CONJUGATE BAILEY PAIRS.

FROM CONFIGURATION SUMS AND FRACTIONAL-LEVEL STRING FUNCTIONS TO

BAILEY’S LEMMA

ANNE SCHILLING AND S. OLE WARNAAR

ABSTRACT. In this paper it is shown that the one-dimensional configuration
sums of the solvable lattice models of Andrews, Baxter and Forrester and the
string functions associated with admissible representations of the affine Lie
algebra Agl) as introduced by Kac and Wakimoto can be exploited to yield
a very general class of conjugate Bailey pairs. Using the recently established
fermionic or constant-sign expressions for the one-dimensional configuration
sums, our result is employed to derive fermionic expressions for fractional-
level string functions, parafermion characters and Agl) branching functions.
In addition, g-series identities are obtained whose Lie algebraic and/or combi-
natorial interpretation is still lacking.

0. NOTATION

Throughout the paper the following notation is used. N are the positive integers,
Zy the nonnegative integers, N, = {1,...,p}, Z, = {0,...,p — 1}. For n € Z,

(3) = n(n—1)/2.
1. THE BAILEY LEMMA

In an attempt to clarify Rogers’ second proof [55] of the Rogers—-Ramanujan
identities, Bailey [18] was led to the following simple but important observation.

Lemma 1.1. Ifa = {ar}r>0,...,0 = {01} >0 are sequences that satisfy
L o
(1.1) Br = Zarw_rvuﬂ and v = Z OrUr— LU+ L,
r=0 r=L
then
o0 o0
(1.2) > ary =) Brr.
L=0 L=0

The proof is straightforward and merely requires an interchange of sums. Of
course, in the above suitable convergence conditions need to be imposed to make
the definition of v and the interchange of sums meaningful.

In applications of his transform, Bailey chose uyr, = 1/(¢)r and vy = 1/(aq)y,
with the usual definition of the g-raising factorial,

o0
(a)oo = (CL; q)oo = H(l - aqk)

k=0
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and
(@)r = (a:9)1 = (a)oo/(ag") oo
for all L € Z. With this choice, equation (1.1) reads

L
(1.3) Br=Y T
r=0

— (¢)1—r(aq)L+r

and

(1.4) =3¢ O

—L @r—1(aq)r+1

A pair of sequences that satisfies (1.3) is called a Bailey pair relative to a. Similarly,
a pair satisfying (1.4) is called a conjugate Bailey pair relative to a.

Still following Bailey, one can employ the g-Saalschiitz summation [40, Eq.
(I1.12)] to establish that (v, d) with

(p1)L(p2)r(ag/p1p2)* 1
(ag/p1)r(aq/p2)r  (@)m-r(ag)mr+r

(1.5)

(

(

(Pl)L(Pz)L(GQ/Plpz)L (ag/p1p2)rm—1
(ag/p1)m(aq/p2) m (@)m—-1

provides a conjugate Bailey pair.
Unfortunately, Bailey outrightly rejected the above conjugate Bailey pair as too

complicated to yield any results of interest and focussed on the simpler case obtained

by letting M go to infinity. Doing so as well as letting the indeterminates p; and

p2 tend to infinity yields

al qu

(1.6) VL = ( and 0y =alq",

aq) o
which substituted into (1.2) gives

o0 o0

L _L? L _L?
E a”q ozL=§ a“q” PBr.
L=0 L=0

The proof of the Rogers—Ramanujan and many similar such g-series identities re-
quires the input of suitable Bailey pairs into (1.7). For example, from Rogers’ work
[55] one can infer the following Bailey pair relative to 1: ap =1 and

1

.7 (aq) oo

1
(1.8) ap = (—1)EgFBE=Y2(1 44, B = o5
Thus one finds
1 [e'e] ~ [e%e] qn2
(1.9) i _1)LqL(5L 1)/2 _ -
e 2 2

The application of the Jacobi triple product identity

o0

(1.10) 3 (1)) = (2,9/2,9)0

r=—00
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yields the first Rogers—Ramanujan identity

o 2

q 1
> (@n  (0,6%¢%)s

n=0

Here and later in the paper we employ the condensed notation

(a1, ..y a15q)n = (a1, ak)n = (@1)n - - (ak)n-
The second Rogers-Ramanujan identity

0 qn(n+l) 1

= (Dn (6%¢%0%)

follows in a similar fashion using the Bailey pair [55]

1
ap = (=1)Fg"CHIRA - @M /(1 —q),  Br=

(@)L
relative to ¢q. By collecting as many Bailey pairs as possible, Slater compiled a list
of over a hundred Rogers—Ramanujan-type identities [60, 61]. (Apart from a few
exceptions Slater either used (1.7) or the analogous identity obtained from (1.5)
and (1.2) by taking M, p; — oo and letting py = —¢*/? with k a small nonnegative
integer.)

By dismissing the conjugate Bailey pair (1.5) Bailey missed a very powerful
mechanism for generating Bailey pairs. Namely, if we substitute the conjugate
pair (1.5) into (1.2) the resulting equation has the same form as the defining re-

lation (1.3) of a Bailey pair. This is formalized in the following theorem due to
Andrews [10, 11].

