THE GENERALIZED BORWEIN CONJECTURE. I. THE BURGE
TRANSFORM

S. OLE WARNAAR

ABSTRACT. Given an arbitrary ordered pair of coprime integers (a,b) we ob-
tain a pair of identities of the Rogers—Ramanujan type. These identities have
the same product side as the (first) Andrews—Gordon identity for modulus
2ab + 1, but an altogether different sum side, based on the representation of
(a/b — 1)*! as a continued fraction. Our proof, which relies on the Burge
transform, first establishes a binary tree of polynomial identities. Each iden-
tity in this Burge tree settles a special case of Bressoud’s generalized Borwein
conjecture.

1. INTRODUCTION

Several years ago P. Borwein communicated the following observation to G. E.
Andrews [3].

Conjecture 1.1 (First Borwein conjecture). The polynomials A, (q), Bn(q) and
Colg) defined by

(1.1) [T =1 =) = A4u(¢®) — 4Bu(d®) — ¢*Culg®)
k=1

have nonnegative coefficients.

As so often in mathematics, the simplicity of the above claim is rather deceptive,
and the conjecture still lacks proof. Following the motto ‘if you can’t prove it,
generalize it’, Andrews [3], Bressoud [9], and Ismail, Kim and Stanton [13] have
extended the Borwein conjecture in several directions. This is the first of a series
of papers devoted to Bressoud’s generalization. To see how Bressoud’s conjecture
arises most naturally from Conjecture 1.1 we follow Andrews [3] and rewrite A,,, By,
and C,, as a sum over g-binomial coefficients. First we need the usual definitions
of the g¢-shifted factorial

n—1

(CHQ)n = (fl)n = H(l — aqk) forn € Z,
and ¢-binomial coefficient

(1.2) {”} :[”}: D@ for m,n —m € Z,

0 otherwise.
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Important later will be that for m and n — m nonnegative integers, the g-binomial
coefficient is a polynomial in ¢ with only positive coefficients. Also introducing the
notation (a1,...,ar;q¢)n = (a1;¢)n - - - (ak; @)n, we can apply the g-binomial theorem
[12, Eq. (I1.4)] to expand the left-hand side of (1.1) as

(0,05 ¢%)n = Y (~1)7¢/% 1)/2[ }
j=-n n—7 g3

1
_ R eGu—1)/2 N (1) 3O eu-1) /2| 2N
> (-1)Hq > (=1)q .
q3

p=-1 JEZ n=3j = p

From this one can read off

(1.3) An(q)z(lyqa‘(wl)/z[ 2 }

‘ez n—3j

and similar expressions for B, and C,,. To pass from this to Bressoud’s conjecture
we need to recall an important result from partition theory.

Let A be a partition and X its conjugate. The (i, 7)th node of X is the node in
the ith row and jth column of the Ferrers diagram of A. The dth diagonal of ) is
formed by the nodes with coordinates (i,7 — d). The hook difference at node (i, j)
is defined as A; — A’. In [4, Thm. 1] Andrews et al. prove the following theorem
using recurrences.

Theorem 1.1. The generating function Dy ;(N, M;a, 3) of partitions with at most
M parts, largest part not exceeding N, and hook differences on the (1—[)th diagonal
at least §— i+ 1 and on the (o — 1)th diagonal at most K — a — i — 1 is given by

(14) DK,%(NvaawBaq):DK,z(NaMaa7ﬂ)

= Z g (a+BKj+KB—(a+B)i) M+N|_ g((@+BI+B)(Kj+i) M+N .
‘ M- Kj M—-Kj—i
JEL

Here the following conditions apply: a, >0 and 6 —1 < N—-—M < K —a —1i with

the added restrictions that the largest part exceeds M — i if B = 0 and the number

of parts exceeds N + i if a = 0.

If we follow [9] and define G(N, M; «, 8, K) = Dag (N, M; ., 3), then
M+N]

) _ _ 1) gz Ki((a+B)j+a—p)
(1.5) G(N,M;o,3,K) =Y (—1)q2 ! [N_Kj

JEZ
Now observe that the expression (1.3) for A, (q) is exactly of this type. Explicitly,
An(q) = G(n,n;4/3,5/3,3)
Cn(q) =Gn+1,n—-1;1/3,8/3,3).
Unfortunately there is the complication that o and 8 have assumed noninteger
values so that Theorem 1.1 cannot be applied to interpret A,—C,, as generating

functions. Although no progress has been made in proving Conjecture 1.1, the
following generalization is clearly suggested [9].
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Conjecture 1.2 (Bressoud’s generalized Borwein conjecture). Let K be a posi-
tive integer and N, M,aK,BK be nonnegative integers such that 1 < a + 8 <
2K — 1 (strict inequalities when K = 2) and § — K < N - M < K —«. Then
G(N,M;a«, B, K;q) is a polynomial in q with nonnegative coefficients.

Of course, when both a and [ are integers the conjecture becomes a special case
of Theorem 1.1. When M + N iseven and « = (K — N+ M +1)/2, 8 = (K +
N — M F1)/2 the conjecture was proven by Ismail et al. [13, Thm. 5]. We should
also remark that not all of the polynomials G(N, M;«, 8, K;q) are independent.
Besides the obvious symmetry

G(N,M;o, 3,K) = G(M,N; 3,0, K)
there also holds
(1.6) G(N,M;«,8,K;1/q)
=¢ MYGINM;K —a—~N+M,K—-3+N—MK;q)
and
G(N,M;a,3,K) =G(N,M - 1;0,8,K) + ¢ G(N — 1,M;a+ 1,3 — 1, K)
=G(N-1,M;0,3,K)+ ¢ "G(N,M —1;a — 1,3+ 1,K)

as follows from

w WL,
and
N e P [ (O P

These symmetries, not all of which are independent, are consistent with the bounds
imposed on Conjecture 1.2.

This paper is the first in a series in which we apply known (the present paper)
and new (subsequent papers) transformation formulas for simple g-polynomials to
obtain identities for G(N, M; a, 8, K) that prove its positivity of coefficients. A few
simple examples of such identities can already be found in the literature and we
quote

L
(1.9) G(L,L;1/2,1,2) = Z r H
n=0

n

n

L
(1.10) G(L,L;:1,3/2,2) = q" H
n=0

G(LrL; 1/2’ 3/27 2) = (1 + qL)(_QZ; QZ)L—l-

The first two, which are dual in the sense of (1.6), were found by Bressoud [8, Egs.
(8) and (9)] and are bounded analogues of the Euler- and first Rogers-Ramanujan
identity. The third identity is due to Ismail et al. [13, Prop. 2 (3)]. Although
we will add infinitely many new identities to the above three, we failed to obtain
identities that would settle the original Borwein conjecture. What our results do
suggest however is that this is perhaps more a practical than fundamental problem.
Often it is necessary to first guess identities before proving them and it seems
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that when it comes to the (generalized) Borwein conjecture the guessing is by far
the hardest part of the game. For example, almost anyone familiar with g-series
will have little trouble proving the following identities for G(L,L;1,2/3,3) and
G(L+1,L—1;1/3,4/3,3):

(1) O[] = 3 g e i
JEL n,i>0
and
(1.12) Z(_1)jq%j(5j+3) (L2 ] = 3 qrintiskilentn) (E-2ionmt) [Loiznoi]
JEL n,i>0

but to guess these results is quite a bit harder. In particular we note that when
L tends to infinity only the terms with ¢ = 0 contribute to the sums on the right.
Also using Jacobi’s triple product identity [2, Thm. 2.8] thus yields for |¢| < 1

e n? X _n(n
P (*.a% % ¢°) | . > ) (0.4 6% %)
= (Dn CH)ES = (Dn O

which are the celebrated Rogers—Ramanujan identities [15]. Admittedly, we did not
guess (1.11) and (1.12) but obtained them by transforming simpler identities, but
since we were not so lucky with the original Borwein conjecture, a good guess is
exactly what is needed. (See also the discussion in section 8.)

As abonus of our identities for G(M, N; «, 3, K) we obtain many new identities of
the Rogers—Ramanujan type. Some nice examples worth stating in the introduction
are the following four series of identities featuring the Fibonacci numbers F}, defined
recursively as Fop =0, Fy =1 and F, = F._1 + Fj_o.

