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1. A forest resource manager is interested in estimating the total number 7y of dead fir trees
in a 300-acre area of heavy infestation. Using an aerial photo, he divides the area into
200 one-and-a-halt-acre plots. Let x denote the photo count of dead firs and y the actual
eround count for a simple random sample of n = 10 plots. The total number of dead fir
trees obtained from the photo count is 7x = 4200. The sample data are shown below.

Plot sampled 1 2 3 4 5 6 7 8 9 10
Photo count z; 12 30 24 24 18 30 12 6 36 42
Ground count y; 18 42 24 36 24 36 14 10 48 54

(a) For the data, >"x; = 234, 3. 2% = 6660, >_vy; = 306, . y? = 11348 and " x;y; = 8652.
Use these to find a linear regression estimate of 7y and an estimate of its standard

error.
(b) A least-squared line is fitted in MINITAB giving the following output

The regression equation is
y=1.13 + 1.26 x

Predictor Coef SE Coef T P
Constant 1.131 2.729 0.41 0.689
X 1.2594 0.1057 11.91 0.000
S = 3.639 R-Sq = 94.7Y R-Sq(adj) = 94.0%

Explain how the quantities in this output relate the the answers required in (a) above?

(¢) Do you think a ratio estimate of 7y would have been more accurate here? Explain.
(Do not compute the ratio estimate.)

(6 + 3 + 2 = 11 marks)

2. (a) A simple random sample of 10 households was drawn from a population, which con-
sisted of 1500 households. The number of people in each household and whether or
not they had consulted a doctor in the last 12 months are shown below.

Doctor Seen in
Household Number of Last year

Number Persons Yes No
1 5 5 0
2 3 3 0
3 3 0 3
4 4 0 4
5 7 0 7
6 ) 2 3
7 3 1 2
8 3 0 3
9 2 2 0

10 4 2 2

Obtain an estimate of the proportion of people in the population who have seen a
doctor in the last year and a standard error of the estimate.
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(b)

Consider estimating a population mean py, using simple random sampling and using
cluster sampling with clusters of equal size.
i. State the conditions under which cluster sampling is more precise than simple
random sampling.
ii. Obtain the mathematical equations to justify your answer. (You may assume the

results in the formulae sheet.)
(8 +9 = 17 marks)

3. In a stratification with two strata, the values of the strata weight W}, and strata standard
deviation S}, are as follows

Stratum W, S
1 0.8 2
2 0.2 4

Ignoring finite population correction (fpc),

(a)

(b)

compute the sample sizes n; and ns in the two strata needed to satisfy the following
conditions:

e the standard error of the estimated population mean is to be 0.1, and

e the total sample size n1 + ns is minimized;

compute the sample sizes n; and ny in the two strata needed to satisfy the following
conditions:
e 'T'he standard error of the difference hetween the two estimated stratum means
is to be 0.1, and

e the total sample size ni + ns is minimized.
(8 + 4 = 12 marks)

4. You observe a random sample of size n from an unknown population F. That is,
F—z= (xlaxQ,"')xn)'

Define the empirical distribution function F.
Define the plug-in estimate 6 for a parameter of interest 6.

Derive the plug-in estimates for up = Ep(X) and 0% = Varp(X) showing all your
steps (where (x1,xo,...,x,) are independent observations on X).

Define the ideal bootstrap estimate of sep(6) = the standard error of a statistic 6
when sampling from F'.

Write down an algorithm for calculating seép, the bootstrap estimate of ser(8).

Name and concisely explain the two sources of error which arise in using sep as an
estimate of sep(#). State how you might reduce each type of error.

An exact expression for the ideal bootstrap estimate of sep(6) (where = s(x)) is:

szwm—wm
k=1

Explain what zx, wr and m stand for in this formula and write down formulae for
calculating m, w; and s(.). (No derivations are required.)

