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Regular tilings of two-dimensionalspace

o N

Consider regular tilings of the three two-dimensional
spaces: the sphere S?, the Euclidean plane R? and the

hyperbolic plane H?.

These tilings, and the graphs to which they correspond, can
be characterised by two integers, v;f  3; where v is the
degree of each vertex and f is the number of sides in each
face.

If (v;f) denotes the tiling, thenif (v 2)(f 2)< 4we have
a tiling of the sphere. There are v e such tilings, and they

have a nite number of vertices.
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If (v 2)(f 2)= 4we have an (in nite) Euclidean tiling—of
which there are three, the triangular (6; 3); the square (4; 4)
and the hexagonal (3;6); while if (v 2)(f 2)> 4 we have
a hyperbolic tiling, of which there are in nitely many.

-

There are also irregular tilings, which can be classied In
various ways. The behaviour of SAW and SAP on regular
Euclidean tilings is well known. Here | will consider relaxing
the condition of regularity, of a Euclidean tiling, and will also

consider random tilings.

o |

Self-avoiding walks and polygons on non-regular lattices — p.3/29



References

o N

Detalls of this work can be found in a sequence of papers:

# Self-avoiding walks and polygons on non-Euclidean
lattices by E. Swierczak and AJG, J. Phys. A, 29 (1966)
7485-7500.

o |

Self-avoiding walks and polygons on non-regular lattices — p.4/29



References

o N

Detalls of this work can be found in a sequence of papers:

# Self-avoiding walks and polygons on non-Euclidean
lattices by E. Swierczak and AJG, J. Phys. A, 29 (1966)
7485-7500.

# Self-avoiding walks on hyperbolic graphs by N. Madras
and C. C. Wu (preprint)

o |

Self-avoiding walks and polygons on non-regular lattices — p.4/29



References

o N

Detalls of this work can be found in a sequence of papers:

# Self-avoiding walks and polygons on non-Euclidean
lattices by E. Swierczak and AJG, J. Phys. A, 29 (1966)
7485-7500.

# Self-avoiding walks on hyperbolic graphs by N. Madras
and C. C. Wu (preprint)

o Self-avoiding walks, neighbour-avoiding walks and trails
on semiregular lattices by I. Jensen and AJG, J. Phys.
A, 31 (1998) 8137-45.

o |

Self-avoiding walks and polygons on non-regular lattices — p.4/29



References

o N

Detalls of this work can be found in a sequence of papers:

# Self-avoiding walks and polygons on non-Euclidean
lattices by E. Swierczak and AJG, J. Phys. A, 29 (1966)
7485-7500.

# Self-avoiding walks on hyperbolic graphs by N. Madras
and C. C. Wu (preprint)

o Self-avoiding walks, neighbour-avoiding walks and trails
on semiregular lattices by I. Jensen and AJG, J. Phys.
A, 31 (1998) 8137-45.

# Self-avoiding walks and polygons on quasiperiodic
tilings A. N. Rogers, C. Richard and AJG, J. Phys. A (to
appear).

o |

Self-avoiding walks and polygons on non-regular lattices — p.4/29



Regular and irr egular hyperbolic lattices

E

Swierczak and Guttmann considered the (3,7), (6,3) and
(5,5) regular hyperbolic lattices, and the T(2,3,7) irregular

lattices.

-




(6; 3) lattice

o N

Hexagons connected on alternating faces. Dual lattice is a
tree. It's also embeddable in the f 6; 4g hyperlattice.

(6, 3) latuce.
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(5;5) lattice

\w
!l

Figure 3. {5, 5} latt

Figure 4. (5, 5} lattice with layers.

Self-avoiding walks and polygons on non-regular lattices — p.7/29



T(2;3;7) lattice

The irregular lattice is constructed on the hyperbolic plane
using triangles with angles =2; =3; =7: It can also be
viewed as a triangulation of the (8,4) hyperlattice, with each
octagon triangulated by 16 triangles, and a common vertex

at the centre of the octagon.
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We enumerated SAW and SAP on these using a T
backtracking algorithm. Unfortunately both time and

memory increase exponentially. Various tricks were used to
reduce the memory increase. Analysis of the series by the
usual method of differential approximants was made.

The SAW generating function is assumed to behave as

X
C(x)= cx" AQ  wx)

while the SAP generating function was similarly de ned,

X
P(X)=  pax" A px)°
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f o (3,7) lattice. T

w  9:52440 1:000(SAW). , 400, 0:5 (SAP).
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f o (3,7) lattice. T

w  9:52440 1:000(SAW). , 400, 0:5 (SAP).

# (5,5) lattice
w 3974642 1:000(SAW). No estimate for SAP.
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w  9:52440 1:000(SAW). , 400, 0:5 (SAP).

