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Much of the theory of linear models is underpinned by linear
algebra (rather unsurprisingly). We will spend a significant amount
of time reviewing (or viewing) linear algebra.

Much of this material will be familiar to the more
mathematics-oriented students; however,

it is always useful to have a reminder;

not everyone will know it;

some things are actually new!
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Prerequisites

I am assuming you know a little bit (high school level) of linear
algebra; in particular,

What a matrix is;

What a vector is;

How to add, subtract and multiply matrices;

How to multiply scalars and vectors;

Matrix dimensions;

Determinants.
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Remember:

If X is m × n and Y is p × q, then XY exists if and only if
n = p.

In general, XY 6= YX .

Linear Models: Linear Algebra Yao-ban Chan



Basics Identity and inverse Orthogonality Eigenthings Rank Idempotence Trace Results Quadratic forms

Partitioning

Matrices can be partitioned into smaller (rectangular) submatrices:

X =


1 0 1 0
0 1 3 −1
0 1 −1 1
2 −1 0 2



X =


1 0 1 0
0 1 3 −1

0 1 −1 1
2 −1 0 2


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Partitioned matrices can be added, subtracted, and multiplied as if
the submatrices were single elements (using matrix matriplication
instead of scalar multiplication). However, the dimensions of the
submatrices must all be compatible!

X =

[
2 1 0

3 4 1

]
=

[
X11 X12

X21 X22

]

Y =

 1 0
2 4

3 −1

 =

[
Y11

Y21

]
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XY =

[
X11 X12

X21 X22

] [
Y11

Y21

]
=

[
X11Y11 + X12Y21

X21Y11 + X22Y21

]

=


[

2 1
] [ 1 0

2 4

]
+ [0]

[
3 −1

]
[

3 4
] [ 1 0

2 4

]
+ [1]

[
3 −1

]


using matrix multiplication for the submatrices.
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However, if we partition Y into

Y =

 1 0

2 4
3 −1


then we cannot do this!
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Transposition

The transpose of a matrix results when the rows and columns are
interchanged. Remember that:

(X T )T = X .

(XY )T = Y T X T .

A matrix X is symmetric if and only if X T = X .
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Identity and Inverse

The matrix identity I is a square matrix of arbitrary size with 1’s
on the diagonal and 0’s off the diagonal:

I =


1 0 . . . 0
0 1 . . . 0
...

. . .
...

0 0 . . . 1

 .
It has the property that for any X of compatible size,

XI = IX = X .
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If X is a square matrix, its inverse is the matrix X−1 of the same
size which satisfies

XX−1 = X−1X = I .

The inverse does not always exist. If it does exist, it is unique and
X is called nonsingular or invertible. Otherwise is it singular or
noninvertible (though some may prefer vertible).
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Example:

If X =

 2 0 0
0 3 0
0 0 5

, then it can be seen easily through direct

multiplication that

X−1 =

 1
2 0 0
0 1

3 0
0 0 1

5

 .

In fact this is an example of a more general rule concerning the
inverse of a diagonal matrix (matrix with 0’s off the diagonal):
simply take the reciprocal of the diagonal elements and voila!
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Inverse properties

If X and Y are nonsingular and of the same size, then

X−1 is nonsingular and (X−1)−1 = X .

XY is nonsingular and (XY )−1 = Y−1X−1.

X T is nonsingular and (X T )−1 = (X−1)T .
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Orthogonal vectors

Two n × 1 vectors x and y are orthogonal if and only if

xTy =
n∑

i=1

xiyi = 0.

If this occurs, the geometric depictions of the vectors are
perpendicular.
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Orthogonal matrices

A square matrix X is orthogonal if and only if

X T X = I .

If X is orthogonal, then

X−1 = X T .
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Example. It can be seen through direct multiplication that

X =

 2
3 −2

3
1
3

2
3

1
3 −2

3
1
3

2
3

2
3


is an orthogonal matrix.
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If x =


x1

x2
...

xn

, then

xTx = ‖x‖2 =
n∑

i=1

x2
i .

The square root of this quantity, denoted by ‖x‖, is called the
norm or length of x.

A set of vectors {x1, x2, . . . , xk} is called an orthonormal set if and
only if each pair of vectors is orthogonal, and each vector has unit
length.
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X is an orthogonal matrix if and only if the columns of X form an
orthonormal set.

Example. From above,
 2

3
2
3
1
3

 ,
 −2

3
1
3
2
3

 ,
 1

3
−2

3
2
3


is an orthonormal set. This can also be seen from the definition,
which proves that X is indeed an orthogonal matrix.
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Definition

Suppose A is a k × k matrix and x is a k × 1 nonzero vector which
satisfies the equation

Ax = λx

where λ is a scalar. Then we say that λ is an eigenvalue of A, with
associated eigenvector x.
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Rearranging the eigenvalue/vector definition, we get

(A− λI )x = 0.