Theorem 1.2. Let («, 8) form a Bailey pair relative to a. Then so does (o, (")
with
o = (PUL(p2)r(ag/pips)”
t (aq/p1)r(aq/p2)L

(1.11)

L
(p1)r(p2)r(agq/pip2) (agq/pip2)L—r
BD S rrrr ey P

Again letting p1, p2 tend to infinity leads to the important special case

2

L
r _ L _L? ;. a"q"
(1.12) oy, =a"q¢” ar and f = E Or,

=0 (q)L—r

which was also discovered by Paule [52] for a = 1 and a = q.
With this last result one finds that the Bailey pair of equation (1.8) can be
obtained by application of Theorem 1.2 with initial Bailey pair ag = 1 and

(1.13) ar = (-1)%qG) (1 +¢h),  BL=6r

relative to 1. Here d; ; is the Kronecker-delta symbol. The Bailey pair (1.13) follows
after setting x = 1 in the g-binomial sum

L

> (-1 rq(2) [LQ—LJ = (z,q/7)r,

r=—L
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where throughout this paper the following definition of the g-binomial coefficient
or Gaussian polynomial is used

m (@

m (@Dm

for m € Z, and zero otherwise.

At this point one may wonder why Bailey and Slater put so much emphasis on
finding new Bailey pairs, but contented themselves with just the single conjugate
Bailey pair (1.4). After all, the defining relations (1.3) and (1.4) are very similar
and it is therefore not unreasonable to expect that conjugate pairs are as important
and as numerous as ordinary Bailey pairs. In fact, because Andrews’ Theorem 1.2 is
equivalent to equation (1.2) with conjugate Bailey pair (1.5), in modern expositions
of the Bailey lemma there often is no mention of conjugate Bailey pairs and equation
(1.2) at all, see e.g. Refs. [10, 12, 13, 14, 2, 17, 28, 21, 37, 53, 54]. Instead, (1.11)
is referred to as the Bailey lemma and in the spirit of Slater, all focus is on finding
interesting Bailey pairs. These are then either iterated using (1.11) or (1.12) to
yield what is called a Bailey chain, or directly substituted into (1.7). The only
exception that we were able to trace in the literature is the conjugate Bailey pair
(Irf < 1)

L

(1.14) and oL =r

Sa——

7T Delag)ee (@)

which can be found in the work by Bressoud [27] and Singh [59] (and which for
r = ¢ we will meet again in Section 6).

This paper intends to revive the interest in conjugate Bailey pairs. In our ear-
lier papers [56, 57] we made a first step towards this goal by proving an infinite
series of conjugate Bailey pairs generalizing (1.6). Here we develop the theory of
conjugate Bailey pairs much further, exploiting the connection of Bailey’s lemma
with integrable systems and Lie algebras. We show that appropriate series of one-
dimensional configuration sums and Agl) string functions can be identified with the
series § and v defining a conjugate Bailey pair. Here one-dimensional configuration
sums [16, 39], also known as hook-partition generating functions [15], are polyno-
mials that have arisen in statistical mechanics and partition theory. A well-known
example are the polynomials introduced by Schur [58] in his famous proof of the
Rogers—Ramanujan identities. The string functions that occur are associated to
the admissible representations of the affine Kac-Moody algebra Agl) as introduced
by Kac and Wakimoto [46, 47].

Before we carry out the above program let us attempt to give an explanation of
the origin of our findings. An important notion in the theory of affine Lie algebras is
that of branching functions [44]. Here we consider the branching functions BNz
associated to (Agl) @ Agl), Agl)) at levels N1, Ny and Ny + Ny, respectively, where
N7 and Ny are rational numbers such that either N7 or N; is a positive integer.
The branching functions obey the symmetry BM»V2 = BN2:M | Following the work
of Andrews [10] and Foda and Quano [37], the infinite hierarchy of conjugate Bailey

pairs of [56, 57] were used in [23] to derive g-series identities for the Agl) branching
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functions. Schematically the results of [23] read as follows:

(1.15) BNuN2 _ Z ag\h),yél\b) _ ZB(LN1)5(LN2)’
L=0 L=0

where Nj is rational, Ny integer, *yj(:N2) is a level-Ny string function, ﬁj(:Nl) a (nor-

malized) one-dimensional configuration sum and (oM, (N1 (y(N2) §(N2)) are a
Bailey and conjugate Bailey pair respectively. In the middle term of this identity
the symmetry between N; and N> is not at all manifest since it involves only the
(integer) level- N string functions and not the (fractional) level- N7 string functions.
This suggests that there should be more general conjugate Bailey pairs such that
one can also derive

oo o0

(1.16) BN1N2 _ Z a(LNz),-Y(LNl) _ Z BéN?)SgNl)’

L=0 L=0
where now Ry(LNl) is a fractional-level string function, (@), g(V2)) (5(N1) §(N1))
are a Bailey and conjugate Bailey pair, and such that, manifestly,

Zﬁg\h)(gg\&) _ ZBEN2)5§JNI)'
L=0 L=0

This last equation is obviously satisfied if
(1.17) o0 =gosy™and 0P = g™,

with g;, independent of N7 and N,. Since (8 LNl) is a (normalized) one-dimensional
configuration sum we can now conclude that in the “yet to be found” conjugate
Bailey pair (™), 6(M)) the sequence 5(N1) is a sequence of (fractional) level-
N; string functions and the sequence 6(N1) is proportional to a sequence of one-
dimensional configuration sums. This is indeed in accordance with the announced
results. We also note that the above discussion establishes a duality between Bailey
and conjugate Bailey pairs through equation (1.17).

