A SELBERG INTEGRAL FOR THE LIE ALGEBRA A,

S. OLE WARNAAR

ABSTRACT. A new g-binomial theorem for Macdonald polynomials is employed
to prove an A, analogue of the celebrated Selberg integral. This confirms the
g = A, case of a conjecture by Mukhin and Varchenko concerning the existence
of a Selberg integral for every simple Lie algebra g.

1. INTRODUCTION

1.1. g-Selberg integrals. In 1944 Selberg published the following remarkable mul-
tiple integral [23]. Let k be a positive integer, t = (t1,...,t;), dt = dty - - - dty, and

At) = H (ti — ;)
1<i<j<k
the Vandermonde product.
Theorem 1.1 (Selberg integral). For a, 3,7 € C such that
Re(a) > 0, Re(B) > 0, Re(y) > —min{1/k,Re(a)/(k — 1),Re(8)/(k — 1)}
there holds

k
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When k =1 the Selberg integral simplifies to the Euler beta integral [7]

L 1, T(@)I(B)
(1.2) /0 7t —)ftdt = Tati) Re(a) > 0, Re(3) > 0,

which reduces to the standard definition of the gamma function
(oo}
Ia) = / t*~te~tdt, Re(a) >0
0

upon taking (8,t) — ({,t/¢) (with ¢ € R) and letting { — oo.

At the time of its publication the Selberg integral was largely overlooked, but
now, more than 60 years later, it is widely regarded as one of the most fun-
damental and important hypergeometric integrals. It has connections and ap-
plications to orthogonal polynomials, random matrices, finite reflection groups,
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2 S. OLE WARNAAR

hyperplane arrangements, Knizhnik—Zamolodchikov equations and more, see e.g.,
[1,3,5,6,15,18,28,29].

Because of the appearance of the Vandermonde product, the Selberg integral
may be associated with the root system Aj_;. That such a viewpoint is useful is
evidenced by Macdonald’s famous ex-conjecture, which attaches a Selberg integral
to any finite reflextion group G [15]. To be precise, Macdonald conjectured a
generalisation to G of the exponential limit of Theorem 1.1, known as Mehta’s
integral:

1 15 n 42 (iy + 1)
—— [A@)Pe Tt g =
(27r)k/2/ e HF7+1
Rk

see also [8,15,18,21,22].

A different point of view — and one we wish to adopt in this paper — arises
from the intimate connection between Knizhnik—Zamolodchikov (KZ) equations
and hypergeometric integrals [6,20,24]. Let g be a simple Lie algebra of rank n,
with simple roots and Chevalley generators given by &; and e;, f;, h; for 1 <i < n.!
Let V) and V,, be highest weight representations of g with highest weights A and p,
and let u = u(z,w) be a function with values in V) ® V,, solving the KZ equation

o Q du _ Q

92 z-—w o w—z
where (2 is the Casimir element. Solutions u with values in the space of singular
vectors of weight A\ + p — Z?:l k;a; are expressible in terms of k := ky +--- + ky,
dimensional integrals of hypergeometric type as follows [24]:

w) = ZUI7J(Z7U)) floy ®fJUM
with
ur,g(z,w) = / U(z, w;t)wr,g(z, w;t)dt.
v

In the above the sum is over all ordered multisets I and J with elements taken from
{1,...,n} such that their union contains the number i exactly k; times, vy and v,
are the highest weight vectors of Vi and V,, flv = (T[;c; fi)v, t = (t1,... ),
dt = dt; - - - dtj and 7 is a suitable integration cycle. The function wy s is a rational
function that will not concern us here and ¥, known as the phase function, is
defined as follows. The first k; integration variables are attached to the simple root
@1, the next ko integration variables are attached to the simple root as, and so on,
such that Ot; 1= Q if ki1 <j <k;. Then

k
U(z,w;t) = (z — w)A/" H(ti — 2)"Na)/ R (g ) Ta)/k

i=1
< 1 (t; — t;) > 0u)/m,

1<i<j<n

with (, ) the bilinear symmetric form on h* (the space dual to the Cartan subalgebra
h) normalised such that (6,60) = 2 for the maximal root 6.

IWe use @; instead of the usual a; to denote the simple roots to avoid a clash of notation with
the exponents «; in the A, Selberg integral of Theorem 1.2.
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In [20] Mukhin and Varchenko formulated a remarkable conjecture regarding the
normalised phase function

k
U(t) = Hti_(Ayoéti)/K(l B ti)_(p,ati)/n H It — tj|(dti,5¢tj)/n.
1=1

1<i<j<n

They proposed that if the space of singular vectors of weight A+ — > 1" | k;@; is
one-dimensional, then the integral

(1.3) /A w(t)dt

(with A C [0, 1]* an appropriate integration domain not explicitly given) is express-
ible as a product of gamma functions. The original Selberg integral corresponds to
the case g = sly of the Mukhin—Varchenko conjecture.

In the following we restrict our attention to g = sl,+1 = A,,, with fundamental
weights A1, ..., Ap; (A, &5) = 6;;. If the weights of V) and V), are A = Z?Zl Nil\;
and p = Y0 i, and if we write t = (t1,...,t5) as t = (M, ... t™), with
() = (tgs), .. 7t,(:s)) the variables attached to the simple root &g, then

n ks n—1
= L[l P L) (0 =) 0] T oo,

s=1 =1 s=1
where
I(u) l(v)
= [T 11w —vp)
=1 j5=1
for u = (u1,...,uy)) and v = (v1,...,v ). In the case of sl the phase function

coincides with the integrand of the Selberg integral after identifying v = 1/k,
a=1-X/kand f=1- pu1/k.

In [26] Tarasov and Varchenko dealt with the A, case of (1.3), obtaining a closed
form evaluation for A = AoAs and p = py A1+ poAs. In the present paper we utilise
the theory of Macdonald polynomials to extend this to A,,, and one of our main
results is an explicit evaluation of (1.3) for A = A\, Ay, and p = >, uiA;. If we write
k=1/v, A = (1 —«;)/v (so that oy = -+ = ap—1 =1) and pu; = (1 — G;)/7, and
let A = CFi-Fn]0,1] be the integration domain defined in (4.9) of Section 4, we
may claim an evaluation of the (1.3) for g = A,,.

Theorem 1.2 (A,, Selberg integral). For n a positive integer let 0 < ky < ko <
- < ky, be integers and kg = kn11 = 0. Let o, 1, ..., B,y € C such that

Re(a) > 0, Re(B1) > 0,...,Re(8,) >0,
—min{Re(«a)/(kn, — 1),1/kn} < Re(y) < 1/ky,

and

—Re(Bs)/(ks — ks—1 — 1) <Re(y) <Re(Bs + -+ 5,)/(r — s5)
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for1 <s<r<n. Then

n n—1
[ TP Teey -] Taeenaeo)
s=1

ks—ks_1

_ (ﬂs A B+ (i+s—r—1)y)
o H H T(a, +0s + +[3r +(i+s—r+k —krg1—2)7)

<s<r<n =1

=

n

kI‘as (i —ksy1 — DY)
XHH( + ( + ))(7)

s=1i=1 F(’}/)
where oy =+ =a,_1 =1, a, = a and dt = At . g
Remarks.

(1) Whenever A/0 occurs in the conditions on «, (i,..., 5, and v this is to
be interpreted as +oco with the sign that of A. This ensures the conditions
are correct provided ks > ks_1 for all 1 < s < n. Only minor modifications
are required if ks = ks_1 for some s. We also note that the condition
Re(y) < 1/k;, comes from Re(y) < min{l/ks; : 2 < s < n} and does not
apply when n = 1.

(2) For ky = -+ = ky_1 = 0 and (kp, Bn,t™) — (k,3,t) the A, Selberg
integral simplifies to

/ |2'yHta 1 B 1dt

ﬁFaJr (i —1)yITB+ (@ —1)y)(Ey)
Fla+pB+(i+k=2)T()

i=1
Since (see (4.9))

CO Ok, 1] ={t e RF[0<t), <tpoy <~ <ty <1}
this is equivalent to the Selberg integral (1.1). Indeed, by the symmetry
of the integrand we may replace CS’“"O”“[O, 1] by [0, 1]* provided the right-

hand side is multiplied by k!. Absorbing this factor in the ratio of gamma
functions yields (1.1). More generally the integration domain C%*»+%»[0, 1]
is such that A(t*)) > 0, and the absolute value sign in |A(t(*))|?7 (but not
in |[A(t®),¢(511)|=7) may be omitted.
(3) Denoting the A,, Selberg integral by
I]?l': Lk n( ﬂlw")ﬁTﬂV)a
it readily follows that
IA 0, 11,... ( ﬂl»"'aﬁn;’}/):Il?jﬁ_,lm(a;ﬂn*erlv'"7571;’7)'
v

In particular we have

n—m

A~ =
C’?w“aOJla"':lnL [0, 1] — C}yl)-~-yl'rrL [0, 1]'
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The case k1 = -+ = k,—1 = 0, k,, = k discussed in (2) is of course a special
case of this more general reduction formula.