(24+1+4+1+4+5+6=23 marks)
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5. You observe a random sample of size n from an unknown population F. That is,
F — x = (x1,%2,...,2,). Consider using the jackknife estimate of standard error sé;q.
to estimate sep(0) where 6 = s(x) is a statistic of interest.

(a) Define the ith jackknife sample z;).

(b) Define the ith jackknife replicate é(i).
(c) Note that

T

_ 1l &
jack = [—— (6 — ()2

1=1

where 6(.) = 1 " g(i)'

Showing all steps, prove that for § = 7, 5€jack = ﬁ where s? = ﬁ S (g —7T)2

(d) Consider a highly non-linear statistic é. Would you use $€jqck Or Sep (the bootstrap

estimate) to estimate ser(0) 7 Why ?

(1+146+2=10 marks)

6. You observe a random sample of size n from an unknown population F. That is,
F—z=(r1,22,...,2).

The following bootstrap confidence intervals are calculated for a parameter 6:

Percentile interval [1, 2]
Bootstrap t interval [1.5, 2.4
BCa Interval 1.1, 2.3
ABC Interval [1.15, 2.35]

(a) Which of these intervals are second order accurate ?

(b) Describe (no formulae required) two ways in which the BCa interval ‘corrects’ the
percentile interval.

(c¢) For each confidence interval listed below either give its endpoints or state why you
cannot from the available information:

i. Percentile interval for e?,
ii. Bootstrap t interval for e,

iii. BCa interval for e?.

(24+24+1+141=7 marks)
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7. For each of the following time-series indicate whether or not the following features are

present:

(i) Trend;

(ii) Seasonality (multiplicative or additive);

(iii) Cyclic behaviour.

In addition, explain briefly (in one or two sentences) the difference between seasonality

and cyclic behaviour.
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8.

10.

(a)

Describe the Holt-Winters method of exponential smoothing for a process {X;}7q
with a linear trend and additive seasonality. Your description should specify how the
level, trend and seasonal estimates are initialised and updated and how the m-step
ahead forecast is calculated.

The Holt-Winters method uses three smoothing parameters «, 8 and . With refer-
ence to your description above, give a brief (one or two sentences) qualitative expla-
nation of how the behaviour of the Holt-Winters method changes as you change «, 8
and 7.

Describe how you might choose a, 3 and ~ in practice.

(5 + 3 = 8 marks)

Let {X¢}i=... —10.1.. be atime-series. Define what it means for {X;} to be stationary.

Suppose that { X;} is stationary and Var X; < oo for all t. Define the autocorrelation
of the process.

Let {Z¢}¢—.. 101, be an ii.d. sequence with mean 0 and variance o2 and let
Xy =01X414+09X4 0+ 2 —0.841-1 4+ 0.16Z;_o.

Express this model using the shift operator B. That is find ¢, 6 and d such that
¢(B)(1 — B)'X; = 0(B)Z.

Is {X;} stationary and/or invertible?

(2 + 6 = 8 marks)

Let {Z:}t—. —101.. be an ii.d. sequence with mean 0 and variance o* and let
{Xt}t=...—1.01... be the AR(p) process given by

v
Xt = X Oéth_j + Zt.
j=1
Assuming that the process is stationary, show that E X; = 0. Then derive the Yule-
Walker equations for the autocorrelation (or equivalently autocovariance) of { X;}.

Suppose that Xy = aX;_1 + Z; for some a € (—1,1). What is the autocorrelation of
{X;} in this case? Justify your answer.

(6 + 2 = 8 marks)
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11. The following are plots of the sample autocorrelation and partial autocorrelation functions
of two stationary time-series. In each case indicate whether an AR(p) or MA(q) model
would be most appropriate and give an estimate of the order (p or q) of the model.
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(3 marks)

12. (a) Consider the ARIMA(0,1,1) model (1 - B)X; = (1 —0B)Z; where {Z; }4—..—1,0.1,.. 18
an i.i.d. sequence with mean 0 and variance o2.
Write the process as an autoregressive (AR) process (not necessarily stationary), and
thus explain how you would forecast X,,..1 given Xop, X1,...,X,.