The remainder of the paper can be outlined as follows. In the next two sections
we review the one-dimensional configuration sums of the Andrews—Baxter—Forrester
models and the string functions associated with admissible representations of the
affine Lie algebra Agl). In Section 4 these are used to prove a very general class of
conjugate Bailey pairs stated in Corollary 4.2. In Section 5 we give fermionic or
constant-sign expressions for the one-dimensional configuration sums. This allows
us to apply the Bailey lemma, together with our new conjugate Bailey pairs, to
derive many new g¢-series results in Sections 6 and 8. In Section 6 we give fermionic
formulas for the fractional-level Agl) string functions and parafermion characters.
In Section 8 we derive a new type of bose-fermi identities extending identities of
the form (1.15) and (1.16) for the Agl) branching functions by allowing for both N;
and Ny to be rational numbers. To put this in the right context we first present a
discussion of the Aﬁ” branching functions in Section 7 proving a generalization of
a theorem of Kac and Wakimoto that expresses the branching functions in terms
of fractional-level string functions in accordance with (1.16).



6 A. SCHILLING AND S. O. WARNAAR

2. ONE-DIMENSIONAL CONFIGURATION SUMS

The one-dimensional configuration sums of the Andrews—Baxter—Forrester mod-
els were introduced in several stages in Refs. [58, 9, 16, 39].

Definition 2.1. For integers p,p’ with 1 <p < p’, and b,s € Ny_1, r € Zp41 and
L € Z, such that L+ s+ b is even, let

(21) XBP(L,biq) = X2 (L, b)
_ j 'j+p'r—ps L i+r)(p’j+s L
= Z{qj(pm p'r—p )[(Lﬂ_b)m_p,ﬂ — i)@' )[(L—s—b)/Q—p’j] }
JET

The configuration sums possess two symmetries which will be used later. From
the definition it can be deduced immediately that

(2.2) XE(L.) = X0, (Lp' ).
whereas
(2.3) XE(L,big) = gF 000X (L0 1/g)
follows by application of
), -l
mly, m

When the parameters p and p’ obey the additional restriction

(2.5) ged(p,p) =1

the polynomials (2.1) were encountered by Forrester and Baxter [39] as the gener-
ating function of sets of restricted lattice path. Below we describe a slight extension
of their result. A lattice path interpretation of the one-dimensional configuration
sums Xﬁf’s’p/)(L, b;q) for all 1 < p < p’ can be found in [35].

Let P = (x0,...,2r+1) be a lattice path consisting of an ordered sequence of
L + 2 integers such that |z;41 — ;| =1for 0<i< L, xg =8, 2, =b, xp41 =¢
and x; € Ny for 1 <4 < L. Denote the set of all such paths by Pz’b’c. Assign a
weight |P| to P € P"° as follows

L
|P| = ZiH(xi—lyxiyxi-'rl)?

i=1
where
/
— 1
H(a,aF 1l,a) = :I:VL(pin)J and H(a+1l,a,aF1)= 3
p

Here |z | denotes the integer part of x. Forrester and Baxter studied the generating
function

Di(s,b,c;q)= Y. ¢"
Pepibe

and proved for ¢ € N,y that [39, Thm 2.3.1]
(26) DL(S, b,c; q) _ qiL(cfb)(c+b7172r)+i(sfb)(s+b7172r)X£§Ds7p/)(L’ b),
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where r is given by

(2.7) rb+‘2:1f(p/p,p>J
(2.8) :H%l+{;—ﬂ.

For p’ = p+ 1 this result was first obtained in [16].

Later in this paper the configuration sum X(gf’ ol /)(L, 1) will play a prominent
role. Using the standard g-binomial recurrences

6 R o B o R

it readily follows that

B A A R A

One thus finds the relation

(2.9) XL, 1) = g E DX PP (1),

The corresponding lattice path interpretation for Xéf) P ) (L, 1) is easily found. When
p’ > 2p it is included in the Forrester—Baxter result (2.6) since b = 1 and ¢ = 2
yields r = 0. When p’ < 2p we need to allow for paths with ¢ = 0. Then b = 1 and,
using (2.7), r = 0. To see that the corresponding generating function is indeed

(2.10) Dy (5,1,0;q) = q+*C- VX7 (L, 1)

we compute D (s,1,2;q)/Dr(s,1,0;¢). On the one hand, by the one-to-one cor-
respondence (s,Za,...,25-2,2,1,2) < (s,z2,...,25-2,2,1,0) between paths in
Pyb? and P30 and the fact that H(2,1,2) = 0 and H(2,1,0) = 1/2 one finds
Dy (s,1,2:q)/Dr(s,1,0;q) = ¢~ %/2. On the other hand, by (2.6) and (2.9) we get

DL(& 1,2; Q> L(s=1)(s—2) Xl(l,?;p )(L» 1) _ ls(s—1)—1L X(g{)s’p )(L, 1)

DL(571,0;(]) DL(SaLO;q) 1 DL(SaLO;Q).
Combining the last two results clearly implies (2.10).

By the symmetry (2.2) we also need X,Sf’;p/)(L,p’ —1). For p’ > 2p its lattice
path interpretation follows again from the Forrester-Baxter result, as b = p’ — 1
and ¢ = p’ — 2 yields 7 = p. When p’ < 2p we need to allow for paths with ¢ = p'.
Then b = p’ — 1 and, using (2.8), » = p. By a calculation similar to the one above
it is then readily shown that Dy (s,p’ — 1,p’; q) is indeed given by (2.6).