(4) By an appropriate change of integration variables (see Section 7 for details)
it follows that

(14) Iﬁl,k?,, Lk (O{ ﬁhﬁ?w"aﬂn;’y)

'l —~)r
= Iﬁlz;..,kn(aéﬁl + B2 — 7,83,y B ) Im
By iteration all but the last ks equal to 1 may thus be eliminated.

(5) Upon taking n = 2 and (ky1, k2) — (k2, k1) and (81, B2) — (B2, 51) we obtain
the sl3 Selberg integral of Tarasov and Varchenko [26, Theorem 3.3], see
also [29].

(6) If we denoting the set of positive roots of A,, by & (i.e., &y ={as+---+
ar: 1< s <r <n}) then the product over 1 < s <r < n on the right-
hand side of the A, Selberg integral corresponds to the following product

over ®_:
IT 9G+-+8)= 1] 9((r,a
1<s<r<n acdy
where A = B1A1 + -+ + B,y
By replacing (Bs,t®)) — ((Bs,t®) /¢) with ¢ € R and then letting ¢ tend to in-
finity we obtain the following exponential form of Theorem 1.2, with C’ﬁl""’k" [0, o0]
the domain defined in (4.9) of Section 4.

Corollary 1.1 (First A,, exponential Selberg integral). For n a positive integer let
0< ks <ko <--- < ky be integers and kg = kp41 = 0. Let o, B1,...,0n,7v € C
such that
Re(a) > 0, Re(B1) >0,...,Re(B,) >0
and
—min{Re(a)/(kn,, — 1),1/kn} < Re(y) < 1/ky,.
Then

n n—1
/ H[IA 1) 27]_[ ) “sle‘ﬁst?)} TTIA D, e+0) 7" ar

s= s=1

—

= I B+ +p)- b=tk

1<s<r<n

s Do + (i — kogr — 1)y)D(i
Xsl—[hl—[l F(‘;/l) )7Y) (7)’

where oy = -+ = ap—1 = 1 and o, = «.

Replacing t; — 1 —t; for all 1 < ¢ < k in the Selberg integral (1.1) leads to
an interchange of a and 8. Consequently the classical Selberg integral has just
a single exponential form. This («, 8)-symmetry is no longer present for n > 1,
and replacing tgs) — 1 - tl(-s) forall 1 < i < ks and 1 < s < n followed by
(o, ) — (¢, 19 /¢) (with ¢ € R) and then letting ¢ tend to infinity, results in a
second exponential form of Theorem 1.2. Below (7517“"’“” [0, 0] is the integration
domain defined in (5.8) of Section 5.
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Corollary 1.2 (Second A,, exponential Selberg integral). For n a positive integer
let 0 < ky < kg <--- <k, be integers and kg = kn11 = 0. Let B1,...,0,,7 € C
such that

Re(B1) > 0,...,Re(8,) > 0, —1/kn < Re(y) < 1/kn
and

—Re(Bs)/(ks — ks—1 — 1) < Re(y) <Re(Bs + -+ 5:)/(r —s)
for1<s<r<mn. Then

ks n_l
/ - Zf"l tin) H [’A(t(g)MQﬂ/ H(tgs))ﬁs—1:| H‘A(t(g)at(s-‘rl))’_ﬂ{dt
s=1 =1

s=1

= H H FBs+-+6r+(+s—r—1))

ks—ks—1 1
X .
§s<1:[<n1 }_‘[ Fl+ﬁs '+5r+(z+3_r+kr_kr+1_2)’7)
n s n—1 ks
ksi1— .
F +1—1)7)
s=11i=1 s=11i=1

1.2. Outline. In Section 2 we review some standard facts about Macdonald poly-
nomials needed to prove an identity for the g, t--analogues of the Littlewood—Richard-
son coefficients (Theorem 2.1). In Section 3 we apply Theorem 2.1 to establish a
new A,, ¢g-binomial theorem for Macdonald polynomials (Theorem 3.2). In Section 4
we first utilise the ¢ = 1 case of this theorem to prove the exponential A,, Selberg
integral of Corollary 1.1. Then, in Section 5, we exploit the full g-binomial theorem
to obtain a multidimensional g-integral which yields Theorem 1.2 in the ¢ — 1 limit.
In Section 6 we generalise the A,, Selberg integral by including a Jack polynomial
in the integrand (Theorem 6.1). Finally, in Section 7, we give the full details of
two special cases of Theorem 1.2, corresponding to (k1,...,kn—1,kn) = (1,...,1,k)
and v = 0 respectively.

2. MACDONALD POLYNOMIALS

Our main tool in the proof of Theorem 1.2 is the theory of symmetric functions,
and in Sections 2.1 and 2.2 we review some well-known facts from the theory. For
a more comprehensive introduction we refer the reader to [14,16,25].

2.1. Preliminaries. Let A = (A1, A2, ...) be a partition, i.e., Ay > A > ... with
finitely many \; unequal to zero. The length and weight of A, denoted by I(\) and
|A|, are the number and sum of the non-zero A; respectively. As usual we identify
two partitions that differ only in their string of zeros, so that (6,3,3,1,0,0) and
(6,3,1,1) represent the same partition. When |A\| = N we say that X is a partition
of N, and the unique partition of zero is denoted by 0. The multiplicity of the
part ¢ in the partition A is denoted by m; = m;(\), and occasionally we will write
A= (1m2m2 ).
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We identify a partition with its Ferrers graph, defined by the set of points in
(i,4) € Z2 such that 1 < j < );, and further make the usual identification between
Ferrers graphs and (Young) diagrams by replacing points by squares.

The conjugate A’ of X is the partition obtained by reflecting the diagram of A in
the main diagonal, so that, in particular, m;(\) = A; — Aj, ;. The statistic n(A) is

given by
n(A) =Y (i-Dhi=> @)

i>1 i>1

The dominance partial order on the set of partitions of N is defined by A > pu if
M+ N >pr+ -+ p foralli > 1. If A > pand A # p then A > p.

If A and p are partitions then g C X if (the diagram of) p is contained in (the
diagram of) A, i.e., u; < \; for all ¢ > 1. If p C X then the skew-diagram A — p
denotes the set-theoretic difference between \ and u, i.e., those squares of A not
contained in p.

Let s = (4,j) be a square in the diagram of A. Then a(s), a’(s), {(s) and I'(s)
are the arm-length, arm-colength, leg-length and leg-colength of s, defined by

(2.1a) a(s) =\ — 7, a(s)=j-1
(2.1b) I(s) = N} — 1, U(s)=1i-1.

This may be used to define the generalised hook-length polynomials [16, Equation
(VL.8.1)]

(2.2a) ea(gt) = H(l _ qa(s)tl(s)+1)’
SEA

(2.2b) C//\(q,t) — H(l _ qa(s)+1tl(s))’
SEA

where the products are over all squares of \. We further set

(2.3) ba(g;t) =

For N a nonnegative integer the g-shifted factorial (b; ¢) v is defined as (b;q)o = 1
and

(2.4) (b;q)n = (1= b)(1 —bg) -~ (1~ bg™ ™).

We also need the g-shifted factorial for negative (integer) values of N. This may
be obtained from the above by

1
(bg=N;q)n "

This implies in particular that 1/(g;¢)—n = 0 for positive N.
The definition (2.4) may be extended to partitions by

(b;q)-n =

1\

(big,t)x = [J(1 = bg® @) = [T (bt 5 0.