Theorem 1.2. For |q| <1 and k > 4 there holds

m24-pmi_, k-3

q
2 (9)

mi,...,mp_2>0 Jj=2

Fy Fy, FrpFr_1+1
(qkk1,qkk1+’

2F  Fp,_1+1. 2Fka,1+1)
k) o0

q
(43 9) o0

Taking > -, ¢ /(q)m as the left-hand side when k = 3 includes the first
Rogers-Ramanujan identity in this series of identities.

Theorem 1.3. For |q| <1 and k > 4 there holds

q

m3 e +mi_gtme_zmg_2 k-3
q H I:mj71+mj_mj+1} [m;€73:|
§ <q)2 2m; Mp—2
MMy 20 m j=2
FpFp_1—1 FpF_ 2FpFr_1—1. 2F Fp_1—1
(qkhl,qkkl’qkkl’q kkl)oo
(4 9) oo

Theorem 1.4. For |q| <1 and k > 5 there holds

>

mi,...;mp_220

q(m1+m2)2+m§+~~+mi,2 k=3

H mj—1+mj'—m7'+1j| [mkfg}

[ 2m_7~ mEg—2

Jj=3
Fy Fy —

Rlk-2 g

(Q)ml (Q)2m2

FpFp_o+1 2FpFr_o+1. 2Fka—2+1)
K b o0

(q q

(¢ 9)0

q
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The cases k = 3 and k = 4 may be included by taking >, -, ¢ /(q)m and

>y ma>0 q(mitm2)* M /() (@), as respective left-hand sides.

Theorem 1.5. For |q| <1 and k > 5 there holds

q(m1+m2)2+m§+-“+mz,3+mk—3mk—2 k=3
Z ( [mj—l"l'mj_mj«i»l]) [mkﬁ%}
2m; Mg —2
M1 yereyp—2>0 (q)ml (q)2m2 j=3
FyFr_o—1 FypFp_ 2F  Fr_o—1. [ 2F,F_2—1
_(qkk’z,qkkz’qka’qkkz)oo

(4 0)
2. THE BURGE TRANSFORM
The Burge transform, which is a generalization of a special case of the Bailey
lemma, provides an iterative method for proving polynomial analogues of g-series

identities [10]. Before we state the actual transform let us define the polynomial
B(L,M,a,b;q) as

(2.1) B(L, M, a,b;q) = B(L,M,a,b) = {L+M+a—b] [L—i—M—a—H)].

L+a L—a

Note that B(L, M,a,b) is nonzero iff L + a and M + b are integers such that 0 <
|b] < M and 0 < |a| < L. Moreover, it satisfies the symmetries

B(L7M7 —a, _b) = B(LvMaavb)
(2.2) B(L,M,a,b) =B(M,L,b,a)

(2.3) B(L,M, a,b;1/q) = ¢***2LMB(L, M, a,b; q)
and becomes proportional to the g-binomial coefficient when either L or M tends
to infinity
(2.4) lim B(L,M, a,b) = { 2L :|/(q)2L.
M—o0 L—a
The most interesting properties of B are however the following two transformations.

Theorem 2.1. For L, M, a,b integers such that not —L+a < -b< L+a<b< M
or—L—a<b<L—-a<-b<M,

i2 2L+ M — 1 L. 2
(2.5) Zq { of }B(L—z,z,a,b)—q B(L,M,a+b,b)
>0
and
2 2L+ M — i . i o2
(2.6) ;q { of ]B(Z,L i,b,a) = q” B(L,M,a + b,b).

These two results are known as the Burge transform [10, 11, 18], and are an
immediate consequence of the ¢g-Saalschiitz sum [12, Eq. (I1.12)], or, equivalently,
of [2, Eq. (3.3.11)]. The second transform of course follows from the first by the
symmetry relation (2.2). The conditions imposed on the parameters are due to
the fact that the left side may be zero when the right side is not. They perhaps
appear cumbersome but are in fact quite innocent. In all our applications of the
Burge transform a and b will have the same signature. It is not hard to see that
the conditions then become void. For example, assuming 0 < b < M we need



6 OLE WARNAAR

to inspect the first condition only. But a > 0 clearly avoids the occurrence of
—b<L+a<b<[L—a. Asimilar reasoning applies for negative b.

3. THE GENERALIZED BORWEIN CONJECTURE

To derive manifestly positive representations for G(N, M;a, 3, K) using the
Burge transform the following lemma will be crucial.

Lemma 3.1. For L, M > 0 there holds

(3.1) SV B M) = |

L+M}
JEL

M

Proof. Take Rogers’ ¢-Dougall sum [12, (I1.21)]

n

3 1—ag®  (a,b,c,47 ")k (aq"“>’“_ (ag, aq/bc; q)n
= 1l—a (qaq/baq/c,aq"t';q), \ be (agq/b,aq/c; q)n

andlet a — 1, b — ¢ ™, ¢ — oo and n — L. After some simplifications this gives

(3.1). O

When either L or M tends to infinity (3.1) simplifies to Rogers’ polynomial
analogue of the Euler identity [16, §1]

v | 2M ] (@em
jze; a {MJ} (@)ar

In the following we will iterate the two Burge transformations (2.5) and (2.6) to
transform (3.1) into a binary tree of polynomial identities. First, by application of
either (2.5) or (2.6) one finds

(32) S (—1igHEIBL M2 ) = 3¢ [QL M- ”} H |

- 2L n
JEZL n>0

This is a doubly-bounded analogue of the first Rogers—Ramanujan identity. When
M goes to infinity we recover Bressoud’s identity (1.10) and when L goes to infinity
we find the following well-known specialization of Watson’s g¢7 transform (see e.g.
[8, Eq. (1.11)] or [14, Eq. (39)])

S (—1)ghiei+D) L\;]‘fj] _ (@)a2m N [Z\ﬂ

= (@m =

Without too much effort one can utilize (3.2) to also obtain a doubly-bounded
analogue of the second Rogers—Ramanujan identity.

Lemma 3.2. For L, M > 0 there holds

(3:3) D (VI [ RG = 2 PR
jEZ n>0
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Proof. Suppressing their L-dependence we denote the left sides of (3.3) and (3.2)
by fa and g, respectively. By application of the recurrence (1.8)

fus = P

JEZ
+ MY (1 g U [ [
JEZ

Since the second term on the right changes sign after the variable change j — —j—1
it vanishes. The first term is again split using (1.8) leading to

(3.4) = -1 +d" g

Next we let fas and gy denote the right sides of (3.3) and (3.2). A single application
of (1.8) show that (3.4) again holds. Since equation (3.3) trivializes to 0 = 0 for
M = 0 this settles the lemma. g

It is easy to see that by computing (3.3) + ¢™(3.2) we also get
i 15(5j+43) [L+M+ 1] (LM n(n+1) [2L+M—n+1
(3.5) Z(‘UJQN( v 7 M+3J Zq il o [n]-
JEL n>0

Although the identities (3.3) and (3.5) cannot be written in terms of the polynomials
B(L, M,a,b) they can be iterated by a simple modification of the Burge transform.
We will not pursue this here and only take the large M limit to arrive at the isolated
positivity result

C o1 o [20 41 L
G(L+1,0:1/2,2,2) = _ 1) g33(55+3) _ n(n+1) .
(L+1,L;1/2,2,2) jEEZ( )Yq L2 n§>0:q .