The expressions (2.1) have also been studied extensively in the theory of par-
titions, see e.g. [5, 15, 24, 29, 30, 41]. Here we quote the most general result,
obtained in [15]. Let A be a partition and ) its conjugate. The (i, j)-th node of
A is the node (or box) in the ith row and jth column of the Ferrers diagram of
A. The dth diagonal of A is formed by the nodes with coordinates (i, — d). The
hook difference at node (i, ) is defined as A; — \. Theorem 1 of [15] states that
the generating function of partitions A with at most (L 4+ s — b)/2 parts, largest
part not exceeding (L — s + b)/2, and hook differences on the (1 — r)th diagonal at
least r — s+ 1 and on the (p — r — 1)th diagonal at most p’ —p+r —s— 1 is given

by Xﬁf;’p/)(L, b). Here the following two conditions apply [15], 1 <7 < p—1 and
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0<b—7r <p —p When r =0 one has to impose the additional condition that
the largest part exceeds (L — s — b)/2. Similarly, the case r = p can be included
provided one demands that the number of parts exceeds (L + s + b)/2.

3. CHARACTERS AND STRING FUNCTIONS FOR Agl)

In [46, 47] Kac and Wakimoto introduced admissible highest weight representa-
tions of affine Lie algebras as generalizations of the familiar integrable highest weight
representations [44]. Let p,p’ be integers such that 1 < p < p’ and ged(p,p’) = 1,
and define

N=p/p-2
so that —1 < N < Ofor p < p < 2pand N > 0 for p’ > 2p. Let Ag and A,
be the fundamental weights of Agl). Fix an integer ¢ € Z,y_; and let L(\) be an
admissible A(ll) highest weight module of highest weight! A = (N —£)Ag+/¢A;. The
corresponding character is formally defined as

dzi%al

Xe (z,0) = xe(z,q) = trp g™~

where d = 3 is the dimension of Ay, o is a simple coroot and

)

1 (6+1)?
NETR AW vy
In terms of the classical theta function
(3.1) Onm(zig)= > ¢z
JEZ+n/2m

. 1
of degree m and characteristic n, one can express the Ag ) character as

Za::ﬁ:l 090(£+1),p' (2,4")
Zo—:il 090,2(2, q)

The level-V Agl) string functions are defined by the expansion

(3.2) xe(z,q) =

2 1
(3.3) xe(z,q) = Y CN(q)givz"=m,
me27Z+4

and enjoy the symmetry
(3.4) chN,=cN

ml — “Y—m,L-
When N is integer we furthermore have
(3.5) Cﬁ,e = CéVme,e = Cgfm,Nfé
so that (3.3) may be put in the familiar form
Xe(za) = D Oy (@)Omn(z9).

0<m<2N
m + ¢ even

We derive an expression for the string functions following the approach of e.g.,
Refs. [42, 3]. First observe that

Y 000a(z,0) = ¢4 5 Y (~1Yq®) 2 = ¢ (2,9/2, )

o=+1 JEZ

IKac and Wakimoto considered the more general case A = (N —€)Ag+£A1 + k(N +2)(Ag— A1)
with k € Zp.
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where in the second step Jacobi’s triple product identity (1.10) has been employed.
Next recall the identity

1 v .
ErEt D) DA Cly

°° kEZ ieN

which can be extracted from an expansion of the following ratio of Jacobi theta
functions 9] (0)/91(u) in [62, §486] (see also [45, Eq. (5.26)] and [63, Egs. (A.4),
(A.5)]). Using this we find that

1)i+lg )—ik+pp’ (G+o(L+1)/(2p"))?

xe(z,
o==%x1j,k€Z ieN

—1(2p'j—2k+o(4+1)—1
X z z(pj o’( ) ),

where, as usual, (1) = ¢"/?*(¢)ss With ¢ = exp(2mir). Now replace j by ¢j and
then k by $(20p’j —m — 1+ o(£+1)). This yields

Z Z Z z(z+m +pp’ (j+(£4+1)/(2p"))*

m€2Z+l JEZ ieN

xe(z,q) =

3

% {q%i(2p'j+l+1) B qféi(2p’j+£+1)}z7%m'

Comparing this with (3.3) one can extract the string functions as

(2+1)2 _m?2
qINFD AN

(3.6) Cﬁ,e(Q)— ZZ )igzilitm)+ip(pi+t+1)

JEZ ieN

% {q%i(2p/y‘+e+1) _ q—éz‘(2p’j+e+1>}_

We slightly extend the original definition of the string functions given in equa-
tion (3.3) by dropping the condition ged(p,p’) = 1. Also normalizing for later
convenience we are led to the following definition.

Definition 3.1. For integers 1 < p < p/, m € Z and ¢ € Z, _y such that £ and m
have equal parity,

(3.7) c<f"4’>( ) =
e ZZ yigHilitm) +Jp(pJ+€+1){ z(2p/j+e+1)_q—%i(2p’j+e+1)}_

© €7 ieN

When ged(p,p’) = 1 we also use the notation C,]X’Z(q) = Cfffjf/)(q), where N =
p’/p — 2 is the level of the modified string function.