SEA i=1
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With this notation the polynomials (2.2) can be expressed as [12, Proposition 3.2]

(775 q)x -,
(= ) -,

(2.5a) an(at) = (t"q.0x ]

1<i<j<n
tj_i_l; Y
2.5b g, t) = (qt" "5 q,t)x w7
A —1i
1<i<j<n (a5 q) -

where n is any integer such that n > [()).
Finally we introduce the usual condensed notation for g-shifted factorials as

(a1,...,ar;9)N = (a1;9)8 -~ (ar; Q)N
and
(a1, ar; g, t)x = (a13¢,t)x -+~ (ak; ¢, )
2.2. Macdonald polynomials. Let &,, denote the symmetric group, and A, =
Z[ry,...,2,])%" the ring of symmetric polynomials in n independent variables.

For z = (z1,...,2,) and A = (\1,...,\,) a partition of at most n parts the
monomial symmetric function my is defined as

my(z) = Zxo‘.

Here the sum is over all distinct permutations « of A, and z* = z{*---z¢~. For
I(A) > n we set my(z) = 0. The monomial symmetric functions my for [(A) < n
form a Z-basis of A,,.

For r a nonnegative integer the power sums p,. are given by po = 1 and p, = m,,)

for » > 1. Hence
n
pe(z) =D af.
i=1

More generally the power-sum products are defined as py(x) = px, (x) - - - pa,, ().
Following Macdonald we define the scalar product (-, ), ; by

<p)\ap,u>q,t = 5)\;LZA H 1_7%7
i=1
with zy = [[,5; m;! "™ and m; = m;(\). If we denote the ring of symmetric
functions in n variables over the field F = Q(g, t) of rational functions in ¢ and ¢ by

A, r, then the Macdonald polynomial Py (z; g, t) is the unique symmetric polynomial
in A, r such that [16, Equation (VI.4.7)]:

(2.6) Pr(iq,) = ma(@) + Y uru(g, t)my ()
<A

and

(Pr,Pgs =0 if A#p
The Macdonald polynomials Py(z;¢,t) with I(A) < n form an F-basis of A, p. If
I(A) > n then Py(x;q,t) = 0. From (2.6) it follows that Py(xz;q,t) for [(A) < n is
homogeneous of degree |\[:
(2.7) Py(zw;q,t) = 2P Py(2;9,1)

with z a scalar.
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For f € A, r and X a partition such that I(A) < n the evaluation homomorphism
ug\n) : A g — F is defined as
(2.8) WSV (f) = F@ L 2 o).

We extend this to f € F(z1,...,x,)%" for those f for which the right-hand side of
(2.8) is well-defined. The principal specialisation formula for Macdonald polynomi-
als corresponds to [16, Example V1.6.5]

_ g (&)gn=U(s ) n.
™ Ay T 10"t aoy (508
2.9 =1 —_— = — .
( ) 91;[\ 1— qa(s ti(s)+1 c)\(q, t)

For more general evaluations we have the symmetry [16, Equation (V1.6.6)]
(2.10) u§ (P)ug” (Py) = ufl™ (Pa)ug™ (P)

for I(A),(n) < n. It will be convenient to also define ug\"z) as

(2.11) u§(f) = F2g "t 2?2 L g t0).
For homogeneous functions of degree d we of course have

(2.12) u$(f) = 2 uSV ().

)

Thanks to the stability Py(z1,...,%n;q,t) = Pax(z1,...,Ty,0;q,t) for I(A) < n,
we may extend the Py to an infinite alphabet, and in the remainder of this section we
assume that = (and y) contain countably many variables. By abuse of terminology
we will still refer to Py (z;¢,t) as a Macdonald polynomial, instead of a Macdonald
function. Then the Cauchy identity for Macdonald polynomials is given by [16,
Equation (VI.4.13)]

t iYijs [e'e]
(2.13) S a0, )P0, ) Palys 1) = [ U D
N ig>1 (Jiiyj;Q)oo

with by(q,t) defined in (2.3).
The ¢, t-Littlewood—Richardson coefficients are defined as

(214) Pﬂ(xa(bt)P xz; qv Zfl“’ qa P)\(LL' q, )

and trivially satisfy
;i\u (Qa t) = u)\u(q, t)
and

(2.15) l’t\y(q,t) =0 unless [A| = |u| + |v].
It can also be shown that [16, Equation (VI.7.7)]
(2.16) ;\V(q,t) =0 unless p,v C A\

The q, t-Littlewood—Richardson coefficients may be used to define the skew Mac-
donald polynomials

(2]‘7) P)\/p. fL' q? ny,y q7 flf q7t)
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By (2.16), Py/u(2;9,t) = 0 unless ¢ € A (in which case it is a homogeneous of
degree |A| — |p|. Equivalent to (2.17) is

(2.18) Pa(z,yiq,t) = Y Payu(@i ¢, 1) Pu(yi ¢, 1)
m

Finally we need the Kaneko—Macdonald definition of basic hypergeometric series
with Macdonald polynomial argument [12,17]

A1y ... Qryl . _ n()\)P)\(.T,q,t) (alv"'va?”rl;q’t))\
2.19)  ,11®, gt =St .
( ) 1 |: bla-"abT ¢ :| ; cl)\(q7t) (bla"'7b7‘;qat))\

When x = (z) this reduces to the classical ,11¢, basic hypergeometric series [9]:

o0
a1, ..., Qpr41 (a1, 001,k g
1P 4 Z]— z
T ’“{ bi,..., by (=) kZ:O (4,01, bri Q)i
Alyeeey Qpy
r+l¢r|: b717~-~72r g, % -

The main result needed for ,;1®, series is the g-binomial theorem [12, Theorem
3.5], [17, Equation (2.2)] (see also [13, Theorem 3] and [19, Lemma 3.1])

(2.20) 1 ®o {a Lq,t; x:| =11 (i3 @)oo

1 (@d)e

Remark. In this paper we mostly view results such as (2.13) and (2.20) as formal
identities. Later, when transforming formal power series to integrals, issues of
convergence do become important. It is however not difficult to give necessary
convergence conditions for each of the identities in this paper. For example, in
(2.20), we may add © = (21,...,2y), |g| <1 and max{|z1],...,|z,|} < 1, and view
the 1®( as a genuine hypergeometric function.

2.3. An identity for ¢,t-Littlewood—Richardson coefficients. A crucial role
in our proof of the A,, Selberg integral of Theorem 1.2 is the following identity for
the ¢, t-Littlewood—Richardson coefficients.

Theorem 2.1. Given two integers 0 < m < n, let A and p be partitions such that
I(A) <m and l(u) < n. Then

(qtm—n—l; q, t)u
c,(g,1)

) (gt™15q,t)x ﬁ A FY7) U
ClA(Qa t) (qtjfermfn; q))\i*,uj

221) SR (g tul T (P)

— ) =mluly ™) (p,

i=1j=1

Since f,(¢,t) =0if w € A and P,;, = 0 if w  p we may add the restrictions
w C Xand w C p to the sum over w. We will in fact show that the summand on
the left vanishes unless

(2.22) Ai 2 Mign—m for 1 <i<m.

In other words, if p* is the partition formed by the last m parts of p (i.e., u* =
(n—m+1, - -+, bn)) then the summand vanishes unless p* C A. To see this we recall
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from [16, Equation (VI.7.13")] that

]D;A/w(xla sy Tp—ms Qat) = ZwT(%t)xTa
T

where the sum is over all semistandard Young tableaux T of skew shape u —w over
the alphabet {1,...,n—m}; 7 is the monomial defined by T and v € F. For the
shape p—w to have an admissible filling it must have at most n—m boxes in each of
its columns. Hence w; > pli4n—m for 1 <4 < m. Since we already established that
the summand vanishes unless w C A, a necessary condition for nonvanishing of the
summand is thus given by (2.22). Since 1/(q;¢)-n = 0 for N a positive integer, it
is easily seen that also the double product on the right-hand side of (2.21) vanishes
unless (2.22) holds.

Theorem 2.1 for arbitary 0 < m < n corresponds to the u = 0 case of a more
general result established in [31, Theorem 4.1]. For m = n, so that

Pu/w(xla ceosTpn—msq, t) = 6,uw7
the theorem simplifies to [30, Proposition 3.2]. A proof Theorem 2.1 is included

below for the sake of completeness.