(b) Let X, 11 be your forecast of X, 41 given above. Express X, in terms of X,, and
X, and thus show that this estimator can be expressed as an exponential smoother.
In particular what is the smoothing parameter?

(544 = 9 marks)

END OF PAPER
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Sample Survey formulae

1. Simple random sampling (without replacement)
Notation: Population values = {Y1,...,Yn}, puy =SV, Yi/N, v =32V,
oy = 2ie (Y = Y)?/N, S§ = Noj /(N —1).
Sample = {y1,...,yn}, §=21yi/n, sy =01 (vi —9)?/(n—1).

Estimating mean uy

Estimator of uy is oy = 1.
[ts variance is var(fiy) = =>(1 — f) where f = 2.

Variance estimator is  var(g) = 2£(1 — f).

Estimating a proportion, P
Define a 1-0 variable Y so that P = Pr(Y = 1). Then, uy = P and o3 = P(1 — P).

Estimator of P is P =p, the sample proportion.
. . " N—n P(1—P)
[ts variance is var(P) = 3= ——.

n

Variance estimator is  var(P) = %(1 - ).

Estimating a ratio, & = £*

RikSh

Estimator of R is r=
[ts variance is var(r) & i—l}ﬁﬁ S (Y, — RX))2.

. . . A _1-f 1 (o 2
Variance estimator is var(r) = n—lém Yo (yi — )=

It px is not known, the sample estimate x is substituted in the denominator.

Sample size for estimating mean uy

No? . .
n= ﬁg, where D = [required s.e.(jiy)]?.
o? . .
ng = =%, ignoring fpc.
n P 0
~ T+(no—1/N*

2. Stratified Random Sampling
Notations: Ny, up, 07,57 and P, are as above but for stratum h; Wy, = N, /N.
Ny Uny S5, pp and fr, = np /Ny, are as above but for the subsample from stratum h.

uy, N are as before and refers to the whole population. n is the whole sample size.

Estimating u
Estimator of puy is flst = % Zﬁ:l Npyn = Zﬁ:l Wi

. . A L S2 L S2 L S2
[ts variance is var(fist) = Yy W7 (1= fo) = 2h= W7 k= h=1 W7 7S

. . . A in N L 9 s%
Variance estimator is  var(jist) = 35— Wi 72(1 — fr).
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Sample size for estimating uy

L 202
_ Zh:1(NhLSh/wh) where V' =var(fi), wp=—
N2V + Y et NhSﬁ "

Proportional allocation

L
np Ny X 1—f
— = 7 Varprop(ﬂst) = Z Wh S}%
L -
Optimal allocation
For cost function C = cg + ). cpnp,
e the cost C' is minimized for a specified variance var(fis ), and

e the variance var(fis) is minimized for a fixed cost C

if np, oc Wy Sy /+/cn. That is,

nn_ WaSh/\/en
no Y (WrSh/\en)

T'hus,

_ (O = co) X(NnSn//Cn)
22 (NnShy/Cn)

, if cost C' is fixed.

_ (X WaSh//en) (32 WhShy/cn)
a V +(1/N) X W,S3 ’

if V' = var(fis) is fixed.

Neyman allocation

nn  WiaSh  NpSh o (S WRSK)E WS
— = = ) Valopt (fist) = - :

S (WrSh)  >2(NwSh) n N

This is optimal allocation when sample size is fixed and c¢;, = ¢ for all h.
Post-stratification

Let my, be the number of units in stratum h.

1
vary(fist) Z 2Sh (1= fn) = Z 2ﬁ——ZWh5’h

. Cluster sampling

Notations:

Population: py = population mean per element, M = number of elements in population;
Clusters: N = number of clusters in population, myj, = size of cluster h,

pr, = mean of cluster h. oj = variance of cluster h. o = between cluster variance.
Sample: n = number of clusters in sample, i; = mean of cluster ¢ in sample.