Now if A− λI is invertible, this produces

x = (A− λI )−10 = 0.

But x is nonzero by definition, so A− λI must be singular. In
particular, its determinant must be 0. Therefore we can find the
eigenvalues of a matrix by solving the equation

|A− λI | = 0.
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Example. Let

A =

[
1 1
−2 4

]
.

To find the eigenvalues of A, we solve the equation∣∣∣∣ 1− λ 1
−2 4− λ

∣∣∣∣ = (1− λ)(4− λ)− (−2) = 0.

This becomes

λ2 − 5λ+ 6 = (λ− 2)(λ− 3) = 0.

Therefore A has two eigenvalues, 2 and 3.
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To find the eigenvector(s) of A associated with eigenvalue 2, we
solve the system of equations

Ax =

[
1 1
−2 4

] [
x1

x2

]
= 2x = 2

[
x1

x2

]
.

This is a linear system which has two equations and two unknowns;
however, one of the equations is equivalent to the other. Therefore
the system has an infinite number of solutions, which will always
happen for an eigenvector system. One solution is

x =

[
1
1

]
.
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Eigenvalue properties

If A is symmetric, then it eigenvalues are all real.

If C is an orthogonal matrix of the same size as A, then the
eigenvalues of CT AC are the same as the eigenvalues of A.

If A is symmetric, then the eigenvectors associated with
distinct eigenvalues of A are orthogonal.
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Diagonalization

Theorem

Let A be a symmetric k × k matrix. Then an orthogonal matrix P
exists such that

PT AP =


λ1 0 . . . 0

0 λ2 . . . 0
...

. . .
...

0 0 . . . λk

 ,
where λi , i = 1, 2, . . . , k are the eigenvalues of A.

We say that P diagonalizes A. It can be shown that the columns
of P must be an orthonormal set (from above), and they must also
be eigenvectors of A associated with the respective eigenvalues.
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Example. Let

A =

[
1 2
2 1

]
.

It can be shown that A has eigenvalues 3 and -1, and some

associated eigenvectors are (respectively)

[
1
1

]
and

[
−1

1

]
.

Since P must have columns with unit length, we can set P to be

P =
1√
2

[
1 −1
1 1

]
.

Direct multiplication indeed gives us

PT AP =

[
3 0
0 −1

]
.
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Linear independence

Suppose that we have a set of vectors x1, x2, . . . , xk . We say that
this set is linearly dependent if and only if there exists some
number a1, a2, . . . , ak , which are not all zero, such that

a1x1 + a2x2 + . . .+ akxk = 0.

If the only way in which this equation is satisfied is for all a’s to be
zero, then we say that the x’s are linearly independent.

If a set of vectors is linearly dependent, then at least one of the
vectors can be written as a linear combination of some or all of the
rest. In particular, a set of two vectors is linearly dependent if and
only if one of the vectors is a constant multiple of the other.
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Example. Are the vectors

x1 =

 1
0
0

 , x2 =

 0
1
0

 , x3 =

 0
0
1


linearly independent? We substitute them into the equation

a1x1 + a2x2 + a3x3 = 0.

This implies  a1

a2

a3

 =

 0
0
0

 ,
so they are linearly independent.
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Example. Are the vectors

x1 =

 2
3
1

 , x2 =

 1
0
2

 , x3 =

 3
3
3


linearly independent? It is easy to see that x3 = x1 + x2, or in
other words x1 + x2 − x3 = 0. This means that the vectors are
linearly dependent.

However, since x1 is not a constant multiple of x2 or vice versa,
the subset {x1, x2} is linearly independent.
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Rank

We define the rank of an n × k matrix by splitting the matrix into
columns:

X =
[

x1 x2 . . . xk

]
where x1, x2, . . . , xk are n × 1 vectors. The rank of X , denoted by
r(X ), is the greatest number of linearly independent vectors in the
set {x1, x2, . . . , xk}.

It is obvious that r(X ) ≤ k. If n ≥ k and r(X ) = k, we say that X
is of full rank.
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Example. From the examples above, 1 0 0
0 1 0
0 0 1


has rank 3, while  2 1 3

3 0 3
1 2 3


has rank 2.
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Rank properties

If X is an n × k matrix with n ≥ k and r(X ) = k, then
r(X ) = r(X T ) = r(X T X ) = k.

If X is k × k, then X is nonsingular if and only if r(X ) = k.

If X is n × k, P is n × n and nonsingular, and Q is k × k and
nonsingular, then r(X ) = r(PX ) = r(XQ).

The rank of a diagonal matrix is equal to the number of
nonzero columns or diagonal entries in the matrix.

r(XY ) ≤ r(X ), r(Y ).
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Idempotence

We say that a square matrix A is idempotent if and only if

A2 = A.