As a note of warning we remark that for a generic choice of variables the order
of summation in (3.6) and (3.7) has to be strictly obeyed. We use the form (3.7)
as defining relation rather than the more familiar (and computationally efficient)
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expression

(3.8) (g YigilHm)p ip i)+ (1) (207 )

q oo >0 <0
7>0 7<0

{Z Z} i FiCm) (i +)~ 3 (E41)(2p )
q oo >0 <0
i>0 3<0

for later reasons. By

(3.9) Z (—1)iq(;)+i” =0 fornelZ,

which is a specialization of Jacobi’s triple product identity (1.10), it is straightfor-
ward to transform (3.7) into (3.8). We also note that for integer level, i.e., p =1
and p’ = N + 2 we can rewrite (3.8) in the neat form (by (3.9) equivalent to [34,

Eq. (3.17)])
cN

{Z Z} *27) = Njkt k(m—0)+1j(m+0)

(@)% i>1  j<0
k<0 k>1

To see this, make the variable changes j — —j followed by i« — k+ j — 1 in the first
line and j — 1 — k followed by i — k4 j — 1 in the second line of (3.8) and use the
symmetry C ,(q) = ¢ =9/2CN_y n_4(q)-

To conclude this section we introduce the characters e%7€(q) of the Zy parafer-
mion algebra at rational level N [3]. It was argued in [3] that these characters are
realized as branching functions as follows:

By ,—m/2

ez = Y N (o — N?)

me2Z+1L

Comparison with (3.3) shows that

(3.10) eom () = 0(7)CL(0)-

For integer N the el , have also been shown to be branching functions of the Lie
algebra pair (AS\),_17 Cg\})) [43].

4. FRACTIONAL-LEVEL CONJUGATE BAILEY PAIRS

This section contains the key results of this paper. In Theorem 4.1 new conjugate
Bailey pairs are stated, which by Corollary 4.2 imply conjugate Bailey pairs involv-
ing the one-dimensional configurations sums and fractional-level string functions of
the previous two sections.

Theorem 4.1. Forn € Zy and j € Z, the pair of sequences (vy,d) with

(oo}

1 1. I 1o
V= (71)’Lq§’b(l+2L+T1){q52(2j+7]+1) . q7§Z(2j+T]+1)}
W (e 2
L L
o =[] - [247]

forms a conjugate Bailey pair relative to a = ¢".
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Before we prove this theorem let us first state the following corollary.

Corollary 4.2. Fiz integers 1 < p < p’, and let n € Z4 and { € Zy_1 such that
¢+ n is even. Let Cfﬁ’f) and XT(?S’P )(L,b) be defined as in (3.7) and (2.1). Then
(v,9) with

(4.2) L= (@aC) (@) and  6p = X)L+ ,1)

forms a conjugate Bailey pair relative to a = ¢".

Proof. Take the conjugate Bailey pair (4.1) and replace j by jp’ + (¢ —n)/2. Then
multiply both 77 and 6, by ¢/P?UP'+¢+1) and sum j over the integers. Using (3.7)
and (2.1) this transforms vy, and 07, of (4.1) into those of (4.2). O

The proof of Theorem 4.1 rests upon the following lemma.

Lemma 4.3. For a and b indeterminates,

o

ab 27 1 1
(4.3) Z R i (aq»(bq)r,l}

r=

= Dea g 2V 8.

=1

Proof. The terms within the curly braces can be combined to (b —a)q"/(aq).(bq);.
Using this as well as (a)oo/(a)r = (ag¢")o and (a)2,/(a), = (ag"),, equation (4.3)
can be written as

q abq r+1) (bq7'+1 0 +1 a _ b
4.4 )’ .
( ) Z (Q)r z:zl a — b
We now use the ¢-binomial sum [7, Eq. (3.3.6)]
45 =30 [}
(45) (@ =30

as well as the limiting case

ZOO (~a)*q')
(a)oo = 5
=0 (@)r

to express the left-hand side of (4.4) as the following quadruple sum,

© 0 0o T (EOH+EEY+(B)+rGtith+1)

_pyititkgitkyitk €2
222> (D v ORCCC

r=0 i=0 j=0 k=0

After shifting i — ¢ —k, j — j — k and r — r + k this becomes

min{i,j}

> X k > _r(i+j—k+1)
I S e DEa
=0 j=0 (q)
The sum over r can readily be performed thanks to [40, Eq. (1.3.15)]
= z" 1
(4.6) = ,
(Q)T (x)w
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leading to
oo o0 min{4,j} k
Z Z z+g (J”gl)aibj Z (71)kq(2)(Q)i+j—k.
% 520 j=0 = (@)i-k(D)j—r(Dr

The sum over k yields ¢* by the ¢g-Chu—Vandermonde sum [40, Eq. (I1.7)]

a,q” " cq™ cla
(4.7) 2¢1[ 14 7} = G/
c a (O)n
with n = min{i,j}, ¢ = ¢*~7 and a = cq", where the following standard notation
for basic hypergeometric series is employed

A1y ..oy Qr4l } - (@i, ..., ar 1)k k
T T 7 7’2: = -3 < -
19 [ bi,.. . b 1 kZ:O (@01, bo)k
As a result we are left with
Sy
@)oo i=0 j=0

This corresponds to the right-hand side of (4.4) as

oo o0

D zﬂq@fai—j—w
i=1 =0
_Z Z 1)it1q(2) gi=i-1pi _ZZ 1)i+ig (2 i

j=0i=5+1 7=0 =0

Finally we have to show that Theorem 4.1 follows from Lemma 4.3.