After this intermezzo we continue to iterate (3.2). To state the general result
some more notation is needed. Assume that (a,b) is a pair of coprime integers
such that 1 < b < a, and define a nonnegative integer n and positive integers

ag, - - - , Gy, as the order and partial quotients of the continued fraction representation
of (a/b— 1)%8(=2%) (sign(0) = 0), i.e
sign(a—2b) 1
(3.6) (% 71) = lag,...,an] = ag + .
a4+ —
1+ 1
.. + JE—
an

We denote the continued fraction corresponding to (a,b) by cf(a,b), and note the
obvious symmetry cf(a, b) = cf(a,a — b). By abuse of notation we sometimes write
cf(a,b) = (a/b— 1)%n(e=20),

Before we continue, we make the following important remark concerning con-
tinued fractions. For any admissible (a,b) such that (a,b) # (2,1) the continued
fraction cf(a, b) is not unique. Indeed, for ¢, > 2 the continued fractions [cy, .. ., ¢y]
and [co, ..., ¢, —1,1] represent the same rational number. This means in particular
that the order and partial quotients of cf(a, ) defined in (3.6) are not unique. In
the following we will use these to define several other quantities, which are therefore
not unique either. Later we will show however, that whichever choice is made, the
final objects of interest are independent of the choice of representation. This allows
use to choose at our convenience the representation with either a, = 1 or a,, > 2.
For (a,b) = (2,1) we of course only have cf(2,1) = [1].
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We now continue by further defining the partial sums t; = ch;é ay for 7 =
1,...,n+ 1. We also introduce ¢y = 0 and d(a,b) = t,4+1. Note that d(a,b) is
insensitive to the choice of representation of cf(a,b). Finally we define a d(a,b) x
d(a,b) matrix Z(a,b) with entries

0 4+ 0 p_ for j #t;
Ta,e = | 47 T 7
Oj k1 + 05k —0jk—1 forj=t;

and a corresponding Cartan-type matrix C(a,b) = 2I — Z(a,b) where I is the
d(a,b) x d(a,b) identity matrix. Note that the matrix Z(a,b) has the following
block-structure:

Ty,

Z(a,b) =

Ta,

where T; is the incidence matrix of the tadpole graph with ¢ vertices, i.e., (T;), % =
8 k+1+ 65 k—1+ 6510, A change from the representation of cf(a,b) with a, > 2
to the representation with a,, = 1 corresponds to the transformation

(3.7) T, —| e 4

1] 1

which leaves all but one matrix elements unchanged. (Given that Z(a,b) and C(a, b)
depend not only on (a,b) but also on the choice of representation of cf(a,b) the
fastidious reader might prefer the notation Z(cf(a,b)) and C(cf(a,b)).)

With the above notation we define a polynomial for each ordered pair of positive,
coprime integers (a,b) by

(38) Fa,b(L; M) — Z qu(a,b)m [2L+J2\/£7m1] I:ijj"’n]‘}
ezl i1

for a < 2b, and

(39) Fa,b(L7 M) — Z qL(L—2m1)+mC(a,b)m [L+J\24i0—m1] [‘rjmj—o—nj]
ezl =1
for a > 2b. Here

d(a,b) n t]'+171

(3.10) mC(a,b)ym = Z m;C(a,b); xmy = Z(mfﬁ_l + Z (my, — mk+1)2)

G k=1 3=0 k=t;+1
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and 11 = -+ = Tgap)—1 = 2, Tg(a,p) = 1. The auxiliary variables n; in the summand
are integers defined by the (m,n)-system

d(a,b)
(3.11) nj = Ldj1 — Z C(a,b);xmy for j=1,...,d(a,b).
k=1

We remark that the polynomials F, (L, M) bear close resemblance to the much-
studied fermionic polynomials arising in the quasiparticle description of ¢ < 1
conformal field theory [5, 6, 11, 17].

For each admissible (a,b) the polynomial Fy (L, M) is defined twice. To show
that these definitions are consistent we first assume that (a,b) # (2,1) and that we
have chosen cf(a, b) such that a,, > 2. Making the variable change mg(q,p) < Nd(a,p)
then yields the representation with a,, = 1. The easiest way to see this is perhaps to
first eliminate the n;, then to make the variable change mg(a,b) — Ma(a,b)—1—"Md(a,b)
and to rewrite this again in the form using the n;. Recalling (3.7) and the definition
of T; and C(a,b) this gives the desired result. When (a,b) = (2,1) there is only
one continued fraction representation, but Fy 1(L, M) is defined in both (3.8) and
(3.9). Since cf(2,1) = [1], one finds d(2,1) =1 and Z(2,1) = C(2,1) = (1). From
(3.11) we further find ny = L — m;. Hence, according to (3.8)

M

m2
CEURUED SR v |

m1>0

and according to (3.9)

_ L+M+mq|| L
Py (L, M) = Y qbmm)? :
21(L, M) >0q 2L mi
mi1-=

The variable change m; — L — m7 shows these two expressions are consistent.
We are now ready to state the identities obtained by applying the Burge trans-
form to (3.2).

Theorem 3.1. For L, M nonnegative integers and (a,b) a pair of coprime integers
such that 1 < b < a there holds

(3.12) > (1)1 g2 etV B(L, M, aj, bj) = Fau(L, M).
JEZ

We postpone the proof till the next section and instead continue with examples
and corollaries.

In our first example we take (a,b) = (7,5) and explicitly calculate F7 5(L, M) and
F;2(L,M). As continued fraction we choose the representation cf(7,5) = [2,1,1].
Hence n = 2, ag = 2, a; = a2 = 1, tl = 2, tQ = 3 and t3 = d(7,5) = 4. The
matrices Z(7,5) and C(7,5) are thus found to be

0 1] o] o 2 —1] o]0
1 1]=1] 0 -1 1| 1]o0
Z(7,5) = 0 1| 1]-1 |’ C(7,5) = 0 —1] 1]1
0 0| 1| 1 0 0] -1]1
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Inserting this in (3.8) and (3.9) (using the symmetry cf(7,5) = ¢f(7,2)) yields

F7}5 (L, M) _ Z qu-‘r(vm—mz)2—',-m§-‘rmf1 [2L+12\4L7m1] [L;rmnllz]
mi,...,mqa>0
« [ml-l-mz—ms] [m2+m3—m4] [TTLB}

2mao 2ms3 ma
and
Pro(L,M)= Y gl tlmemmamiemi (Lo (1]

my,...,mq>0
[t [t 9]
Next we consider Theorem 3.1 in the large M limit, and with the same notation
as above we define F, (L) = (¢)2r limps o0 Fop(L, M). Explicitly this yields

d(a,b)
(313) Fa,b(L) _ Z qu(a,b)m H [‘rjzjm-i-]nj]
ezt i=1
for a < 2b, and
d(a,b)
(314) F, b(L) _ Z qL(L72m1)+mC(a,b)m H [ijjfnj}
meZdJr(a.,b) i1 31

for a > 2b. Then, using (2.4), the following result arises after letting M tend to
infinity in (3.12).

Corollary 3.1. For L a nonnegative integer and (a,b) a pair of coprime integers
such that 1 < b < a there holds

. . 2L
3.15 G(L,L;b,b+1/a,a) = -1 Jq%ﬂ@ab“)ﬁ”[ } = F,(L).
(3.15) ( /a,a) JEZ;( ) L—aj b(L)

Obviously, F, ;(L) is a polynomial with only nonnegative coefficients. This leads
to our next corollary.

Corollary 3.2. For (a,b) a pair of coprime integers such that 1 < b < a the
polynomial G(L,L;b,b+ 1/a,a) has nonnegative coefficients.

Taking the large L limit of Theorem 3.1 is more intricate due to the L-dependent
term in the exponent of ¢ in (3.9). To overcome this complication one first has to
make a change of variables expressing the kernel of Fy (L, M) (with a > 2b) in
terms of the variables n1,..., 74, Mag+1; - - - s Ma(a,p) instead of my, ..., mgeqp). To
achieve this, first note that (3.11) implies

ao

(3.16) mj =L — jmag+1 — Zmin(j, k)np forj=1,... ao,
k=1

and hence m; —mj11 = Mgy+1 +njy1+ - +ng,. (If for (a,b) = (a, 1) we take the
representation cf(a, 1) = [a—1] then ag = d(a,1) = a—1 in which case mq 41 :=0.)
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Inserting this in (3.9), using (3.10) and defining N; = n; + - - - + ng,, gives

Fa,b(L,M) — Z q(Nl+ma0+1)2+"'+(Na0+ma0+1)2

N1,...,Naq >0
Mag+15--:Md(a,b) >0

d(a,b
Bt et e i pmen) [ mgen].
=1 j=ao+1
with @ > 2b. Here it is to be understood that the auxiliary variables my, ..., mq,
and Ngq12,. .-, Nd(q,p) follow from (3.16) and (3.11), respectively. The auxiliary
variable 14,41 is special in that it needs both equations for its computation,
ao d(a,b)
Nag+1 = L — agMag+1 — Z kng — Z C(a,b)ag4+1,Mk-
k=1 k=ao+1
After these preliminaries we are prepared to take the large L limit of Theo-
rem 3.1. All that remains to be done is to define the polynomials F, (M) =
(q)QM limL*,oo Fa’b(L, M)7 i.e.,

mC(a,b)m d(a;b)

[T [

=2

(317) Faon= Y (0

mGZj}“”’) (q)M*ml (q)ﬁml

for a < 2b, and

(CI)QM q(Nl +Mag+1)2 4+ (Nag +Mag+1)>

(3.18) Fou(M) = >

N1,..Nag 20
Mag+1s--Md(a,b) >0

(Q)M—N1—ma0+1 (q)nl e (q)nao (q)7a0+1ma0+1

ot d(a,b)
% Zj,(l?’:a0+1mjc(a’b)jwkmk || [ijj""nj}
q ijJ'
j=ao+2

for a > 2b. Of course 74,41 is always 2 except when (a,b) = (a,1) with the choice
cf(a,1) =[a —2,1].
Our next corollary can at last be stated as follows.