Proof of Theorem 2.1. Let © = (21,...,2y) and y = (y1,...,Yn) so that the
Cauchy identity (2.13) becomes

m n t
Zb q’ zq, yq7 HH Izy]aq

xzyja

Next we apply the homomorphisms uE\";) (acting on z) and uff) (acting on y), and

use the homogeneity (2.7) of the Macdonald polynomials. Hence
(2.23) Zz"lb q,t)u ( )(P )u&")(Pn)
m Ztn—i—m 1

)oo (2" T ) 4y
H Ztm z HH Zthrm i—j+1. q)

i=1 i=1j= 1 Aitp

The summand on the left vanishes unless (1) < min{n,m}. Assuming such n we
may twice use the symmetry (2.10) to rewrite the left-hand side as
LHS(2.23) Zzlnlb ) A *)“(n )( “)u?n) (Py)ug " ( n),
ug  (Pa)ug (Py)

In the remainder we assume that n > m and apply (2.18) as well as (2.7) to get
w (P,) = Pu(qmt" ™, ¢ T L g, t)

*Zt“ el (P, Juf" m><Pu/w>.
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Thus

LHS(2.23) = Y 2Mltn=mlelp, (g, 1)

nw

x “((Jn_m)(Pu/w

Yul™ (Pa)uy™ (Po)ul™ (By)ul™ (By)

ul™ (Py)uf” (P,)
Next we use that

u{™ (P )ul™ (P,) = ul™ (Py P,,)
_ u%m)(Zf;’)\Py) (by (2.14))
= Z fox u%m)(PV)

to rewrite this as

LHS(2:23) = 3 2=l 2. (g, 116, (q,1)

nw,v

w0 (B )y (P )ug™ (P g (Py)

ug™ (Py)uy” (P,)

By one more application of (2.10) this becomes

LHS(2:23) = 3 2=l g2 (g, 1)b,(q.1)

W,V

u§ ™ (P ul ™ (By)ul™ (P, )yul? (Py)

8 RN
uy  (Pa)ug  (Py)
The sum over 1 may now be evaluated as follows:
> 2l (g, g (Pl (Py)
U
t";q,t
=y e (54D ) (by (2.3) and (2.9))
chlgt) Y
n
=u,., t —— P (x;q,t
’ (zn: en(a.t) "95)
n
= u (1‘1’0 [t 1q, b x]) (by (2.19))
— (m)( S (Iitn;q)oo) (b
’ g (%54)oo

_ ﬁ (qutn-i-m—i; q)oo
1 (

unitmfi; Q)oo

i=1
m

= (2t g, 1)y H(Ztn+m_i3Q)oo
(ztmtm=tigt)y 25 (A5 @)oo
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‘We thus arrive at

thrm z
LHS(2.23) H =
Z m— Z

=1 oo

n—m) m) m—
x S gl g (g, 1) u§ " (P )ul™ (B) (215, 1),, '
¢ WPl (P, (T )

Finally equating this with the right-hand side of (2.23) and replacing z — zt!1="=™
yields
(2t "q,t)n

(234, 1)s

0 (P yul™ (P G
= u P, H H .

2t2—i—7-
lel Q)\+;LJ

(2.24) St (g, ul T (Py)ul™ ()

w,v

Both sides of this identity trivially vanish if I(\) > m. Furthermore, the summand
on the left vanishes if I(v) > m. Hence we may without loss of generality assume
in the following that I(A\) < m and I(v) < m. (The latter of course refers to a
restriction on the summation index.) We may also assume that the largest part of
v is bounded since f7, = 0 if |w| + [\ # |[v| and P/, = 0 if w € p. In particular
v1 <A+ [ul.

The above considerations imply that A, » C (N™) for sufficiently large N. Given
such N we can define the complements of A and v with respect to (N™). Denoting
these partitions by A and [ we have N =N — Amt1—i and 73 = N — vy 41 for
1<i<m.

We now replace A and v by X and # in (2.24) and then eliminate the hats
using [30, page 263]

(qt™q,8), Ai(g,t) u™ (Py)

I (t™ Nq,t)x ) (a:t) u{™(P,)’

zj\(q? t) TL(I/)—TL )\)fAy(Q7 )

[4, Equation (4.1)]

, 550 (vm)
B = (/)P DIN =R ) ) —N1al (a4
(a;q,t)5 = (—q/a) q (@ Ntm=1/a;q,t)x’

and
(m)( Py = H(B)N+=m)|A| (m)(PA)

This last result follows from [4, Equation (4.3)]
Py(w1q,t) = (1 @m)Y Pr(a7 Y5 q,1)
and the homogeneity (2.7). As a result we end up with

(gt™ 1 g =Ntz g, ),
c,(q,t) (qI*Nt”“”*l/Z; qt),

S, (g, g™ (Pag)

w,v

tm— m o n 1 N i+m—1
H H - z; s
— tn()\)imlﬂluén)(P’u) 7Q7 )\ / Q)/\z M

i=1j=1 g NI 25 )\ g
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where we have also used
(a;)n-r  (aq9)n ("N /b;q)n (b)k

a

bsa)n—r (9N ("N /a;q)k

to rewrite the double product on the right.
Specialising z — ¢~ Nt" eliminates all reference to N and completes the proof.
O

3. A, BASIC HYPERGEOMETRIC SERIES

In this section we will be working with n different sets of variables z(1), ..., z(")
where
) = (wgs), . 7;10,(:))
such that k1 < ky <--- < k,.
Our main object of interest is the following generalisation of the Kaneko—Mac-
donald basic hypergeometric series (2.19).

Definition 3.1 (A,, basic hypergeometric series).

(3.1) r+19Pr |:a27'-'va2+1;q7t;x(l)7.“7$(n):|
1y-+-5Yr

_ Z (@1, ..., 0r 415, t)\m)

(qthn =2, by, brs g ) s

A, A

n ks—1
oy (gt g, ) o) ;
o O (@™ g, ) Py (29 ¢, 1)
H { A\ (q;1)

j—it+ks—ksy1—1.
kst1 (qt] i+ +1—1 q))\(.g)_/\(_.e+1)
i J

I _
. (qt.7_1+ks_ks+l ; q)A(.ﬂ_)\(vSJrl)
i y

s=11i=1 j=1
Here the sum is over partitions AS) such that l()\(s)) <ks forl<s<mn and

(3.2) A A for 1 < < ks

Remark. The sum over the partitions AV, ..., A(") subject to (3.2) may alterna-
tively be viewed as a sum over skew plane partitions of shape n — v with n = (k]})
a partition of rectangular shape and v = (k,, — k1, kn, — ko, ..., kn — kn—1)-

The above definition simplifies to (2.19) when n = 1, and to

a1y .., 0
M@[ D @rdl <zl>,(z2>,...,(zn)}

bi,...,by
—1
S (@1, 2015050 i s h (@/t;9)j,—jos
0<jn<<j1 (Q7 bi,..., by Q)jn ! " s—1 (q; q)js*js+1
when k; = ky = --- = k, = 1. Introducing new summation indices by m,; =

Js — Jst1 for 1 < s < n (where j,4+1 := 0) this gives

ai,...,a,
1@, gt (21), (22), -, (20)
bi,....b,

n—1

ai, ..., Grp1 q/t
=, 110, g, 212 iq, 21 Zs |
7+1¢7{ b b, (DA n:|81:[11¢0|: 4,21 5]
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Summing the 1¢g series by the g-binomial theorem [9, Equation (I1.3)]

a az;q)
1(150{ ;q,Z] _ (850
we get
A1yeeey Ay
33 ety <zl>,(z2>,...,<zn>]
_ ¢ ala"'aar+1.q P ]j qz1 - Zs/tvq)oo
L bl;“-abr et s—1 'ZS;q)OO

Using Theorem 2.1 this may be generalised as follows

Theorem 3.1. Let (1) = (z{V, .. ,z,(gll)) and
2 =2 (1t T for2<s<n.
Then
Oy -ees Brpl I
r ér 3 7t
+1 bl,...,b, T v
n—1 ks (8) 4ks—k 1.
15 ey Orgl qE; th TR T )
B T [ e
r+1¥r
bl,...,br 21 et aq)oo
Here the &) are recursively defined as V) = (1) and
() = zs(tksfl_li‘(s_l),tks”,tks*ﬁl, Lot for2<s<n.
zs)) this

Taking k1 = ky = -+~ = k, = 1 and () = (2;) (so that () = (z
reduces to (3.3).
Before presenting a proof we will give several important consequences of Theo-

rem 3.1.
With the same notation as in Theorem 3.1

Theorem 3.2 (A,, ¢-binomial theorem).