# (5,5) lattice
w 3974642 1:000(SAW). No estimate for SAP.

o (6,3) lattice.
w 19461 = 1.000(SAW). , 1414 = 0:5(SAP).
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o (3,7) lattice.
w  9:52440 1:000(SAW). , 4:.00 0:5 (SAP).

# (5,5) lattice
w 3974642 1:000(SAW). No estimate for SAP.

o (6,3) lattice.
w 19461 = 1.000(SAW). , 1414 = 0:5(SAP).

#® T(2,3,7) lattice
w  5:198 1:00 (SAW). No useful estimate for SAP.
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(6,3) Self-avoiding polygons

o N

For the (6,3) lattice we could do better. Consider SAP. Let
f1 be the g.f. for walks whose rst step is in the +x
direction, and which return to the adjacent vertex of the
hexagon. Four possible con gur ations can occur.

| )

Self-avoiding walks and polygons on non-regular lattices — p.11/29



o N

This immediately yields the algebraic equation:
fi= x>+ x4+ x5 2,

yielding

p
4 4
fr= =2 2X31 P2 x5 x4 5x 33+ 14x17 +

The coef cients are thus Catalan numbers, -1~ <" ; and the
asymptotic behaviour is 4"=n%"%: Hence | = b5 and =

1=2; ( recall that these are rooted loops).
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(6,3) Self-avoiding walks

o N

For SAW it's trickier. Let w be the g.f. for SAW starting in
the +x direction which don't end on an adjacent site. There
are nine such con gur ations.

v D ,
R

We nd w= 1+ xw+ x°w+ xf 1 + x3w+ x3f 1 + x?f 2 + x%w +

szf 1W + X3f W J
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(6,3) Self-avoiding walks—cont.
-

This can be solved to give, for the SAW g.f.,
C(X) = A(X)“L)'ig‘zx)l X where A(x):; B(x): and D (x) are

polynomials of degree 12, 8 and 5 respectively. The
denominator polynomial has one real zero at

1= = 0:51383937743787740329n agreement with our
numerical results, and shows that = 1; corresponding to a
simple pole.

Unfortunately we cannot repeat this analysis for the other
lattices mentioned above, but it does lend support to the nu-

merical analysis.

|
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(Zm; m) lattices,m > 3

-

fFor other lattices with tree-like duals, a similar analysis can

be performed (AJG unpublished.) We nd that the SAP gen-

erating function coef cients are given by = " ",

which has asymptotic form "=n*%: So = 1=2; and is

known exactly for this in nite family.
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Madras and Wu, rigor ousresults

o N

# Madras and Wu (preprint) have proved the following
results for all but eight hyperbolic lattices.
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o N

# Madras and Wu (preprint) have proved the following
results for all but eight hyperbolic lattices.

® <
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Madras and Wu, rigor ousresults

o N

# Madras and Wu (preprint) have proved the following
results for all but eight hyperbolic lattices.

® < w
® 1 ¢ A [foreveryn 1.Hence =1
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Madras and Wu, rigor ousresults

-

Madras and Wu (preprint) have proved the following
results for all but eight hyperbolic lattices.

p< w
¢ A [ foreveryn 1.Hence =1

P
Foreacht> O; letD{ = = ,[d(0;y)]'cn(0;y); which is

the tt moment of the end-to-end distance of a random
n-step SAW (using graph distance). We usually have

D@ constr? . Thenconstnt DY ntfor every
n 1.
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Semiregular Euclidean lattices

o N

As well as the three regular tilings of the plane, there are
eight semi-regular, or homogeneous tilings. We examine
SAW and SAP on two of these in Jensen and Guttmann
(1998). Here is the (4:8?) lattice:
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Semiregular Euclidean lattices

Because these are Euclidean lattices, we could use the

FLM p

-

us TM method to generate very long series. For the

(4; 8%) lattice we obtained polygons to perimeter 150, and

Started

to do the same for the (3:12°) lattice (below) until we

realised we could map it to the hexagonal lattice SAP
generating function.

|
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The mapping
- -

® Apart from the term x3=3 corresponding to a single
triangle, the SAP g.f. is obtained from the hexagonal
SAP g.f by the mapping x ! x“+ x3: As hexagonal SAP

are known to 82 steps, we have 164 steps on the (3:12%)
lattice.
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® Apart from the term x3=3 corresponding to a single

The mapping

triangle, the SAP g.f. is obtained from the hexagonal
SAP g.f by the mapping x ! x“+ x3: As hexagonal SAP

are known to 82 steps, we have 164 steps on the (3:12%)
lattice.