Corollary 3.3. For M a nonnegative integer and (a,b) a pair of coprime integers
such that 1 < b < a there holds

S , 2M
G(M,M;a,a+1/b,b) = (—1)Jq5J<<2“b+1>3+1>[ b} = Fup(M).
. M —bj
JEL

Continuing our previous example for (a,b) = (7,5) we find

gmit(mi—ma)?+mitm]

" I " ]

(Q)M—ml (q>2m1

q(m+n2+m3)2+(n2+m3)2+m§+mi

Fro(M) = (q)2m >

n1,n2,m3,ma>0

il

(q)M—ms—nl—nz (@Dn1 (Dns (Q)st 4

Next we return to Corollary 3.3 and take M to infinity. By the Jacobi triple
product identity [2, Thm. 2.8] we then obtain the following two results.
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Theorem 3.2. For|q| < 1 and (a,b) a pair of coprime integers such that 1 <b < a
there holds

qmc(a,b)m d(a,b) [ . } (qab qab+1 q2ab+1.q2ab+1)oo
E £ 0 TiM TN — ) Y 7
mezd@?) (@)rim, j=2 v (@ @)oo
+

for a <2b, and

Ni+magy1)®++(Nag+mag+1)°

q
Z (Q)nl o

N1,..yNgy >0 ' (q)"ao (q)7a0+1m’10+1
----- ag>
Mag+15--+yMd(a,b) >0
d(a,b) ab ab+1 2ab+1. 2ab+1
X qE ik ag+1 ™3 Cab)kme I [P = (@™ e o
‘rjmJ N
jman+2 (q, q)OO
for a > 2b.

The simplest case of the theorem is (a,b) = (k,1) or, by symmetry, (a,b) =
(k,k —1). Choosing cf(k,1) = [k — 1], one finds n =0, ap =k — 1, d(k,1) = k — 1,
and Z(k,1) = Ty—1. Hence

Ni++NZ_,

I

for kK > 2 where Nj =n; +--- +ni_1, and

(¢*, ", ¢** i q

2k+1)oo

M4 +ME_ | ki~

> ° (") e
(q 2m; M1
mi,...,mp_1>0 2my j=2
(qE=D), gk(k=D+1 g2k(k=1)+1, g2k (k=1)+1)

(¢ 9)oo

for k > 3 with M; = m; —mj_1 (mo = 0). The first of these two results is of
course the (first) Andrews—Gordon identity for modulus 2k + 1 [1] which we have
now embedded in a much larger family of Rogers—Ramanujan-type identities.

Another simple case of Theorem 3.2 occurs when (a,b) = (F, Fi,—1) or (Fj, F_2)
where Fj, = ((1+/5)* — (1 —/5)F)/(2¥/5) is the kth Fibonacci number; Fy = 0,
Fy =1 and F, = Fy_1 + Fi_o. Using the recurrence for the Fibonacci numbers
and Fy/F; = 1 this yields

F, N 1
f(Fy, Fio :( —1) - -1 — =1, 1
C( ko Sk 1) Fi_4 Fi_o +% [H/—/]
k=3 k—2
for kK > 3. Hence n = k—3, a9 = --- = ag,—3 = 1 and d(Fy, Frp—1) = k — 2.

Inserting this in Theorem 3.2 and renaming n; as m; in the second equation yields
the Theorems 1.2 and 1.4.

Before we continue to explore the consequences of Theorem 3.1 we should perhaps
remark that in the Andrews—Gordon identity (3.19) we can freely choose k. This
means that we can always tune its right-hand side to coincide with the right-hand
side of the first or second identity of Theorem 3.2. So what we have actually
obtained are new representations for the sum side of the Andrews—Gordon identities.
Specifically, if we consider the Andrews—Gordon identity for modulus 2k + 1 then
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we have found new sum sides for each ordered pair of coprime integers (a,b) such
that ab = k. The most spectacular aspect of this is perhaps the fact that these new
sums sides, though being considerably more cumbersome to write down, are much
more efficient. In particular, the Andrews—Gordon identity for modulus 2k 4 1 has
a (k — 1)-fold sum on the left-hand side whereas for (a,b) such that ab = k (and
b > 1) we obtain a sum side consisting of a d(a, b)-fold sum, where d(a,d) is the
sum of the partial quotients in the continued fraction of (a/b — 1)s&7(¢=20)  For
instance, from our on-going example we find

qu—&-(ml —7112)2—&-m§—&-m?1

(™ oy "I ey ™ i)

w0 (@)2m, ama ma S
B (@, ¢, ™ ™) oo
(¢ 9)o0
and
Z q(m+n2+m3)2+(n2+m3)2+m§+mi [ms] _ (q14,q15, q29; (129)C>o
(@1 (@2 (@) 2ms m (¢ 4)oc

ni,n2,mz,mas>0
to be compared with

Nt +Ng,

q
Z (CI)m R

ni,...,n34>0

- (q35’ q367q71; q71)

(Dnss (4 9)o

oo

and
Z qN12+...+N124 (q14’ q15’ q29; ng)oo
n1o1a>0 (q)nl e (q)n14 B (Q7 Q)oo '

The most efficient sum sides of course occur in the identities involving the Fibonacci
numbers, with log(2ab+1)/d(a,b) = log(2F Fy,_1 +1)/(k —2) — 2log((1++/5)/2)
when k tends to infinity.

We have not yet come to the end of our list of corollaries to Theorem 3.1 and next
we are going to exploit the fact that the polynomials in (3.12) are not reciprocal. If
we define the polynomials f, (L, M) exactly as in (3.8) and (3.9) but change the
term mC(a,b)m to mC(a,b)m with m = (ma,...,mgqp)-1,0), i.e., mC(a,b)m =
mC(a, b)m + mg(a,p)(Ma(a,p)—1 — Md(a,p)) and define the special case fo1(L, M) as

farLA) = 3 qu[2L+Mm} H

2L m
m>0

then the ¢ — 1/q version of Theorem 3.1 can be states as follows.

Corollary 3.4. For L, M nonnegative integers and (a,b) a pair of coprime integers
such that 1 < b < a there holds

Z(_1)jq%j((2ab_1)j+l)8([’vM7 aj, b]) = fa7b(L7M)~
JEL
The proof is obvious and merely requires (1.7) and (2.3) and the observation
that mC(a,b)m = Z?}(,:;bl) (rj — 1)m;C(a, b); xmy.
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The case (a,b) = (3,1) deserves special attention. Taking cf(3,1) = [1,1] and
replacing m; — L — i —n and mg — 1 gives

D (1Y qICIUB(L M, 35, j) = ) g A PR R [,
JEL n,i>0

This is our second doubly-bounded analogue of the first Rogers—Ramanujan iden-
tity, reducing to (1.11) in the large M limit. More generally, when (a,b) = (k+1,1)
we obtain new doubly-bounded analogues of the Andrews—-Gordon identity (3.19)

Do (g BRIBL M, (k+ 1)j.g) = Y] NNy

JEZ NyyeeeyN—1,12>0

2L+ M—Ny—4] [L—i(k— 1) Nk 2L 2ij— N NJ+1 2N,
X oI

with N, =0 and Nj = Ny 4 -+ N;_; = >0 min(j — 1,0)n;.