[

i=1

T P )

©: oo

m(n)]
7qOO s=11i=1

1q)0 |:a ;(Ivt;x(l)v AR
B (
Eliminating the hats from the double product on the right ylelds

1%o {a gtz ,x(”)]
a (azg--- znx(.l)tk1+~--+k7ﬂ—n+1; @)oo
o0

1
z ‘rf )tk1+'--+/€n71—n+l;q)

i=1 { (227 2n
(_1)tk1+~~~+kT—kr+1—r; Do

n—1
(qZ2 P ZT‘
(1) —r+1.
r=1 (22 r&; thitethe T+17Q)oo
n_ks—ks-1 itstke 1tk 1—n—1.
5 H (azs-- - znt i @)oo
e (Zs - Znt1+s+ks_1+~~+kn_1—n—l; q)oo
ks—ks—1 its—rtke 14 Akp—kpp1—2
(gzs -+ 2t -t TP )
2z t2+377’+ks—1+"‘+kr—171;q)oo

2<s<r<n—1

i=1

(Zs... -
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Proof of Theorem 3.2. If we take Theorem 3.1 with r» = 1 the 1 ®¢ on the right may
be summed by (2.20), leading to the desired result. O

If we further specialise (1) = z1(1,¢, ... 7tkl) in Theorem 3.2 we obtain a more
symmetric g-binomial theorem.

Corollary 3.1. Let 2(®) = z,(1,t,...,t%71) for 1 < s <n and set kg = 0. Then

(3.4) 19 [a cq, b ,x(")}

n ks—ks—1

(azs e Znti+5+ksfl+'”+kn—l_n_1; q)oo

(Zs A Zntl+s+ks_1+-~+kn_1—n—l; q)oc

ko —ks—1 o pits =Ttk 1tk =2,

H H qzs Zr 7q)oo
.. Zrti+8*7“+ks—1+“'+kr—1*1; q)

1<s<r<n—1 i=1 o0

X

When ki = --- =k, = k the above significantly simplifies to

1<I)0 |:a ; Q7t; x(l)v cee 7x(n):|

(azy -- ti71+(n71)(k 1) )oo n— (g2 - Stzeer(sq)(kq);q)Oo
H{ (21 -« znti™ 14+(n—1)(k—1) 1:[ (21 - Zsti—l-i-(s—l)(k—l);q)oo

where z(8) = zs(1,t, ... ,tk_l) for 1 <s<n.
Remark. It is again easily seen that Theorem 3.2 and Corollary 3.1 are true as

functions of (1), zo,..., 2, or 21, 29,..., 2, when |g| < 1 and
1
max{lei”,..., || 22, fzal} < 1
or
max{|z1],..., |z} < L.

Proof of Theorem 3.1. We abbreviate the sequences a1,...,a,41 and by,...,b, by
A and B, and assume that n > 1.

If we apply identity (2.21) to eliminate the double product Hf;l Hf;ll in the
definition (3.1) of the ,.; P, series we obtain

g,q,t,ﬁ(l),,$(n):|

cl)\(n) (Q7 t) (B1 q, t))\(”)

(3.5) mcbr[

)\(1),._‘7/\(71)
y O D)
w® L wD

H[’“‘"(””” PO A 1Py (2 g, 1)
wls)pls ’ )

S
Ué i )(P,\<s+1>/w<s>) (qtFs=ksr1=1 g 1) o

u(()ks+1)(P)\(s+1)) C,//(s) (qat)
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The A()-dependent part of the summand is given by

W
f;\u)y(n (¢,t) Py (V5 ¢, 1).

Hence the sum over () may be performed by (2.14) to yield

A
1P {B;q,t;x(l), . ,x(”)]

= 2 () Pao (23,8 (430,800 thaA®)|
A@ A Clx\<"> (4,1) (B;q,t) A u(()kz)(Pm))
(2) . (n 1)
:(2)_’ Lwn=1
(e (=) (s+1) ()] ()
+1 s s
X H|:tn(u V+kg| A [—lw ‘f:}\(s‘)y(s)( t)Pyo) (2 ();q,t)
s=2
kst1—ks
ug T (Preen o) (gt K, 0,00
ks
ug Y (Pgin) ¢ (0.1
oM ko—k
X Zt |w \ug 2 1)(P)\(2)/w(1))Pw(l)(l‘(l);q,t)
w()
tkl ko—1 t
X Ztn(”m) D p Mg .
L c (a1

By (2.7) and (2.18) the sum over w(!) gives
P)\(Q) (tilx(l)v 17 tk2 = 17 Q7t)
and by (2.19) and (2.20) the sum over v!) gives

1P

[qtkl—kz—l k1 (1) yky —kz—1.

qz;
;qﬂf;x(”} 11 @0

=1 ,q)

Substituting these two results and once again using (2.7) to absorb the factor
tkﬂk(”l’ we find

k1 (1) oy —ko—1
A (qa;z tr 2 .q>
r+1<I>r[B,q7t7;E See X ]_H @
=1 ( ’L ﬂQ)
x ooy, “”)PA(")(“:( 0:1) (Aig,t)m
A A Ao (¢ ) (B;q,t)xm
BORUEEY

W@ =1
L P (0 ta thg t)
k
us 2)(P/\(2))
ot () (41 )1y ()] wn ()
XH[W” Pk AT A o (48 Paio (25 4, 1)

s=2

Koo i1 —Fs
U((J i )(P)\(S+l)/w(s)) (qtFs=ksr1=1 g 1)

X
u(()k5+1)(P)\(s+1)) Ci/(s) (¢,1)
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Comparing this with (3.5) we see that up to the term
Py (thr=1gM) gk k2=l )
u™ (Pya))
we have effectively reduced n to n — 1. The naive approach would be to apply

(k1)

0;tt—F1

(3.6)

acting on z(!). Then (3.6) collapses to 1 as desired, but

(k1) <ﬁ (xl(l)tkl—kz—l;q)oc> _ k1 (tk1—kz—i;q)oo

0;t1—F1 1 (xgl); D)oo (1177 @) oo

u

U
i=1

is not well-defined. The correct approach is to apply uéka acting on z(?| resulting
in
A
’U,gi;) <T+1q)r |:B y 4, ta x(l)a $(2)7 .’L'(3)7 s 7x(n):|>
k 1) ks — oo —
oy (gDt
- 1
=1 (CEZ( ); Q)oo
~ Z tn()\("))PA(nl) (x(n)7Q7t) (A;Q7t))\(")
A@  \m c/\(n) (Q7t) (B;Qat>)\(")
L@ | -1
W@ =1
= () (D) |1, ()
X H {tn(u Rl |f3<:>y<s> (q,t)P,\w(f(s);q’t)
s=2
ker1—ks ki
“((> - )(PMS“’/MS)) (gth==Fsr171:q,1) 00
b
u(()ks'*'l)(P)\(sH)) C;,(s) (q’ t)

where #() = zo(tF1 =1 ¢k ¢k2=1) and #(8) = 20) for 3 < s < n — 1. Again

comparing this with (3.5) we have thus proved the following intermediate result.

Lemma 3.1. Assume that n > 1 and let 2 = z(1,t,...,t*~1) and 2 =
zp(tFr =D thr | ¢k2=1) Then

A
7‘+1(b’l‘ B7qa t,x(l), s ax(n):|

k1 (1) kg —ko—1
A L(2) (3 n H(qxitl )
:7"+1(I>7‘|:B;Qat;x( )73:( )a"'vx( ):| 1),
i=1 (z; 5 @)

This is readily iterated, resulting in Theorem 3.1. (]

4. PROOF OF THE A,, EXPONENTIAL SELBERG INTEGRAL

Although Corollary 1.1 follows as a straightforward limit of the A,, Selberg in-
tegral, it is proved here directly from Corollary 3.1. The advantage of first dealing
with the exponential integral instead of the full A,, Selberg integral is that it makes
the introduction of 051.,---,1% [a, b] slightly simpler. Throughout the proof we assume
that v # 0.
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Applying ulfr) .. uékz) (with u(()k;) acting on z(®)) to (3.1), and using (2.5) and

0;21

(2.9), we get

;q7t;x(1),...7x(”>] - Z (A5 q,t) xom

A0 (@7 Bi g D)

i AP (L)

. (s) (s) 1 — it
2n(A) A -
XH|:t s H 1_t]z

s=1 1<i<j<ks

A
41) 1@, {B

(5)_\()
AL XS

(gt NSNS

ks—k 1.
n=l ke Kot (qt/ st Q))\() AGHD

>< H
J—itks—kst1 . X
s=1i=1 j=1 (at C ’q)/\f;")*/\('b“)

where z(5) = 2s(1,t, ..., tF ) for 1 < s < n. Takingr = 0and A = a; = a
this may be equated with the right-hand side of (3.4). Then replacing ¢t — ¢ and

a — ¢*Tkn=17 and letting ¢ — 1~ using
TR
(q 7q)k - F((E)
and
(4.2) (¢°z q) (1-z¥* |z <1
(¢¥2;9) o0
yields
(4.3) > [ S s T u? — )
: n s+1
A, A i=1 I'(1 +Nz(' )) smiio1 o1 (@ + 1 ? u§ M ))
n () NPy 4
% H |:ZLA(S)| H (luz /j,] ) (’7() Ky = j )
s=1 1<i<j<ks D=y +p " —p;’)
= H — Zs+ )7(0‘7'+(k7“7k7'+171)7)(]“37"3571)
1<s<r<n
n ks
H H o + (i — ko1 — 1)) (4)
et L'(v)
Here uz(-s) = )\ES) + (ks — )7, ko = kny1 = 0 and « is defined as in Theorem 1.2.