For the hexagonal lattice, 1=x2 = 2+ P 2, it follows that
the critical point of the (3:12%) lattice SAP g.f. is given by
the solution of

1 4x* 8x> 4x%+ 28+ 8x¥+ 1210+ gxll+ 2x12= 0
Numerically, xc = 0:5844394298:: Also we have that Is
the same as for hex. SAP.

|
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® Apart from the term x3=3 corresponding to a single

The mapping

triangle, the SAP g.f. is obtained from the hexagonal
SAP g.f by the mapping x ! x“+ x3: As hexagonal SAP
are known to 82 steps, we have 164 steps on the (3:12%)
lattice.

For the hexagonal lattice, 1=x2 = 2+ P 2, it follows that

the critical point of the (3:12%) lattice SAP g.f. is given by
the solution of

1 4x* 8x> 4x®+ 2B+ 8x¥+ 1210+ gxt+ 4= 0
Numerically, xc = 0:5844394298:: Also we have that Is
the same as for hex. SAP.

For SAW a similar mapping applies. We have
Cz:122)(X) = 1+ (Chex(X?+ x3) 1 3x%)=x?=

1+ 3x+ 6x2+ 123+ 1&*+  :Also, isthe same asJ
for hexl SAW. Self-avoiding walks and polygons on non-regular lattices — p.19/29



The mapping-continued

® For neighbour-avoiding SAW on the (3; 12%) lattice we
must forbid walks from going around two sides of a
triangle. This can be achieved by the simpler mapping

from the hexagonal lattice of x I x?: Hence the critical
point for NAW on the (3:12°) lattice is

P hex = (2+ pé) =4

|
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The mapping-continued

® For neighbour-avoiding SAW on the (3; 12%) lattice we
must forbid walks from going around two sides of a
triangle. This can be achieved by the simpler mapping

from the hexagonal lattice of x I x?: Hence the critical
point for NAW on the (3:12°) lattice is

P hex = (2+ pé) =4

® Lattice trails on the(3:12%) lattice must have the same
connective constant as that of SAW, (G. '85, extended).
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The mapping-continued

® For neighbour-avoiding SAW on the (3; 12%) lattice we
must forbid walks from going around two sides of a
triangle. This can be achieved by the simpler mapping

from the hexagonal lattice of x I x?: Hence the critical
point for NAW on the (3:12°) lattice is

P hex = (2+ pé) =4

® Lattice trails on the(3:12%) lattice must have the same
connective constant as that of SAW, (G. '85, extended).

# It follows that SAW, SAP, trails, NAW, NAP have the
same critical exponents as the hexagonal lattice.
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The mapping-continued

For neighbour-avoiding SAW on the (3; 12°) lattice we
must forbid walks from going around two sides of a
triangle. This can be achieved by the simpler mapping

from the hexagonal lattice of x I x?: Hence the critical
point for NAW on the (3:12°) lattice is

P hex = (2+ pé) =4

Lattice trails on the(3:12%) lattice must have the same
connective constant as that of SAW, (G. '85, extended).

It follows that SAW, SAP, trails, NAW, NAP have the
same critical exponents as the hexagonal lattice.

Batchelor found that p; = P 1 2sin =18for site
percolation on this lattice, and also obtained the critical
point for the O(n) loop model. J
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The (4:8%) lattice
—

There is a mapping between SAP on the (4:8%) lattice and
osculating polygons on the square lattice. Osculating
polygons are not, strictly speaking, polygons. Rather, they
are generalised polygons with vertices of degree 4
permitted, corresponding to a contact, rather than a
crossing.

Denote the perimeter of an OP by n, the number of right-
angle bends by b and the number of degree 4 vertices by c:
De ne the OP g.f. by O(x;y:2) = i nb:c X"YzS Now replace
each occurrence of x in the g.f. by (x? + x%)Px4¢(2x3)n b 2c
This results in a new g.f. O(x;y;z) from which the SAP g.f.
Lfor the (4:82) lattice is given by O(x; 1;1): J
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The analysis

o N

# Analysis of the 150 term series gives the estimate
(4:g2y = 1:80883001(6) The same value holds for tralls.

The critical exponent is found (numerically) to be the
same as that for the hexagonal lattice. That is to say,
0:5000Q from which we bravely conjecture that
1=2 exactly.
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The analysis
- -

# Analysis of the 150 term series gives the estimate
(4:g2y = 1:80883001(6) The same value holds for tralls.

The critical exponent is found (numerically) to be the
same as that for the hexagonal lattice. That is to say,
= 0:50000 from which we bravely conjecture that

= 1=2 exactly.

# It seems a safe conjecture that all the semi-regular

lattices have the same critical exponents for SAP and
SAW as do the three regular lattices.
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Quasi-periodictilings

o N

Work by Andrew Rogers, Christoph Richard and AJG. We
considered SAW and SAP on the quasi-periodic rhombic
Penrose (see below) and Ammann-Beenker tilings.