We now proceed exactly as before. First, defining f, (L) as in (3.13) and (3.14)
but with mC/(a, b)m replaced by mC(a,b)m (and fz1(L) as the right side of (1.9))
we find the following large M limit result.

Corollary 3.5. For L a nonnegative integer and (a,b) a pair of coprime integers
such that 1 < b < a there holds

.y . 2L
(320)  G(L,L;b—1/a,b,a) =Y (—1)g>/((Peb=17+1) {L ] fan(L).
JEL

A different route to this corollary is to take (3.15), replace ¢ by 1/¢ using (1.6)
and (1.7), and to then replace b by a — b. From this remark it is clear that (3.20)
does not yield new positivity results independent of (3.2).

To take the large L limit in Corollary 3.4 we define f, (M) as in (3.18) and (3.17)
but with the usual m(,, b)(md(a b)—1 — Md(a,p)) added to the exponent of g. There

is one exception, namely, fo1(M) = F,_11(M) (with fo1(M) = (¢)2rs/(q)ar)-

Corollary 3.6. For M a nonnegative integer and (a,b) a pair of coprime integers
such that 1 < b < a there holds

G(M, M;a—1/b,a,b) =Y (—1)7q2/(2*=17+D [ = fap(M).

2M ] -
JET

M —bj
Letting M tend to infinity we have reached our last theorem of this section.

Theorem 3.3. For|q| < 1 and (a,b) a pair of coprime integers such that 1 <b < a

there holds
Z q H [ijj—i-nj] _ (q yd 5 q 5 q
Tim; .
'mEZi(a’b) (q)2m1 j=2 77 (q7 q)oo

mC(a,b)m d(a,b) ab—1 _ab 2ab—1. 2ab71)
oo
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for a < 2b, and

q(N1+ma0+1)2+“'+(Na0 +ma0+1)2

1y Tiag 20 (Q)nl T (q)nn,o (q)2ma0+1

Mag+15---Md(a,b) 20

d(a,d) ab—1 ,ab ,2ab—1. 2ab—1
W g1 M C@b) 11 [rjmﬁnj]:(q 44 1" oo

) Timy (¢ 9) o0

j=ao+2

for a > 2b# 2 with m; = m;(1 — J; 4(ap))-

As examples one finds Theorem 1.3 when (a, b) = (Fy, Fy_1), Theorem 1.5 when
(a,0) = (Fk, Fr—2),
M2 M2, —mp_oMj_y k=2
Z q 1M, k—2ME (H [mj71+mj+1]) [mk—Q]
2m; MK _1
> j=2
(gPU=D=1 ghlh=1) 2k(k=1)=1, g2k(k=1)=1) _

(q)le

(¢ @)
with M; =m; —m,_1 (mo =0) when (a,b) = (k,k—1) (k> 3),

by

ma>0 (Q)le

quJr(ml —ma)?+m3+mama

(™ s "I oy ™ i)

(®*,6%,¢%¢%) s

B (¢;9)o0

when (a,b) = (7,5), and

>

ni,nz,mz,mq>0

2 24m?2 13 14 ,27. .27
q(n1+n2+m3) +(n2+m3) +mz+mamy ms] _ (q . % g )OO

(@1 (@ ns (@) 2ms s (45 @)oo

when (a,b) = (7,2).

4. PROOF OF THEOREM 3.1

Throughout we assume that (a,b) is a pair of positive, coprime integers such
that @ > b. When (a,b) # (2,1) we will, for definiteness, choose the representation
of cf(a,b) with a,, > 2. Now recall the definition of d(a,b) as the sum of the partial
quotients of cf(a,b) and note that d(2,1) =1 and d(a,b) > 1 if (a,b) # (2,1). Also
note that for (a,b) = (2,1) the theorem is nothing but the identity (3.2). (To see
this recall that we already calculated Fs 1 (L, M) and that it coincides with the right
side of (3.2).) We may use these facts to set up a proof by induction on d(a,b).

Let us now assume that the theorem is valid for all (a’,b’) such that d(a’,b") = d
and use this to prove its validity for all (a,b) such that d(a,b) = d 4+ 1. There are
four different cases to be considered depending on the relative values of a and b.
Since we already dealt with (a,b) = (2,1) we may assume that a # 2b. For brevity
let us denote the left-hand side of (3.12) by By (L, M).
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4.1. Proof for a < 2b. Let (a,b) be a pair such that ¢ < 2b and d(a,b) = d + 1.
Since a < 2b it follows from (2.6) that B, (L, M) satisfies the recurrence

220+ M —i ‘ :
(4.1) Boy(L,M) =" ¢" [ - }Bb,a_b(z, L—i).
i>0

4.1.1. Proof for %b < a < 2b. If we write a’ = b and ¥’ = a — b then the condition
3b < 2a translates into @’ < 2b" and hence cf(a’,b’") = b’/ (a’ —b’) which we denote by
[ag, - .., al,]. Since cf(a,b) = b/(a — ) =1+1/cf(a’,V’) we conclude that cf(a,b) =
[1,a(,...,a,,]and d(a/,b") = d(a,b)—1 = d. (Note that by excluding (a,b) = (3,2),
which gives (a/,b") = (2,1), we avoid complications due to the fact that, by our
choice of representation, cf(3,2) = [2] = [1 + a(] and not cf(3,2) = [1,1] = [1,a(].)
Consequently we may use our induction hypothesis to replace By p in (4.1) by
Fy/ p defined in (3.8). Abbreviating Z(a’,b’) and C(a’,b’) by Z' and C’ this yields

d
Ba,b(L,M) :Zqﬁ [2L451Lu—i] Z qm’c’m L+z m H T,m +n
i20 m/EZi j=1
with
d
(4.2) nf=idj1—» Cjymy forj=1,....d

Next rename ¢ as m and m;- as mj41, and define
1] -1
(4.3) 7= 7

and C = 2I — T with T the (d 4+ 1) x (d + 1) identity matrix. Observing that
T = ZI(a,b) and C = C(a,b) thanks to cf(a,b) = 1+ 1/ctla’,b'] = [1,ay,...,al,],
this gives

d+1
(44) Ba b(L M Z qu(a ,b)ym [2L+M ml] ['r]:rrn]n:rn]] 7
Zd+1 Jj=1 o
with
d+1
(4.5) nj=Ldj1— Y Cir(a,bymy forj=1,...,d+1.
k=1

Since the right-hand side is exactly expression (3.8) for F, (L, ) with d(a,b) =
d + 1, this establishes (3.12) for 3b/2 < a < 2b and d(a,b) = d +

4.1.2. Proof for a < 3b. Again we write ¢’ = b and b’ = a — b but this time
the condition 2a < 3b yields @’ > 2b'. Hence cf(a’,V') = (o’ — V')/b which is
denoted by [ag,...,al,]. Since cf(a,b) = b/(a —b) = 1 + cf(a’,b") we conclude
that cf(a,b) = [ag + 1,...,a),] and d(a’,b’) = d(a,b) — 1 = d. We may thus
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use the induction hypothesis to replace By p in (4.1) by Fyrp defined in (3.9).
Abbreviating Z(a’,b') and C(a’,b") by Z' and C’ this yields

u

Ba,b(LyM):Z 2L+M 1 Z qz(z 2mq)+m/C’'m’ L-i—'m1 H TJ’H'L +n

i>0 m/ezd =1

with n; again given by (4.2). Once more we change ¢ — m; and m; — Mmjy1, and
define

(4.6) 7= 7

and C = 2I —Z. It follows from cf(a,b) = 1 + cf[a’, V'] = [a{ + 1,...,al,] that
T = I(a,b) and C = C(a,b), again leading to (4.4) and (4.5), thus establishing
(3.12) for a < 3b/2 and d(a,b) =d + 1.