Proof of Theorem 4.1. Substitute the conjugate Bailey pair (4.1) into the defining
relation (1.4). After the shift » — r + L this becomes

q;‘ Z(_l)iq(g){q%i“—” — q%z‘<c+a+2>}

00 ;—1

IR - »
B 7{ by omn]) — lgo) }

—0 (q)T(Q)T+C

where we have set 2L + 17 = ¢ > 0 and 2j +n = o. To obtain this identity
we take (4.3) and choose a = q€=9)/2 b = ¢(¢+o+2)/2 and perform a few trivial
operations. 0

5. FERMIONIC EXPRESSIONS FOR THE ONE-DIMENSIONAL CONFIGURATION SUMS

From Definition 2.1 of the one-dimensional configuration sums we see that the
sequence ¢ in Corollary 4.2 is not a sequence of manifestly positive polynomials
(polynomials with positive integer coefficients). In applications of the corollary
interesting g¢-series identities arise when there exist expressions that do have this
property. Such constant-sign or fermionic representations for the configuration
sums of the Andrews-Baxter—Forrester models have recently attracted a lot of at-
tention [51, 19, 36, 20, 64, 65, 22, 31, 35, 38]. In this section we present some of
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the cited results for Xﬁ,ps’p/) (L, b) in the simplest case when ged(p, p’) = 1 and s and
b are so-called Takahashi lengths associated with the continued fraction expansion
of p/(p’ — p). More complicated cases where s and b are not necessarily Takahashi
lengths or where (p,p’) # 1 can be found in [22] and [36], respectively.

Given p,p’ such that ged(p,p’) = 1 and p < p’ < 2p define integers n and

Vg, - .., V, by the continued fraction expansion
pr— = [vo, V1, .-, Vn)
Introduce partial sums of the v; as t,,, = Z;nzgl v; for 1 <m < n and set tp = —1

and d = t,4+1 = t, +vn, — 2. The t,,,’s define a matrix Zp of size d x d with entries

Oij+1 + 0ij—1 for i # tp,
(IB)i7j = 5i,j+1 + 5i,j — (Si,j—l fori=t, <d
Sij+1 + Ou, 205 for i = d.

Viewing Zp as a generalized incidence matrix we define a corresponding fractional-
level Cartan-type matrix B = 2] — Zp, where I is the identity matrix. When
p’ = p+ 1 the matrix B is a Cartan matrix of type A and when p’ = p+ 2 it
corresponds to a Cartan-type matrix of a tadpole graph.

For 1 < m < n consider the recursion

Tmt+1 = Tm—1 + VmTm-

We need two sets of integers {y,, }"-% and {7, }"-}) approximating p’ and p, defined

by the above recurrence and the initial conditions y_1 =0, -1 = -1, yo =7p =1
y1 = v+ 1, 51 = vo. Hence ¥ /(Ym — Jm) = Vo, Vm—1], Yny1 = P’ and
Yny1 = P An important subset of Ny _; is given by the “Takahashi lengths”
l1,...,lg42 defined as

lj+1 = Ym—-1 + (,7 - tm)yma tm < j S tm+1 + 6m,n~

Clearly, for p’ = p+1 the set of Takahashi lengths is just N,/_;. Similarly one may
define the “truncated Takahashi lengths” I1,..., 1442,
L1 =Tmo1 0 = tm)Tms tm <J < tms1 + O,
which determine a subset of Z,. If b = [;;; is a Takahashi length then b denotes
the truncated Takahashi length 7.
For vectors u,v € Ziﬂ define

(5.1) fluv)y= Y gimPmozAuem [m N n} ;
me2Z+Q,, 1, m
where
d
m =1 m;

and where the following definitions are used. The variables m and n are related
by the (m,n)-system

1
m+n:§(IBm+u*+v*)
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where u* and v* denote the projections of u and v onto Zi. The linear term in
the exponent of (5.1) is fixed by

ug for m odd
A - i < k <t
(Auo)r {’uk for m even =l

Finally, Q,, ZdH U -Q(j ) where Q(j ) is defined recursively as

0l — max{j — 1, 0} for ¢, <i<d
QW + Q7 Ly forty 1 <i<tn,l<m <m

with 0 < m < n such that ¢, < j < t;41 + 6m,n. When v, = 2 we must take
(tat1) _
Q%1 =
When the conditions (2.5) are satisfied there exist fermionic expressions for the
one-dimensional configuration sums (2.1) in terms of the function (5.1) [22]. Gen-
erally these are very complex and, as mentioned earlier, to keep formulas relatively
simple we restrict our attention to b and s being Takahashi lengths (see [22, Eq.

(10.3)).

Theorem 5.1. Let 1 < p < p’ < 2p such that ged(p,p’) = 1 and let b = lg41,
s = ly41 be Takahashi lengths with 6 > 1 and r = b= iﬁ+1. Then

(5.2) X®P)(L,b) = g™ f(Ler + ug, uq),

where e; is the ith standard unit vector in Z+ (eq = 0) and

(5.3) u; = e; — Z e, fortm <i<tmi1+ Omn-
k=m+1

The explicit expression for A in the theorem is quite involved and is omitted
here. Instead we fix it by requiring that

XEP)(L,bq=0) =1,
for L > |s — b|. The relation between b and r given in the theorem corresponds to
(2.7) with ¢ = b — 1. This explains why 5> 1 (or b =lg41 > 2). As a consequence
X(p’p )(L 1), or, equivalently, Xff)s’p )(L7 1), is not contained in (5.2). Using (2.9)
these cases can however be obtained from [22, Eq. (10.2)] and [22, Eq. (8.68)] as
follows.

Theorem 5.2. For 1 < p < p' < 2p such that ged(p,p’) = 1 and s = l,41 @
Takahashi length,

(5.4) XPP(L,1) = g5 2 f(Let + ug, u,)
(5.5) X (L,1) = ¥ 20 f(Ler + o, o + wgsr)-

As before, Ay and A, are determined by demanding that the left-hand side is 1
for ¢ = 0, and w; is as defined in equation (5.3).