Next we would like to replace z, — exp(—efs) and A\ — ¢{%) /e (with e > 0),
and take the € — 0 limit using Stirling’s formula

lim xb_air(x +a)

=1

to transform the above sum into an integral. There is however the complication
that the difference )\Es) — )\§S+1) is not necessarily nonnegative. Let

(4.4) ul) =i — ks + kopr.
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Then for A{”) — A > 0

N R i 2 )
T(1+ ™ = uf)
B NG (ul(,j,) + 1)y + (1) - t§s+1))/€) ~ O (H) — le+0)
P —uly+ (#7 =) o) Y

)

but for )\l(-s) — )\;SH) < 0, by the Euler reflection formula,

s s+1 s s+1
POy =) Tp +u5) RO
F(l + ,uiS) B U§S+1)) F(V . ugs) + N§s+1)) ]
Dlul)y — (17 -t e
- ) o e B ()
F((uij + 1)y — (¢ — t; )/€)
~ (T — 1) TRE) ()

_ E’Y|t§S) . t;s+1) ‘—’YRE;) ('Y),

where

sin (WUE;)’}/)

sin(w(ugi) +1)7) .

(4.5) R (v) =

Hence, depending on the relative order of )\Z(-s) and /\§-S+1) we may or may not pick
up a ratio of sine-functions, and for small ¢ the summand of (4.3) takes the form

ekl+'“+kn_Zlgsgrgn(ar+(kr—kr+l—1)7)(ks—k.<—1) H R,S]S) (7)

kn n—1 n
« TL™) = THAG®. 00y = TLem =07 (A ™,
i=1 s=1 s=1

where the product is over all ¢, j and s such that tl(fg) < t;sH). From this it follows

that we must first fix a complete ordering between the parts of A(®) and A1,
Any such ordering compatible with (3.2) may be described by a map [26]

(4.6a) My {1,... ks} = {1,..., ksy1}
such that

(4.6b) Ms(i) < Mg(i+1)

and

(4.6¢) 1< My(i) < ksy1 — ks +1,

as follows:

(4.7) M) <A <G for1<i<k,,

where )\(()SH) = 0o. Note in particular that (4.6b) must hold so that (4.7) is com-
patible with the ordering among the parts of A(*). Similarly (4.6¢) must hold so
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that (4.7) is compatible with (3.2). A straightforward counting argument shows
that there are exactly

k;s-i-l - ks +1 ks + ks—i—l
ks+1 +1 ks

different maps.
Now define D¥1:++kn[q b] C [a,b]F1+Tk» as the set of points

n 1 L " "
AW, A0) = O3 A A AL

satisfying
a<A) < <A <b forl<s<n

and (3.2). Given admissible maps M, ..., M,,_1 we define Dkl’”"k}\ynil[a,b] C
DF1sskn [a, b] by requiring that (4.7) holds for 1 < s <n — 1. As chains we have

Eiyeoikn _ Eiyeoikin
(4.8) DF [a,b]= > Dyt fabl,
Ml: ~7Mn71
and summing over AV, ... A" amounts to summing over the lattice points in

DF1kn [0, 00]. Thanks to the decomposition (4.8) we know exactly which factors

of the form RE;) () are picked up when we go from sum to integral. Indeed, from

(4.7) we have that /\Z(.S) < )\gsﬂ) for 1 < j < M(i) — 1. This gives rise to the factor
iy R(S _sin(m(i + koss — ks — M(i) + 1))

H sin(m(i + ks1 — ks)7) )

Taking the product over 7 and s this yields the total factor

n—1

ks
K1,y n 1n z+k;s+1 ks — M, (z)—l—l))
Fagy 1;[ 1;[ sin(m(i + kst1 — ks)7) '

Hence making the variable changes z, — exp(—¢3,) and A" — £*) /¢ and letting e

tend to zero we obtain Corollary 1.1, where the integration is over the chain

ok _ i,k K1y ikin
(4.9) C'I;:l’ * [a’b] - Z FAJllauanfl(W)DMlv-“v]VInfl [a7b]'
My,...,Mp_1

For n = 2 this corresponds to the chain introduced in by Tarasov and Varchenko
n [26] (up to some trivial notational changes). Of course, to correctly interpret
(4.9) in the context of Corollary 1.1 (and also Theorem 1.2) we have to replace )\ES)
by tES) in all of the above. In particular (4.7) becomes

t(erl) (s) < t(SJrl)

M) S t, < M, (-1 for 1 <i < kg,

and we integrate the tf;s) such that

(st ) € DRvekaa ).
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5. PROOF OF THE A,, SELBERG INTEGRAL
Throughout this section we assume v # 0 and 0 < ¢ < 1, and use
_ (39)e
(g% @)oo
Let T'y be the g-gamma function [9, Equation (I.35)]

(a;9)- for z € C.

Fq(.’b) _ (Q;Q)xfl

and define
A, (w(s);q) - H (x§8))2W(1 — q“*f)wgs)/xf))( 1+(—i— 1)733( )/xf),q)% 1
1<i<j<ks
and
ks kst
A, ($(S),:L‘(S+1) — H H (s-‘rl) “ »yx(s)/ (s+1) )_’Y’
i=1 j=1

with ugj) as in (4.4).

Using the above definitions as well as (4.1), Corollary 3.1 can be written in the
form

kn
(5.1) (1- q)k1+---+kn Z H(q1+(kn7i)7x§n);q)ail ( (s ))

=
zw

A A i=1 s=1i=1
n—1 n
X H Ay (x(s), :c(sﬂ); q) H Ay (a:(s); q)
s=1 s=1
ks—ks_ .
_ H H (ﬂb 4Bt (i +s—r—1)y)
1<s<r<n -1 (ar"’_ﬁs +5r (Z+3_T+kr_kr+1_2)’y)
n ks .
H H as - kerl ]-)’Y)FQ(ZIY)
s—1i—1 Ly(v)
Here oy is as defined in Theorem 1.2, xl(s) = q’\ES) and (¢, zs,a) has been replaced

by (q7, qﬁs—ks_l’v’ q(kn—l)'y—&-a)'
The reader familiar with Jackson or g-integrals will recognise (5.1) as a (ki +
-+ + k,,)-dimensional such integral. The standard 1-dimensional Jackson integral

is given by
1 o]
| e =a-q > s
which simplifies (at least formally) to the Rlemann integral

/f

in the ¢ — 17 limit. Generalising this to arbitrary dimensions as

/ f(@)dge = (1 —¢q)" Z f(q ,gim)gi e

[0,1]™ 01500000 =0
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where z = (z1,...,2,) and dgz = dgx1 - - - dgp, (5.1) corresponds to the restricted
g-integral

kn

n kg
CEIE B | (T RN 1) (R

Dkl yoenkn [071] i=1

n—1 n
% T 2 (=), 2C;.0) TT 29 (2); g) dga® - - - dya™
s=1 s=1
ks—ks— .
_ 1 (ﬁs A B+ (it s—r—1)y)
Fq(ar'i_ﬁs +ﬁr (Z+S_T+kr_kr+1_2)7)

=1

<.