4.2. Proof for a > 2b. Let (a,b) be an admissible pair such that ¢ > 2b and
d(a,b) = d+ 1. Since a > 2b it follows from (2.5) that B, (L, M) satisfies the
recurrence

2 [20 + M —i -
(4.7) Bap(L, M) =) ¢' [ or }Bab}b(L —i,4).
i>0

4.2.1. Proof for 2b < a < 3b. If we write @’ = a — b and b’ = b then the condition
a < 3b implies that a’ < 2/, and we may copy the first part of the first paragraph
of section 4.1.1 and replace B,/ in (4.7) by F,/ 1y defined in (3.8). With the same
notation as before this leads to

d
_ i% [2L+M —i m'C’'m’ 2L i— m1 7' +n
Bap(L, M) =Y q" 57 Y ¢ ] T
i>0 m/ezd j=1
with

d

(4.8) nf=(L—i)d1—» Cjymy forj=1,....d
k=1

This time we relabel i as L —m; and m/ as m;;1, and define Z as in (4.3) and
C =2I —7. Since T = Z(a,b) and C = C(a,b) thanks to cf(a,b) = 1+ 1/cfla’, V]
this gives

+
(49) Bab(L M Z qL(L 2m1)+mC(a,b)m L+M+m1 H ijj+n]

Tim;
’H'LEZd+1 Jj=1

with n; given by (4.5). Since the right-hand side is exactly expression (3.9) for
d(a,b) = d+ 1, this results in (3.12) for 2b < a < 3b and d(a,b) = d + 1.
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4.2.2. Proof for a > 3b. Writing a’ = a—b and ¥’ = b the condition a > 3b becomes
a’ > 2, and we may copy the first part of the first paragraph of section 4.1.2 and
replace B,y in (4.7) by Fyrp defined in (3.9). With the same notation as before
this leads to

_ 2L+I\/I z m' C'm’ Ler T m +7L
Bap(L, M) = E E, q 2175 H ’

>0 m EZd i=1

U

with n’ given by (4.8). Renaming i — L —m; and m}; — mj 1, defining 7 as in
(4.3) and C = 2I — 7, and observing that Z = Z(a,b) and C = C(a,b) because
cf(a,b) = 1+ cf[a’, V'], this again gives (4.9) and (4.5) establishing (3.12) for a > 3b
and d(a,b) = d+ 1 and completing the proof.

5. FURTHER POSITIVITY RESULTS

So far we have no identities for G(N, M;«, 3, K) with both « and § noninte-
ger. To obtain such results our starting point will be yet another doubly-bounded
analogue of the first Rogers—Ramanujan identity.

Lemma 5.1. For L, M > 0 there holds

(5.1) Z(—l)jq%j(5j+1)B(L7M7 2j +1,j) = anz [PEA Mt [L—1)
=/ n>0

Proof. As a first step we add zero in the form

L+1 Z q2_] (7+1) |:L+7]\‘/71+{j| [L+ﬁ;;—l}

JEZ

to the left side of (5.1). By the recurrence (1.8) we are then to prove

(5.2) Z(_l) 25(55+1) [L+Mj+g] [L+]1\V§I;;—1] _ anz [2L+2]\l/lf:1nfl} [L;Ll].
JEZ n>0

Suppressing the L-dependence in the first, we denote the left sides of (5.2) and
(3.2) by fa and gr a, respectively. Using (1.8) we then get

S =gnam+q" Z(—l)jq%j(jﬂ) [L+1\{;r11 1 |:L+]1\\2[;3]:—1j|
JEZ
i+ P g+ g Y (1B (B [
jEL
=gr-1,M + qQL_lfol.

Next we let far and gy, as denote the right sides of (5.2) and (3.2). One application
of (1.8) shows that the same recurrence again holds. Since (5.2) is true for M =0
we are done. O

Now that (5.1) has been proven we closely follow the work of the previous
two sections. The present situation is, however, notationally more involved and
further definitions related to continued fractions are needed. Let (a,b) be the
usual ordered pair of coprime integers with associated continued fraction cf(a,b) =
(a/b — 1)s&(@=2) — [q4. ... a,]. In principle we could still allow for both repre-
sentations of cf(a,b) but many of the equations below are sensitive to the chosen
representation and to avoid unnecessary complications we demand that a, > 2
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for (a,b) # (2,1). Given (a,b) we define a second pair (a,b) of positive, coprime
integers as follows

[1,a0,...,an-1] =14+ 1/[ao,...,an—1] for a < 2b

[ap + 1,a1,...,an—1] =14 [ag,...,an—1] for a > 20b,

a
(5.3) 7 =
with special cases (a,b) = (1,0) for (a,b) = (a,1) (a > 2) and (@,b) = (1,1)
for (a,b) = (a,a — 1) (a > 2). Since 1/[1,co,...,¢cn] +1/[co+1,...,¢,] = 1 it
readily follows that for (a;,b1) and (ag,bs) such that a; = as and by = a3 — by
there holds @; = ao = by + by. It is also easy to see that if a < 2b then a < 2b
and if a > 2b then @ > 2b. We also observe that [1,ao,...,a,] = a/b (a > 2b)
and [ag + 1,a1,...,a,] = a/b (a < 2b). In the language of continued fractions
this means that @/b is the nth convergent of the continued fraction of a/b (which
itself is of order n + 1). Care should however be taken with the anomalous case
(a,b) = (a, 1) for which a/b = a = [a] and (@, b) = (1,0). As an example of the above
definitions let (a,b) = (19,12). Then cf(19,12) = [1, 1,2,2], a/b=[1,1,1,2] = 8/5
and a/b = [1,1,1,2,2]. Similarly, if (a,b) = (19,7), then cf(19,7) = [1,1,2,2],
a/b=1[2,1,2] =8/3 and a/b = [2,1,2,2].

We further need to define the analogues of the polynomials F, (L, M), which
will be denoted by H, (L, M). For (a,b) = (2,1) we take it to be the right-hand
side of (5.1) and for all other (a,b)

d(a,b)
_ mC(a, b)m-i—Am 2L+M ml H "'ij"‘"j_‘;',d(aqb)
(5.4)  Hap(L,M) = Z q ijj—5j,d<i,b>fl]
mezi@,b) j=1
for a < 2b, and
(5.5)
d(a,b)
_ L(L—2m1)+mC(a,bym+ A, [L+M+m; H Timj+n;—0; d(a,b)
Hey (L, M) = z(: }q ™ 11 [ij_jﬁj,d(a,b)fl]
mEZd a,b =

for a > 2b. Here mC/(a,b)m and n; are still given by (3.10) and (3.11). The term
Ay, denotes the the linear term 2mge,5) — 2Maa,p)—1 + 1. Since a,, > 2 we thus
have

n tj+1—1

mC(a,b)m + Am = Z<m§j+1 + Z (mk — mk+1 — §k,d(a,b)—1)2)~
7=0 k=t;+1

The analogue of theorem 3.1 now breaks up into two separate statements.

Theorem 5.1. For L, M nonnegative integers and (a,b) a pair of coprime integers
such that 1 < b < a there holds (1)

(5.6) Z( 1)) q29((2ab+ D) +4ab+ DFab (1 N aj + @, bj + b) = Hy (L, M)

JEZ
for a < 2b and cf(a,b) a continued fraction of even order (i.e., n even), or a > 2b
and cf(a,b) a continued fraction of odd order, (ii)

(57) Z(_1)]’q%j((2ab+1)j+4a5+1)+d§B(L’M’ aj +a,bj + B) _ Ha,b(L7M)
JEL
for a < 2b and cf(a,b) of odd order, or a > 2b and cf(a,b) of even order.
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Instead of boring the reader with a complete list of analogues of the results of
section 3, we restrict ourselves to the analogue of Corollary 3.2. This follows after
letting M tend to infinity in Theorem 5.1 and using (2.4).

Corollary 5.1. Let (a,b) be a pair of coprime integers such that 1 < b < a, with
(a,b) = (2,1) excluded. Then (i) G(L + a,L — a;b — 2ab/a,b+ 1/a + 2ab/a,a) is
a polynomial with nonnegative coefficients if a < 2b and cfla,b) has even order, or
a > 2b and cf(a,b) has odd order, (i) G(L + a,L — a;b — 2b,b + 1/a + 2b,a) is
a polynomial with nonnegative coefficients if a < 2b and cf(a,b) has odd order, or
a > 2b and cf(a,b) has even order.