Fermionic forms for p’ > 2p can be obtained from the previous two theorems by
the duality transformation (2.3) (and equation (2.9) when r =0, b = 1). Applying
(2.4), this yields

X(P —p,p )(L b) — C]% (r? _(b_S)Q)_Ab'Sf(uU,Lel + U5)

b—r,s
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/ ’

(5.6) X(gf)sip’p)(L,l) _ qi(Lz—sz‘H)_Asf(u Ley + up)
(5.7) XL ) = i E DA ugy, Ley + ).

6. FERMIONIC REPRESENTATIONS OF Agl) STRING FUNCTIONS AND
PARAFERMION CHARACTERS

Our two main results obtained so far can be summarized as follows:

(1) The conjugate Bailey pairs (,d) of Corollary 4.2 where 7 is a sequence
of (generalized) Agl)
configuration sums.

(2) A fermionic representation for the sequences d as formulated in Theorem 5.2

and equations (5.6) and (5.7).
As a consequence of these results we find fermionic or constant-sign expressions for

the sequence v and thus for the Agl) string functions. Specifically, by Corollary 4.2
and equation (1.4) we have

string functions and § a sequence of one-dimensional

0 P /)
6.1 C(pm ) — 0,6+ 1
o w0 =3 =0

and hence, using (5.4) and (5.6), the following result arises.

(2r +m,1)

)7‘+m

Corollary 6.1. For1<p <p' < 2p with ged(p,p’) =1 set N =p'/p—2, and let
m € Zy and £+ 1 = 1,411 a Takahashi length such that £ +m is even. Then

(2r + m)ey + ug, uy)
6.2 Crlr\z] _ qu+1+ sm q f( 5
( ) }Z( ) ; (Q)T(Q)T—Fm
and
C—JZ/(N-i-l)(q) _ 4(m2 £(042))— Ay i qr(r+m)f(ua_’ (27” + m)el + ’u,o) .
" —0 (D)r(@Drtm

Similarly, using (6.1), (5.5) and (5.7) we get

Corollary 6.2. For1<p <p' < 2p with ged(p,p’) =1 set N =p'/p—2, and let
mEZy and p' — € —1=1,41 a Takahashi length such that £ + m is even. Then

2 ; Uo
eN (@) =4 Y1t mzq "f((2r +m)er + ug, o + uat1)

—0 (@) (@)rtm
and
e/ D (g) = gD Ay o
x i ¢ f (uo + war, (2r + m)ey + o)
—0 (@) (@)rsm

For most choices of p and p’ we believe these results to be new, but for p = 1,
p’ > 3 and for p = 2, p’ = 3 we recover known summation formulas. The simplest
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cases are p = 1 or 2 and p’ = 3 when we can employ Schur’s [58] polynomial

analogue of the Euler identity, Xﬁ’i)l (L) =1, so that by (2.3) and (2.9)

13 2_p2
X(ge+)1(L 1) = gt =)

XE (L 1) = g2,

Considering (p,p’) = (1,3) we find from Corollary 4.2 that §;, = anL2+(’72_€2)/4,
which we recognize as Bailey’s original sequence § of equation (1.6) up to an irrel-
evant factor ¢’ ~¢)/4. Hence ~;, = anL2+(’72_€2)/4/(aq)oo and

q4 (m2 62)

(@)
which is the well-known form of the level-1 string function [45, Sec. 4.6, Ex. 3].
Next let (p,p’) = (2,3). Then Schur’s polynomial identity implies 67, = ¢~+1—)/2
which corresponds to the specialization r = ¢ in the sequence ¢ of Bressoud and
Singh given in equation (1.14). Accordingly, we find that the string function at
level —1/2 can be represented as

(6.3) Che(q) =

)

1(m—0)
(92

A constant-sign expression can be obtained from (6.2)

2 (q) = gbimm E)Z

Using Heine’s 2¢; transformation formula [40, Eq. (III.3)]
a,b (abz/¢)oo
6.4 |: ; , :| = ———
(6.4) 201|107 )
m+1 and z = ¢, this can be transformed into

71/2( ): q

m, ¢

Z ( 1)1q21(z+2m+1)

i€Zy

r+m

201 [C/a’cc/b;q, Lbz}

c

witha=b=0,c=¢q

cY%(g) = gz N g rmAD)

mt (q)OO r=0 (q)r(q)r+m

which has an explicit factor 1/(¢)c and hence also provides a fermionic expression

for the parafermion characters emle/ (¢) of equation (3.10).
By far the most involved of the known cases is (p, p’) = (1, p) for arbitrary p’ > 3.
Then N =p' —2 €N, £ € Zn,1, and, according to Lepowsky and Primc [50],

m2—¢2

nC’fl(n—eg)

N o 4 g
(6.5) Coneq) = > o

(@)oo e

77;]4\;( +(Ciln)1EZ

where C is the Ay_; Cartan matrix, e; is the sth standard unit vector in ZV—1!

(eo = ey =0) and (¢)n = H;V;ll (@)n,;. From the fermionic representations (5.6)

and (5.7) for the configuration sum we also have

(1,N+2) I el Cl(n—e,) |M+n
(6.6) Xoor AL 1) =q > e eﬂ{ o
nGZf71

Lt y(c™'n) €z
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with m +n = %(Lel +er+7Im), and

2_ 2 —
(6.7) Xéléfl-ﬁ'Q)(L 1) = qL“f Z q"C '(n—en_r) {m: n}
nerfl

%*F(C_lnheZ

with m +n = %(Le1 +en_¢+ZIm). Here T is the incidence matrix of the Ay _;
Dynkin diagram.

