620-361 Operations Research Techniques and
Algorithms

Practice Class 7
1. Consider the nonlinear program (NLP):

min - f(z)
st gi(z) <0, Vi=1,...,m.

Prove that if (NLP) is a convex program with KKT point (z*, \*), then
2* minimizes the Lagrangian function L(x, \*), over all x € R", i.e.,

L(z*,\*) < L(z,\")

for all z € R". [Hint: Observe that L(z,A\*) is a function of z, show
that z* is a stationary point of this function, and explain briefly why the
function is convex.]

Solution: By KKTa for (NLP), V,L(z*, A\*) = 0, so z* is a stationary
point of L(z, A*). (NLP) convex implies f(z) is convex and g;(z) is convex
for each i. By KKTb, A¥ > 0, so Afg;(x) is also convex. Since the sum

m
of convex functions is also convex it must be that E Afgi(x) is convex,
i=1

and also f(x) + Z Afgi(x), since f is convex. But this is just L(z, \*) =
i=1

f(ac)—i-z Afgi(x), by definition, so L(x, \*) is a convex function of . Now
i=1

z* a stationary point of a convex function means x* is a global minimum,
ie.

L(z*,\") < L(z,\%)
for all z € R™, as required.

2. Consider the program (LP):

min Lz
s.t. Az =D
r >0

where ¢c € ", A € R"*™ and b € ™.

(a) Explain briefly why (LP) is a convex program. Write down the La-
grangian function for (LP), using the equality constraint in the form
h(z) = Az —b=0.



Solution: The objective function and all constraints are affine, and
so (LP) is a convex program. The Lagrangian function is

Lz, \n) ="z — ATz —nT(Az —b).

Explain why the Lagrangian dual objective function for (LP) can be
given by

nTb if ¢’ = AT —nTA=0

—oo  otherwise.

voun = {
Solution: The dual objective is

¥(Am) = min L(z, A, n)
zER™
= min (c"z — ATz —n" (4z — b))

TER™
— i T _\T_ T T
= min ("= X" =n"A)z+n"b)
=nTb+ min (¢F' =\ —nTA)z.

zeR"

Now if any component of ¢ — AT — nT A is negative, we can increase
the corresponding component of x indefinitely, resulting in a value
of —oo. Similarly, if any component of ¢ — AT — nT A is positive,
we can decrease the corresponding component of x indefinitely, again
resulting in a value of —oo. Thus either ¢ — AT —nTA = 0 or the
value of the dual objective function is —oc.

Write down the Lagrangian dual problem for (LP), and simplify if
possible.

Solution:

Tp

max 7
max (A, n) = { A0n
A>0,n s.t. ' = AT —pTA=0.

Given (5\, 7)) with A>0and T — AT —7nT A = 0, what can you deduce
about the optimal value of (LP)?

Solution: Since (LP) is convex, by weak duality it must be that the
optimal value of (LP) is at least /b.