No further positivity results arise from Theorem 5.1. If we replace ¢ by 1/q and
then let M tend to infinity we get results which are equivalent to those obtained
by exploiting the duality (1.6) in Corollary 5.1. Although this is similar to the
situation encountered in section 3 it is more cumbersome to prove this. A brief
derivation proceeds as follows. Start with (5.7) and replace ¢ — 1/q using (2.3).
This gives the polynomial identity

S (1) qri(Rab it D+a B N aj + a,bj + b) = ¢*FM Ho b (L, M31/q).
JEL

Letting M tend to infinity establishes the positivity of G(L — a, L + a;b — 1/a +
2b,b — 2b,a). All of this is of course for a < 2b and cf(a, b) of even order, or a > 2b
and cf(a,b) of odd order. Next replace b — a — b which has the effect of changing
b— a—b. Hence G(L —a,L+a;a—b—1/a+2(a—b),a—0b—2@—"b),a) is
positive for a > 2b and cf(a,b) of even order, or a < 2b and cf(a,b) of odd order.
Letting ¢ — 1/q in item (ii) of the Corollary 5.1 using (1.6) yields the same result.
Starting with (5.7) instead of (5.6) reproduces the ¢ — 1/¢ analogue of item (i) of
the corollary in much the same way.

Before we come to the proof of Theorem 5.1 let us consider the example (a,b) =
(3,1). Then (a,b) = (1,0) and cf(3,1) = [2] which is of order 0. Since also a > 2b
we are to use (5.7) leading to

(58) Y (~1)Yq/HIB(L, M, 35 +1,5)
JEL
—m 2 m1p—mo— 2 m m mq—
D DR S e | P T | i
m1,m22>0

The reason for giving this rather atypical example with trivial (a, b) is its ¢ — 1/¢
counterpart, which after the replacements my — L—i—nand my — L—2i—n—1
becomes

> (—1) qRICTIB(L, M, 35 + 1, j)
JEL
— Z qn(n+1)+i(L+n+1) [2L+J;Ilji7n] [2L72:';n71] [Lfi;nfl] )
n,i>0

This doubly-bounded analogue of the second Rogers—-Ramanujan yields (1.12) of
the introduction in the large M limit.
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6. PROOF OF THEOREM 5.1

Though considerably more involved, the proof proceeds along the same lines as
the proof of Theorem 3.1 given in section 4. Again we carry out induction on
d(a,b), but the first difference is that the case (a,b) = (2,1) which has d(2,1) =1,
is special and is not included in either (5.4) or (5.5). We therefore have to first
prove the cases (a,b) = (3,1) and (3,2) which are the only solutions to d(a,b) = 2.
These can then serve as starting point for our induction. Applying (2.6) to (5.1)
gives

(6.1) > (=1)7q2I I ENFIB(L M, 35 +1,25 +1)

JEL
_ Z qi2+7z2 [QLJ;JLVJ—z] [L+2ii1111—1] [1:11]_

,m>0

For (a,b) = (3,2) one finds cf(a,b) = [2] of even order, a < 2b and (a,b) = (1,1).
Hence the left side of (5.6) for (a,b) = (3,2) agrees with the left side of (6.1). To
see that also the right sides agree we rewrite the right side of (6.1) in terms of the
summation variables m; =4 and my = ¢ —n — 1. This gives
m2+(mi1—ma—1)2 [2L+M—m1] [ L+m mq—1
Z R v [2m1721] [ ma ]
ml,mQZO

in accordance with the (a,b) = (3,2) case of (5.4). Similarly, applying (2.5) to (5.1)
gives

D (I qH B, M3+ 1,5) = 3 o PP T

jEZ i,n>0

Introducing m; = L — 4 and my = L — ¢ — n — 1 on the right transforms this into
(5.8) which is the (a,b) = (3,1) case of Theorem 5.1.

Now we are prepared for the induction step, and we assume the theorem to be
correct for all (a’,b) such that d(a’,b’") = d in order to prove its validity for all
(a,b) such that d(a,b) = d 4+ 1. There are eight cases to be considered depending
on the relative values of ¢ and b and on the order of cf(a,b). For convenience let
us introduce the notation BEz;(L,M) for the left side of (5.6) when a < 2b and

cf(a,b) has even order. In the same way we define Bg:; (L, M), BE?(L,M) and
By (L, M).

6.1. Proof for 3b < a < 2b with cf(a,b) of even order. Let (a,b) be a pair such
that 3b/2 < a < 2b, cf(a,b) of even order n and d(a,b) = d + 1. For such (a,b) we
will show that

220+ M — i o
(6.2) By y (L, M) = Zq { o1 }B;’;b(z, L —1),
i>0
with d(b,a — b) = d. First write o’ = b and ' = a — b. Then 3b < 2a gives a’ < 2V’
(in accordance with (6.2)) and hence cf(a’,V’) = [af,...,a,,] = /(a’ — V). Since

cf(a,b) =b/(a —b) =1+ 1/cf(a’, V') one finds cf(a,b) = [1,4a(,. .., al,]. This yields
n' =n—1is odd and d(a’,V’") = d(a,b) — 1 = d. We may now conclude that at least
the labels in (6.2) are correct. Next we use the definition of Bg;fb, and the Burge
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transform (2.6) to compute the right-hand side of (6.2) as

Z(—1)jq%j((za/(a’+b’)+1)j+4a’(a’+5’)+1)+a’(a’+z3/)
JEZ
x B(L,M,(a +V)j+a +V,dj+a)

Since a/b = [L,a0,...,an-1] = [1,1,a0,...,ap—1] = 1+ 1/[1,a0,...,an 1] =
(@ +b')/a’ we find that @’ =b and b’ =a —b. Also using @’ =b and ¥/ =a — b we
can simplify the above expression to

Z(*1)jq%j((2ab+1)j+4ab+1)+aEB(L’M7 aj +a,bj +b).
JEZ
This is precisely the left side of (6.2) as we set out to prove.

The remaining part of the proof proceeds exactly as the proof given in sec-
tion 4.1.1. In a few words, we can use the induction hypothesis to replace the right
side of (6.2) by Hgr p (i, L—1) given in (5.4). Making the necessary variable changes
gives the expression claimed by the theorem.

6.2. Proof for 2b < a < 2b with cf(a,b) of odd order. Let (a,b) be a pair such
that 3b/2 < a < 2b, cf(a,b) of odd order n and d(a,b) = d + 1. Then (6.2) is
replaced by

(6.3) BYS(L,M) =Y ¢

i>0

O +M—d] oe . .
[ oL }B;;b(z,lj—z),
with d(b,a —b) = d. Again we define o’ = b and v/ = a —b. Copying the paragraph
below (6.2) replacing the one occurrence of ‘odd’ by ‘even’, shows that the labels
are again correct. Computing the right-hand side of (6.3) usinga’ = band ¥’ =a—b
results in

> (—1)T g (abtNitdab Ot ab B[, M aj + @, bj + b)

j€z
in agreement with the left-hand side of (6.3). The rest of the proof follows that of
section 4.1.1.

6.3. Proof of the remaining six cases. The proofs of the remaining cases are
simple modifications of the previous two and are therefore omitted. For complete-
ness we just state the six key-identities

220+ M —i
BYS(L,M) =Y "q" [ +2L z} BYZ (i, L— i) for 2a < 3b
i>0
and
2[2L+ M —i]
BYy (L, M) = Zq’2 { +2L Z} BES, (L —i,i) for 2b < a < 3b
i>0
o[20 + M —i
B woan =3 [P i) foras
i>0

where p =e¢e,0,é =0 and 0 =e.



THE GENERALIZED BORWEIN CONJECTURE 23

7. ROGERS—RAMANUJAN-TYPE IDENTITIES FOR EVEN MODULI

Closely related to the Andrews—Gordon identities (3.19) are Bressoud’s identities
for even moduli [7]

N24...4 N2 E k 2k. 2k
it N (q ,q47,47754 )oo

(7.1) 3 a -

o oo @y (D2 (6256 (¢ D)oo

for kK > 2, N; = nj+---+np_1 and |¢| < 1. An obvious question is whether
also these identities can be embedded in an infinite tree of Rogers—Ramanujan-type
identities. The answer to this is ‘yes’ and is already implicit in Burge’s original
paper on his transform. In [10, page 217] Burge states the following identity for
LM >0:

S (-1 ¢" B(L, M, j,j) =

JEZ

[L + M }
M qg'

This identity is very similar to (3.1) and if we define I, (L, M) by (3.8) and (3.9)
but with each g-binomial coefficient dressed with a subscript ¢ where 7; = 3 — 75,
then the following theorem is immediate.