Clearly the identity matrix I is idempotent.
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Example. Let X be an n × k matrix of full rank. Consider the
matrix

H = X (X T X )−1X T .

Firstly we check if the inverse in this matrix exists. We know that
X T X is k × k and that r(X T X ) = r(X ) = k. Therefore the
inverse does exist. Now

H2 = X (X T X )−1X T X (X T X )−1X T = X (X T X )−1X T = H.

Therefore, H is idempotent.
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Trace

The trace of a square k × k matrix X , denoted by tr(X ), is the
sum of the diagonal entries:

tr(X ) =
k∑

i=1

xii .

Example.

tr(

 2 0 1
1 1 0
3 2 −1

) = 2 + 1− 1 = 2.
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Trace properties

If c is a scalar, tr(cX ) = ctr(X ).

tr(X ± Y ) = tr(X )± tr(Y ).

If XY and YX both exist, tr(XY ) = tr(YX ).
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Example. Let

X =

 2 0
1 1
3 2

 ,Y =

[
−1 1 0

2 4 0

]
.

Then

tr(XY ) = tr(

 −2 2 0
1 5 0
1 11 0

) = 3

and

tr(YX ) = tr(

[
−1 1

8 4

]
) = 3

so even though XY 6= YX , their traces are equal.
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Some linear algebra results

Theorem

The eigenvalues of idempotent matrices are always either 0 or 1.

Proof. Let A be an idempotent matrix and let λ be an eigenvalue
of A with associated eigenvector x. By definition,

Ax = λx.
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Multiplying by A,

A2x = Aλx = λAx = λ2x.

but A is idempotent, so

λ2x = A2x = Ax = λx

(λ2 − λ)x = 0.

By definition, x 6= 0, so λ = λ2. This means that λ = 0 or 1.
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Theorem

If A is a symmetric and idempotent matrix, r(A) = tr(A).

Proof. We take A to be k × k. First we diagonalize A, i.e. find an
orthogonal matrix P such that

PT AP =


λ1 0 . . . 0

0 λ2 . . . 0
...

. . .
...

0 0 . . . λk


where λ1, λ2, . . . , λk are the eigenvalues of A.
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Since P is orthogonal, both P and PT are nonsingular. Therefore

r(PT AP) = r(PT A) = r(A).

Because PT AP is diagonal, r(PT AP) is the number of nonzero
diagonal entries of PT AP, i.e. the number of nonzero eigenvalues
of A. Since A is idempotent, its eigenvalues are either 0 or 1. So
to count the number of nonzero eigenvalues, we just need to sum
them. But since they are the diagonal elements of PT AP, we can
just take its trace. Therefore

r(A) = r(PT AP) = tr(PT AP) = tr(PPT A) = tr(A)

since P is orthogonal.
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Theorem

Let A1,A2, . . . ,Am be a collection of symmetric k × k matrices.
Then the following are equivalent:

There exists an orthogonal matrix P such that PT AiP is
diagonal for all i = 1, 2, . . . ,m;

AiAj = AjAi for every pair i , j = 1, 2, . . . ,m.
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Theorem

Let A1,A2, . . . ,Am be a collection of symmetric k × k matrices.
Then any two of the following conditions implies the third:

All Ai , i = 1, 2, . . . ,m are idempotent;∑m
i=1 Ai is idempotent;

AiAj = 0 for i 6= j .
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Theorem

Let A1,A2, . . . ,Am be a collection of symmetric k × k matrices. If
any two of the conditions in the previous theorem are true, then

r(
m∑

i=1

Ai ) =
m∑

i=1

r(Ai ).

Proof. Since two of the conditions hold, the third one does as
well. Therefore for all i 6= j ,

AiAj = 0 = AjAi .

Obviously AiAj = AjAi if i = j . Therefore there must exist a
common orthogonal diagonalizing matrix P.
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Now let

S = PT

(
m∑

i=1

Ai

)
P.

We show that S is symmetric and idempotent. First,

ST =

(
PT

m∑
i=1

AiP

)T

= PT

(
m∑

i=1

Ai

)T

(PT )T

= PT
m∑

i=1

(Ai )
T P = PT

m∑
i=1

AiP = S ,

so S is symmetric.
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Also

S2 =

(
PT

m∑
i=1

AiP

)(
PT

m∑
i=1

AiP

)

= PT

(
m∑

i=1

Ai

)
PPT

(
m∑

i=1

Ai

)
P

= PT

(
m∑

i=1

Ai

)2

P

= PT

(
m∑

i=1

Ai

)
P = S

since (
∑m

i=1 Ai ) is idempotent by assumption. Therefore S is also
idempotent.
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Since S is symmetric and idempotent, r(S) = tr(S). Therefore

r(
m∑

i=1

Ai ) = r(PT
m∑

i=1

AiP)

= tr(PT
m∑

i=1

AiP) = tr(PPT
m∑

i=1

Ai )

= tr(
m∑

i=1

Ai ) =
m∑

i=1

tr(Ai )

=
m∑

i=1

r(Ai )

since Ai is also symmetric and idempotent.
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Quadratic forms

Let A be a k × k matrix and y a k × 1 vector containing variables.
The quantity

q = yT Ay

is called a quadratic form in y, and A is called the matrix of the
quadratic form.

