( T + 1
(c) Setting VP (z) = 0 for z; > 0 and 2o < 0 gives 2} = ﬁ,xlg =

—1, which is stationary for Py(z) in the required region. 7
limy o0 2§ = 0, so the limit point is z* = (0, —1)%.

(d) For the region 21 > 0 and x5 < 0,

< (5)-(0)-6)