Theorem 7.1. For L, M nonnegative integers and (a,b) a pair of coprime integers
such that 1 < b < a there holds

y i2 . .
> (—1)Yq" B(L, M, aj,bj) = Lo, (L, M).
JEL
As far as the generalized Borwein conjecture goes this is not interesting, but let-

ting both L and M tend to infinity yields an even modulus version of Theorem 3.2.

Theorem 7.2. For|q| < 1 and (a,b) a pair of coprime integers such that 1 < b < a
there holds

mC(a,b)m d(a,b) ab ,ab ,2ab 2ab)
) oo

I [orm] = (9", 4", a*;q
R (4 9)

>
meZi(a’b) (@)am,

for a < 2b, and

q(N1+ma0+1)2+~~+(NaO+mao+1)2

Z (Q)nl e (q)nao—l (qﬂlo ) qi—ao )nao (qfaoJrl ; q‘Fa0+1 )Tao+lma0+l

N1,yeny Nay >0
Mag+15---;Md(a,b) >0

d(a;b) ab ab _2ab. 2ab
« qzlji,(:;bcz(ﬁrl m;C(a,b); kmk | I |:7-jm_7-+nj:| _ (q yd4 4754 )OO
: T ST (49
j=ao+2

for a > 2b.

For (a,b) = (k,1) this is Bressoud’s (7.1). The most interesting other examples
again feature the Fibonacci numbers, and for (a,b) = (Fk, Fx—1) and (a,b) =
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(Fy, Fx—2) one finds

mi4tmi_,

O (lj ot ) [mes]

mi,...,mg_2>0

Fy Fi_ Fy Fy 2F Fr_1. 2F Fi
_(qkkl’qkk17q kkl’q kkl)oo
(4 0)oo
for k> 4, and
(matms)’fmi4-tmi_, k=3
q ( [mj,1+m] mJ+1])[mk_3}
z : 2m; _
M2 >0 (Q)ml (Q)ng j=3 ™ Mhk=2-q2
FyFy Fy Fy 2FkFr—o. 2F Fj_
(qkkz’qkkz,q kk2’q kkz)oo

(45 9) o0

for k > 5, where we have replaced n; — m; in comparison with Theorem 7.2. These
2
two series can again be extended to all k > 3 by taking >, <, q™ /(¢%; ¢*)m as left-

hand sides when k =3 and > -, gt m) G ) (g),0 (g% q%)m, as left-hand
side of the second series when k = 4.

8. OUTLOOK: HOW TRACTABLE IS THE BORWEIN CONJECTURE?

Using the Burge transform we have established two types of positivity results for
G(N,M;«,3,K). The first type has N = M with either o or 3 being an integer,
and the second type has N # M where both « and 3 can be noninteger. This might
lead one to suspect that proving the positivity of coefficients of G(n,n;«, 3, K) for
noninteger o and [ is perhaps a much more difficult problem. The sceptical reader
might even doubt that nice identities for such G exist in the first place, casting
doubt on the claim made in the introduction that our failure to prove the positivity
of A,(q¢) = G(n,n;4/3,5/3,3) is possibly just a practical and not a fundamental
problem.

Indeed we believe that the original Borwein conjecture is quite a bit deeper than
the positivity results proven in this paper. However, in our subsequent papers on
this topic we will introduce new types of transformations that settle more compli-
cated cases of Bressoud’s conjecture. Some appealing examples are the final entries
of the following two sequences of identities:

G(n,n;1/2,2/2,2) = Y qmln[m}
1

m1>0

G(n,n;3/3,4/3,3) = Y qnmm) Himizma)’ {sz] [ml}

2m m
mi,maz>0 1 2

G(n,n;5/4,6/4,4) = (=) +ma(mz-+ma) { n ] [ml} [mﬂ
( / / ) mi m§13>0q ma 2m2 ms
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and

G(n,n;2/2,3/2,2) = Z g { n }

my
m120

G(n,n;4/3,5/3,3) = A, (q) =777
Gln,n;6/4,7/4,4) = S qmmotmitm { n } [ml ] [mg]_

mq| |2ms]| |m
mi,mz2,m3>0 ! 2 3

The pattern is of course clear and we leave it to the reader to fill in the missing
item.

Note. Alexander Berkovich kindly informed me that he has independently ob-
tained several of the results established in this paper. In particular he has obtained
the corollaries 3.1 and 3.2 and all results implied by these.

REFERENCES

1. G. E. Andrews, An analytic generalization of the Rogers—Ramanujan identities for odd moduli,
Prod. Nat. Acad. Sci. USA 71 (1974), 4082-4085.

2. G. E. Andrews, The Theory of Partitions, Encyclopedia of Mathematics and its Applications,
Vol. 2, (Addison-Wesley, Reading, Massachusetts, 1976).

3. G. E. Andrews, On a conjecture of Peter Borwein, J. Symbolic Comput. 20 (1995), 487-501.

4. G. E. Andrews, R. J. Baxter, D. M. Bressoud, W. H. Burge, P. J. Forrester and G. Viennot,
Partitions with prescribed hook differences, Europ. J. Combinatorics 8 (1987), 341-350.

5. A. Berkovich and B. M. McCoy, Continued fractions and fermionic representations for char-
acters of M(p,p’) minimal models, Lett. Math. Phys. 837 (1996), 49-66.

6. A. Berkovich, B. M. McCoy and A. Schilling, Rogers-Schur-Ramanugjan type identities for
the M(p,p’) minimal models of conformal field theory, Commun. Math. Phys. 191 (1998),
325-395.

7. D. M. Bressoud, An analytic generalization of the Rogers—Ramanugjan identities with inter-
pretation, Quart. J. Maths. Oxford (2) 31 (1980), 385-399.

8. D. M. Bressoud, Some identities for terminating g-series, Math. Proc. Camb. Phil. Soc. 89
(1981), 211-223.

9. D. M. Bressoud, The Borwein conjecture and partitions with prescribed hook differences,
Electron. J. Combin. 3 (1996), #4.

10. W. H. Burge, Restricted partition pairs, J. Combin. Theory Ser. A 63 (1993), 210-222.

11. O. Foda, K. S. M. Lee and T. A. Welsh, A Burge tree of Virasoro-type polynomial identities,
Int. J. Mod. Phys. A 13 (1998), 4967-5012.

12. G. Gasper and M. Rahman, Basic Hypergeometric Series, Encyclopedia of Mathematics and
its Applications, Vol. 35, (Cambridge University Press, Cambridge, 1990).

13. M. E. H. Ismail, D. Kim and D. Stanton, Lattice paths and positive trigonometric sums,
Constr. Approx. 15 (1999), 69-81.

14. P. Paule, On identities of the Rogers—Ramanugjan type, J. Math. Anal. Appl. 107 (1985),
255—284.

15. L. J. Rogers, Second memoir on the expansion of certain infinite products, Proc. London
Math. Soc. 25 (1894), 318-343.

16. L. J. Rogers, On two theorems of combinatory analysis and some allied identities, Proc.
London Math. Soc. (2) 16 (1917), 315-336.

17. A. Schilling and S. O. Warnaar, Supernomial coefficients, polynomial identities and q-series,
The Ramanujan Journal 2 (1998), 459-494.

18. A. Schilling and S. O. Warnaar, A generalization of the q-Saalschiitz sum and the Burge
transform, in Physical Combinatorics, pp. 163—183, M. Kashiwara and T. Miwa eds., Progr.
Math. 191, (Birkh&user, Boston, 2000).



26 OLE WARNAAR

DEPARTMENT OF MATHEMATICS AND STATISTICS, THE UNIVERSITY OF MELBOURNE, VIC 3010,
AUSTRALIA
E-mail address: warnaar@ms.unimelb.edu.au