Quasi-periodictilings, AB tiling
- -

Due to quasi-randomness, enumerations depend on the

starting vertex.
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® Quasi-periodic tilings in RY may be obtained by
projecting certain subsets of lattices from a
higher-dimensional space R" into RY: In the AB case we
oroject from Z#; while in the case of Penrose tilings we
nroject from Z°:

|
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® Quasi-periodic tilings in RY may be obtained by
projecting certain subsets of lattices from a
higher-dimensional space R" into RY: In the AB case we
oroject from Z#; while in the case of Penrose tilings we

nroject from Z°:

# Note that there are an in nite number of possible
series, depending on the choice of origin. Previous
studies have chosen one or two starting points, and
assumed that these were representative.
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® Quasi-periodic tilings in RY may be obtained by
projecting certain subsets of lattices from a
higher-dimensional space R" into RY: In the AB case we
oroject from Z#; while in the case of Penrose tilings we
nroject from Z°:

# Note that there are an in nite number of possible
series, depending on the choice of origin. Previous
studies have chosen one or two starting points, and
assumed that these were representative.

# We consider several different ways of counting, and
obtain extensive enumerations. Analysis supports
earlier conjectures that the exponent (for SAW) remains
unchanged. It also appears that (SAP) = (SAW): J
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# We chose three distinct approaches:
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# We chose three distinct approaches:

# Fixed origin walks. We chose four different origins, and
generated series with 24 or 25 terms.
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We chose three distinct approaches:

Fixed origin walks. We chose four different origins, and
generated series with 24 or 25 terms.

Mean number of walks. Here we calculate the expected
number of walks beginning at a random origin. This
results in series coef cients of the forma+ b , where a
and bare integers, but =1+ 2and (1+ 5)=2
respectively for the AB and P tilings. We obtain 22 (AB)
and 15 (P) steps for this quantity.
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-

We chose three distinct approaches:

Fixed origin walks. We chose four different origins, and
generated series with 24 or 25 terms.

Mean number of walks. Here we calculate the expected
number of walks beginning at a random origin. This
results in series coef cients of the forma+ b , where a
and bare integers, but =1+ 2and (1+ 5)=2
respectively for the AB and P tilings. We obtain 22 (AB)
and 15 (P) steps for this quantity.

Total number of walks. Here we count the number of
non-zero contributions to the mean value. These are
Integers. The series are the same length as for the

mean number. For SAW on a regular lattice, these three
guantities are identical. J
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SAP are of even length on both lattices. We obtained
series to 22 (AB) and 18 (P) respectively, so only 11
and 9 terms respectively.
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SAP are of even length on both lattices. We obtained
series to 22 (AB) and 18 (P) respectively, so only 11
and 9 terms respectively.

For AB SAW, 1= = 0:3641and = 1:33(2); from the
mean number.

|
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SAP are of even length on both lattices. We obtained
series to 22 (AB) and 18 (P) respectively, so only 11
and 9 terms respectively.

For AB SAW, 1= = 0:3641and = 1:33(2); from the
mean number.

For P SAW, 1= = 0:3632and = 1:33(2), from the mean
number.
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SAP are of even length on both lattices. We obtained
series to 22 (AB) and 18 (P) respectively, so only 11
and 9 terms respectively.

For AB SAW, 1= = 0:3641and = 1:33(2); from the
mean number.

For P SAW, 1= = 0:3632and = 1:33(2), from the mean
number.

The total number should have exponent + 2 ; from
which we nd that 0:75to within numerical accuracy,
which in this case isn't very great.
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The SAP series are too short to allow us to estimate T
but the connective constant is consistent with that found
from the SAW series.

o |
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The SAP series are too short to allow us to estimate

but the connective constant is consistent with that found
from the SAW series.

We conclude that quasi-periodic tilings are in the same
universality class as random tilings. To get out of this
class, one has to change the geometry, from, say,
Euclidean to hyperbolic, or distort the allowed step
rules, as in spiral SAW.
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The SAP series are too short to allow us to estimate
but the connective constant is consistent with that found
from the SAW series.

We conclude that quasi-periodic tilings are in the same
universality class as random tilings. To get out of this
class, one has to change the geometry, from, say,
Euclidean to hyperbolic, or distort the allowed step
rules, as in spiral SAW.

MC analysis of SAW, and analysis of Ising models on
unusual lattices produce similar conclusions, but no
such studies have been as comprehensive as that for
SAW and SAP.
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Conclusion

-

Universality is extraordinarily robust. Either the geometry
has to be changed, or a powerful distortion of step rules (for
example, directedness, or spirality) is needed to change the

universality class.

|
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