1<s<r<n

Xﬁl—S[Fq s+ (i — ksp1 — 1)y)Tq (i)

s=1i=1 Tq() 7

where DFukn[q b] C [a,b]*1HFF= is the set of all points

(:c(l),...,z(")) = (:c(ll), . a:,(:l) ,:c(ln),...,a:,i:))
such that

a§x§8)§-~-§x,(:s) <b forl<s<n
and
p <altD, for1<i<k,1<s<n-1.
Assuming that

(5.3a) 2 <2l for1<i<j<ky
and
(5.3b) 2 <t for 1 <i <k, 1<) <k

it follows from (4.2) that

(5.4a) hr{1_ A ( (s);q> _ (A(_x(s)))%
q—)
(5.4b) qlin{l— Ay (20, 26D q) = (A(=2®), —25FD)) 77

Hence, for (5.3) (and xgn) <1 for1<4<k,)the ¢g— 1~ limit of the integrand of
(5.2) is

(5. 5)
n ks n—1
H (1—a2{M)° U[ o)) H(mgﬁ)ﬁs—l] U(A(_x(S)’_x(SH)))_W'

The problem we are now facing is exactly the same as that of Section 4: the xl(s)

are not necessarily compatible with (5.3b). This forces us to also consider the limit

of the factors making up A (z(*), (571); ¢) when ;vg s m(SH)

limit (5.4b) we used that

In computing the

qlil{l_ (q1 u” o s)/ (s+1 Q)_,y _ (1 _ xgs)/x§s+l))—“/,
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but this is only correct for x( < z§5+1). When IES) > :17(8+1) we may use the
g-reflection formula [27, Equation (168a)]

2iq*/20, (ilog ¢*/*; ¢"/?)
(1—q)87(0;¢1/2)

Ly(2)T(1 = 2) =

()

(upon recalling that x;”" = q>‘55>) to write

— s+1 s . e
(ql_uE;)WSU(-S)/a:(-SJrl)-q) - (q V2 (' )/xz( ))’Y 91(110gq i /2, q?)
i J 14—y (q ijx(sm/xgs);q) 01 (ilog q( i +1)7/2 qv/2)

Since

q“/?01(ilog ¢*/?%;¢*%) (1 — ¢") (™™ @)oo (@ ™" @)oo

g"/201(ilog ¢*/%;¢1/%) (1= ") (@' @)oo (4" ¥5 )0

o0 .
g—1" U H 1—wu?/n? sinmu

v 1—v2/n?  sinmo

n=1

we find
) () ), (s+1), o (8)  (s+1) =7 p(s)
q1—1>r{17 (q U ’ym / q) —y = (.231 /Jjj - 1) le (’Y)

s s+1)|— s
= [1=a{ /a0 TR (),

where RE;) is given by (4.5). We therefore conclude that the ¢ — 1~ limit of the
integrand of (5.2) is given by (5.5) with

(A(_x(s)’ _x(s+1)))_'Y - |A(—Z‘(S), _m(s—&-l))’_'Y — ‘A(.’L‘(S),J}(S—Fl))‘_’y

multiplied by a factor jo () for each x( s §s+1).

The rest of the proof simply follows Sectlon 4. We introduce the maps M, as in
(4.6), with M,(i) such that (compare with (4.7))

(5.6) et < el <all for1<i <k,
where z{"*" = 0. Furthermore we define Dﬁ/}l b a,b] € DFvEthala, b] by

requiring that (5.6) holds. Therefore,

(5.7) DRknfa b= N Dbty a,b]

as chains. Also defining

Akt ek _ ki, kn Sk ki
(5.8) O’])fh ’k [a’b] - Z Fj\jlv"-an—l(FY)Dernanfl [a’ b]
My,...,Mp 1



A SELBERG INTEGRAL FOR THE LIE ALGEBRA A, 25

we get
kn n
I
Ckvkn g ) 1= =1
n—1
< 1A, 26+D) 77 dz® - dat™
s=1
k’s_k}bfl .
— H H F(Bs+-+ 6+ (i+s—1r—1))
1<s<r<n i=1 Dlay +Bs+ -+ B+ (i+5s—1r+k —kpy1 —2)7)

;; T(as + (1 — keyr — D)Y)I(2
XHH ( ( + )L (i)

s=1li=1 F(’y)
(where |A(2(*))|?Y may be replaced by (A(—z(*)))?7). Finally making the variable
changes xES) =1 —t(s) forall 1 <i <k, 1 <s<n,sothat CF=*[0,1] is replaced
3

by Cki--Fn[0, 1], completes the proof.

6. FURTHER A,, INTEGRALS

Let Pf\a) be the Jack polynomial, obtained from the Macdonald polynomial Py
as

(@) — T ey
P)\ (I)*}E}%PA(‘Tat 7t)5
and let (a)ny be the Pochhammer symbol
(a)n=ala+1)---(a+N—-1).

Then it is an easy matter to generalise the previous derivation to yield an A,
integral involving the Jack polynomial.

Theorem 6.1. Let p be a partition of at most ki parts. With the same conditions
as in Theorem 1.2 we have

[ e iaer e

I3 s=1

ok kn (0,1]
x H ‘A(aj(s), m(s+1)) ’_'Y dzW ... dg®)

(G =i+ DNy,
1<i<j<ky (G = Z‘)’V)#i*l‘j

XH (B4 +Bs + (k1 —s—i+ 1)),
— 14— (as+ﬂl+"‘+ﬂs+(k1+ks_ks+l_S_Z‘)p)/)#i

n ki

ks—ks_1 .
1T PBs+-+ B+ (i+s—r—1)y)
. H H P(ar+ﬁs+"'+5r+(i+3_r+kr_kr+1_2)'7)

1<s<r<n  i=1

;ksl"as i — kg1 — 1)Y)T(
Xl—lll:[l( + ( F(J:y) )’7)(7).

S
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When n = 1 this simplifies to

(6.1) / P(l/7 |27HJUO‘ Y )P da
[01

- 11 D((j =i+ 1)y + pi — )

1<i<j<k L((j — )y + pi — 15)

k

<11 Lla+ (k—i)y+p)T(B+ (i - 1))
w1 Dla+ B+ 2k —i—1)y+ )
where we have made the substitutions (k1,a, 1) — (k, 3,a) and have used the

symmetry of the integrand to replace

1
[ - Yo
Ck[0,1]  0<zi<wz--<zp<1 [0,1]%
The integral (6.1) is due to Kadell [11, Theorem I] (see also [16, pp. 385-386]). The

special case p = (1) of (6.1) corresponds to Aomoto’s integral [2], usually stated
as

)

r k
a?)|2'YHmiHa?f‘71(l—xi)ﬁ_lda:
0.1] i=1 =1
_ £ T(a+ (i~ DyT(B+ (i — )iy +1)
H +5+ 2k—z—1 H a+6+( tk-2C(v+1)

z:l

for 0 <r < k. The equivalence of Aomoto’s integral and the p = (1") case of (6.1)
follows by symmetrising the integrand of the former, using that
(6.2) S mimi,m, = e(n) = P (@),
i1 <ig < <ip
with e, the rth elementary symmetric function.
By taking g = (1") in Theorem 6.1 we obtain the following A, analogue of
Aomoto’s integral:

/ H{’A () 271—[ ae—l(gs))ﬂs—l

=1

V)

oyt
n—1
X H |A(z),26TD) 77 dg ™ - dz (™)
s=1
:<’ﬁ>ﬁﬁ (Bit-+ Bt (b —i— s+ 1))
" s=11 l(as+ﬂl+ +ﬂ$+(k1+ks_ks+1—’i—8)’y)

. ﬁ D(B 4Bt i3 =7 = 1))
Far+/65 +ﬁr (Z+3_T+kr_kr+1_2)’y)

D(ovs + (i — ko1 — 1)7)T (i)
11 L(v) '
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Proof of Theorem 6.1. In proving Theorem 1.2 we have not taken advantage of the
full A,, ¢g-binomial theorem as stated in Theorem 3.2, relying on the less general
Corollary 3.1 instead. In going from the former to the latter we have specialised
M to 2z (1,t,...,t"1 1), or, equivalently, applied to uékzll) acting on z().