Note the dimensions: yT is 1× k, so q is 1× 1 — in other words,
a scalar. In fact it can be expressed as

q =
k∑

i=1

k∑
j=1

aijyiyj .
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Example. Let

y =

 y1

y2

y3

 ,A =

 2 3 1
1 2 0
4 6 3

 .
Then the summation formula gives

yT Ay = 2y2
1 + 3y1y2 + y1y3 + y2y1 + 2y2

2 + 4y3y1 + 6y3y2 + 3y2
3

= 2y2
1 + 2y2

2 + 3y2
3 + 4y1y2 + 5y1y3 + 6y2y3.

Multiplying out the matrices gives the same result.
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If yT Ay > 0 for all y 6= 0, then we say that the quadratic form
yT Ay is positive definite; we also say that the matrix A is positive
definite.

If yT Ay ≥ 0 for all y and the equality holds for some nonzero y, we
say that the quadratic form yT Ay is positive semi-definite; we also
say that the matrix A is positive semi-definite.
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Example. Let

A =

[
2 −1
−1 2

]
.

Then

yT Ay = 2y2
1 + 2y2

2 − 2y1y2 = y2
1 + y2

2 + (y1 − y2)2.

The quadratic form will never be negative, and the only way that it
can be 0 is if all the squares are 0, i.e. y1 = y2 = 0. Therefore,
yT Ay is positive definite.

Linear Models: Linear Algebra Yao-ban Chan



Basics Identity and inverse Orthogonality Eigenthings Rank Idempotence Trace Results Quadratic forms

Theorem

A symmetric matrix A is positive definite if and only if all its
eigenvalues are positive.

Theorem

A symmetric matrix A is positive semi-definite if and only if its
eigenvalues are all non-negative and at least one eigenvalue is 0.
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Example. Consider the matrix in the previous example. Its
eigenvalues solve the quadratic equation

(2− λ)2 − 1 = λ2 − 4λ+ 3 = (λ− 3)(λ− 1) = 0.

Therefore its eigenvalues are 1 and 3, which are both positive, and
it is positive definite.
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We have one final result which will come in handy: a way of
determining the inverse of a submatrix.

Theorem

Let A be a positive definite symmetric matrix which can be
partitioned as

A =

[
A11 A12

A21 A22

]
where A11 and A22 are square. Partition B = A−1 using the same
dimensions for the submatrices, into

B =

[
B11 B12

B21 B22

]
.

Then
A−1

11 = B11 − B12B−1
22 B21.

Linear Models: Linear Algebra Yao-ban Chan



Basics Identity and inverse Orthogonality Eigenthings Rank Idempotence Trace Results Quadratic forms

Differentiation of quadratic forms

Occasionally we may wish to maximise or minimise some quadratic
forms. To do this, we must be able to differentiate them. We
introduce the idea of differentiation by vectors.

Suppose we have a vector of variables y = (y1, y2, . . . , yk)T , and
some scalar function of them:

z = f (y).
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We define the derivative of z with respect to y to be the vector
that is formed by taking the partial derivative with respect to each
component of y:

∂z

∂y
=


∂z/∂y1

∂z/∂y2
...

∂z/∂yk

 .
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Example. Let

A =

 1 −1 2
−1 1 3

2 3 2

 , y =

 y1

y2

y3

 .
Consider the quadratic form

z = yT Ay = y2
1 + y2

2 + 2y2
3 − 2y1y2 + 4y1y3 + 6y1y3.

Taking partial derivatives gives us

∂z

∂y
=

 2y1 − 2y2 + 4y3

2y2 − 2y1 + 6y3

4y3 + 4y1 + 6y2

 .
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Vector differentiation properties

If z = aTy where a is a vector of constants, then ∂z
∂y = a.

If z = yTy, then ∂z
∂y = 2y.

If z = yT Ay, then ∂z
∂y = Ay + ATy. In particular, if A is

symmetric, then ∂z
∂y = 2Ay.
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Example. Consider the previous example. We have

2Ay = 2

 1 −1 2
−1 1 3

2 3 2

 y1

y2

y3


= 2

 y1 − y2 + 2y3

−y1 + y2 + 3y3

2y1 + 3y2 + 2y3


=

 2y1 − 2y2 + 4y3

−2y1 + 2y2 + 6y3

4y1 + 6y2 + 4y3

 =
∂z

∂y
.
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