If, more generally, we apply u,(ﬁéz instead of ugkzll), the factor uékl)(PA(n) in the

summand is replaced by u( )(P)\u)). Then invoking (2.10) this leads to the term
Y
k o) (Pu)
g™ (Pyo) %
uy ' (Pu)
instead of just ugkl)(PAu)).
Of course not just the summand of (3.4) will change by the above, and by
applying ufﬁéi instead of uékzll), the right-hand side of (3.4) picks up the additional

factor
kit +ke_1+ki—s.
ozt 1+t 1+k1 S7Q7t)p,

n
1;[ (@521 - Zstk1+~~+ks—ks+1+k1—s—1;q,t) ’

where a; = --- = a,_1 = q and a, = at'~*». Accordingly, the identity (5.1)
generalises to
kn n ks 3
(1 — g)krtthn Z (v 0, H 1+(k71_1)7m§n); q)a_l H H($£S)) s
)\(1),__,7)\(") =1 s=11:=1
n—1 n
> H A, (x(s),x(s“);q) H A, (x(s);q)
s=1 s=1
(k1) i qﬁ1+-~+ﬂ +(k175)'y.q q'y)
1:[1 as+pB1++Bs+(k1+ks—ksp1—s—1)7y. q’q"/)
ks—ks—1 .
« H H Fq(ﬁs +5r (Z+S_T_1>7>
I—‘q Q. + ﬂs -+ 67“ ( s—r+ k kr—i—l - 2)’7)

1<s<r<n i=1

=

n ks

% H H Dy(as + (i — ko1 — 1))y (i)

1i=1 Fq (’7) ’
where y = (y1,..., Yk, ) and y; = xl(-l)q(k'i_i)"y. The rest of the proof proceeds exactly
as before. 0

S

7. TWO SIMPLE EXAMPLES

To end this paper we present the fully worked-out examples of the A,, Selberg
integral for

(k1y.. . kn_1,kn) =(1,...,1,k)
and for v = 0.
7.1. The case (ki,...,kn—1,k,) = (1,...,1,k). In this case there is only one map

My for 1 < s < n—2, corresponding to the identity map M,(1) = 1. For s =n —1,
however, there are k different maps, given by M,,_1(1) =a for 1 <a < k.
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If we relabel the integration variables tgs) — ug for 1 <s<n-—1and tgn) — t
for 1 < i <k, then the above implies the inequalities

0<t <<ty <11,
Ou:q0<up1 <--- <y <1,
tg SUp-1 <tg-1

with 1 < a < k and tp = 1. As a result we obtain the following (k + n — 1)-
dimensional integral:

ko
(7.1) Zsm k—a+1)y)

pt sin(mwk~y)
/ H (1 —u;) ﬂHHtQ Y=t I -t
Oa =1 1<i<j<k
n—2 a—1 k
X H(’L% — Ui+1)7’y H(tl — Un,1)77 H(Un,1 — ti)i’y du dt
i=1 i=1 i=a
k . .
e I'la+ (i — 1)y)'(iy
:I‘(l_k,y)r 2(1_7)H ( (F( ))) ( )
i=1 v
M + (i —1)y) ﬁr(ﬂl+---+ﬂi+(1—i)y)
Pl CH—ﬁn (i+k—=2)y) it T(Ai+ i+ + 8 —iv)’
where Ay = =4, o=1, 4, 1=1—(k—1)vy, A, = a+kvy,du=duy - - - duy_1

and dt = dt; - - - dt
In the notation of the introduction the above integral corresponds to

ATl . .
Il,...,l,k(a’ 51ﬂ cee 7677,’ ’7)
~——

n—1

and, according to the recurrence (1.4), all but one of the ones may be eliminated.
To see this assume that n > 3 and replace the integration variable u; by v as

Uy — Uz

1—’1,62'

Noting that 1 —u; = (1 — v)(1 — u2) and u; — us = v(1 — uz) the integral over v
may be identified as Euler’s beta integral (1.2) with o = 1 — «. Therefore

An . ) = [An B A A =yTB)
vak(a,ﬁh...ﬁnﬁ)— v (Cv ﬁ1+52 Y, 53’”.7ﬂn’7)7r(51—7+1).

n—1 n—2

in accordance with (1.4). Iterating the recursion it follows that

0 e(@i B, Besy) = IE(es B+ + B — (0= 1)7, Bn; )
S

n—1

Fn2

’ﬁ B+ -+ B+ (1 —i))
S T(Ai+ Bt + B — i)
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and (7.1) boils down to its Ag or n = 2 case

i sin(m(k — a4+ 1)7)

p sin(mk~)
X/ [31 1Htoz 1 ﬂ2 1 H (ti _tj)Q’y
a 1<i<j<k
a—1 k
H(t —u) “’Huft TV dudt
i=1 i=a

L(BII(1—ky) T(a+Pa+(2k—-2)y) T(Bi+PB2—7)
L1+ B1 = ky) D(a+ B+ B2+ (k—2)y) T(Ba + (k- 1)7)

ﬁ T(a+ (i — D) (B2 + (i — Dy)T(i)
Pl D(a+ Ba+ (i + k—2)y)['(7v) '

where
O,: 0<tp < <tg<u<ts <<t <L

7.2. The case v = 0. When v = 0 Theorem 2.1 collapses to the integral

n ks
/ H (tz(-S))as_l(l _tgs))ﬁs—l dt(l) dt(n)
C(I;l ..... kn [0,1] s=114=1
17l (F(Q)F(ﬁs ot m)’“s—’m
SR (k) D(a+ s + - - + Bn)
Wlth Q] == Qp_1 = 1 and o = Q. Because the tES) in the integrand are com-

pletely decoupled the problem of evaluating this integral is purely combinatorial.
Introducing the partitions A®®) for 1 < s <n — 1 as \®) = (M,(k,),..., M(1)) so
that A\(®) has exactly k, parts and )\Es) < ks+1 — 1+ 1 the v = 0 integral may also
be stated more explicitly as

n—1 ks

> s
..... A(n=1)  s=14i=1 S+1_Z+1
1A <y —it1

/HHﬁ“S (O L VO B 1)

s=11i=1
ko—Fk,
s=1 O‘ + ﬂs -+ ﬂn)
where the integration domain is given by

(7.2a) max{t(“’;j)l) ,tgi) } < t(s) < mm{tis)l,t(sﬁ)l) }
>‘k571‘+1 )‘k —it1 -1

for1<s<mn-—1and1l<i<k, (with t(()s =1 and tf)_s_l 0), and

(7.2b) o <t <6
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for 1 <i<k,.
Thanks to the factor H?;ll Hf;l(ks+1 — 4 — \; +2) we may relax the condition
)\1(-5) <ksy1—i+1to )\gs) < kg41 so that the sum becomes

by

A A=)
1A=k,
A <kosn
Since a; = --- = a1 = 1 one may, with a bit of pain, successively integrate
over the tES) starting with s = 1. We will not present the full details of this

calculation here, but remark that the key to unravelling the combinatorics encoded
in the inequalities (7.2) is given by

(73) S T TI A= i 2) (i, — n, 1) = ()
A j=1""7"i=1

I(N)=r

)\1 STL
with g =0, z = (21,...,2,), m; the multiplicity of the part j in A and e, the rth
elementary symmetric function (6.2). To establish (7.3) we note that when written
in terms of the multiplicities m; it becomes

1 Z H — Tj— 1 (n—j+1—Mj+1) :e,,.(gj)’

W il

mi,..,mp>0 j=1
Mi=r

where M; = m; + - - - + m,,. Multiplying this by t" and summing over r using the

generating function for the e, [16 Equation (I.2.2)] yields

n n

Z nfMl H E— 1] j;z.!_j+1_Mj+l):H(1+txi).

M yeneyMpn >0 Jj=1 i=1

This is true for any zo provided we add the factor (1 + tz¢)" ™! to the summand:
(7.4)

Z (1—|—t330n M, H —x 1] j(n—j+1—Mj+1) ZH(1+t$i)-

_ |
mi,..., my >0 n Ml j=1 myj: i=1
For n = 0 this is obviously correct. If we denote the sum on the left by L(zo, ..., z,)
then
(1+ tw)" M = —xj1)|"(n—j+1—- M)
L(xo, ..., =
(-’170 l’n) Z (n -1 MQ H mj!
ma,...,muy >0 Jj=2
% n_ZM2 t(El — t:CO m n — M2
1+tzxg mq
m1=0
_ Z (1+t$1"M2ﬁ —z;_1)]™(n—j+1— M)
- 11— ,l
R U = ich

= (1 +tx1)L(zy, ..., x,).

By induction (7.4) is thus true for all nonnegative integers n.
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