Inserting (6.5)—(6.7) into (4.2) we obtain two sequences of conjugate Bailey pairs.
Using the symmetry C ,(q) = ¢"™~9/2CN_\ \_,(q) these two sequences may be
succinctly expressed as follows.

Theorem 6.3. For N > 1, 0 € Zo, n € Zy and { € Zny1 such that { +n+ oN
is even, the following pair of sequences (v, d) forms a conjugate Bailey pair relative
toa=q":

- aL/NqLZ/N Z an*l(n—e,_;)
(aq) o il (Dn
+
2Ll L (7 n) €2+ G
- m n
=N S e
nez?¥ 1!

2Lntt L (™ n), €2+ §
with m +mn = $((2L +n)e, + e, + Im).

These are the “higher-level” conjugate Bailey pairs of [56, Lemma 3] and [57,
Cor. 2.1] (with the parameter M therein sent to infinity and with the partition A
therein having a single part).

To conclude this section we give some examples of (6.1) that are new. When
we take (p,p’) = (2,5) we can express the string functions at level 1/2 in terms of
polynomials introduced by Schur [58] in his famous paper on the Rogers—Ramanujan
identities. To be specific, from (5.6) we infer the following polynomial analogues of
the Rogers—Ramanujan identities

L—-1
X3P (2L,1) = ¢ (1 DI il )

n=1
n=0

X3235)(2L 1 L 12 2L 1— n

X(()iis) (2L +1, 1) — qL—l Z qn(7L+1) [2L—nl_n] .
n=0

We remark that the above results may also be derived using related polynomial
identities for X5 (2L,3), X5V (2L + 1,2), X% (2L,3) and X{3” (2L + 1,2),
due to Andrews [4]. Substituting the above four identities into (6.1) gives fermionic



18 A. SCHILLING AND S. O. WARNAAR

representation for the string functions at level 1/2. Fermionic forms for the cor-
1/2

responding parafermion characters e,
factor 1/(q) oo

, can be obtained by pulling out an explicit

Proposition 6.4. For m > 0 the level 1/2 string functions can be expressed as

1/2 S P 2m—n—2
2 ,0( ) q)oo ; (Q)T "Z::l '
m o0 r m+LT/2J
+2m—n
61/2 0 = L q an |:7“ :|
2m+171< ) q)oo ; (q)T n=0
m—1

q
Cat?o(q) =

r DR [r +2m —n— 1]

n

m—+[(r—1)/2]

n(n r+2m-—-n-—1
Z q(ﬂ){ ]
n

n=0

oL/ B q"
am+1,3(

Proof. We only present the proof of the second identity. The other three identities
can be proven in a similar fashion. (The second rather than the first identity is
chosen because all equations are more compact in this case.) We start with

1/2 o il ¢+’ 2r+2m—n
C2m+1 1 =q E §
—0 n=0 'r 7+2m+1 n

and interchange the sums over r and n and shift » — r +n —m. Then we again
swap the order of summation yielding

(6.8) C21£+1 1 ( (Z Z + Z Z ) o [n ;QT}

r=m n=0 r=0 n=m—r r+n—m q)r+n+m+1

Now consider the first double sum denoted by S; and write this as

g = i q i qn(n+1) (q2r+1)n
r—m (q>r7m(q>r+m+1 n—0 (q>n(q7‘_m+1)n(q7-+rn+2>n

Using the ¢-Kummer-Thomae-Whipple formula [40, (II1.9)]

a,b,c de] _ (e/a,de/bc) oo a,d/b,d/c 6]7

d,e D abe (e,de/abc) oo 3¢2[ d, de/bc i
2r+1, d — qrferl

(6.9) 3¢2[

with a,b — oo, ¢ = ¢ and e = ¢" T %2 this can be put in the form

oo r+m
1 qr+n(n+1) r+m
Si=— 3y L _

m (Q)r+n—m n

r=m n=0

Once more the order of summation is reversed, then r is replaced by r +m —n and
the summation order is again changed. Thus,

X g min{r,m+|r/2]}
|

1*TZ g 5 nzr—|—2m—n].

r=0 q)T n=0 n
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Next we deal with Ss, given by the second double sum in (6.8). Shifting n —
n-+m —r gives

m m—1 n(n+2m—2r m—+r

q Z (m—r)? [r—i—m} g H2m=2r D) (gmeraly
(@2m+1 —0 (q n (@) (@22,

By equation (6.9) with a,b — oo, ¢ = q"”‘r‘“7 d=¢m™ ! and e = ¢*" 12 this is
equal to

Sy =

m—1 2r r n+mr)(n+mr+l)|: r4+m :|

Z Z (@)n

oo r=0 n=0
By an interchange of sums followed by the successive transformations r — n+m—r
and r < n this becomes

n+m-—r|

e 2m—2 ¢ m+|[r/2] r49m —n
. _
D YR DTl I
@Doo = (@r 51, n
Computing S7 + S results in the claim of the proposition. O

In our last example we take (p,p’) = (3,4). The one-dimensional configuration
sums for this case correspond to those of the celebrated Ising model of statistical
mechanics, and the fermionic representations of the previous section can be sim-
plified using the g-binomial theorem (4.5) or the g-Chu-Vandermonde sum (4.7).
Specifically we have the polynomial identities

(6.10) XS0 @) £ 2 x50 2L1) = ¢ (7)1
and
(6.11) XEPRL+1,1) = ¢ (—q)1.

Substitution into (6.1) yields fermionic forms for the string functions at level —2/3.
The next proposition states alternative expressions for these string functions which
by (3.10) also imply fermionic forms for the corresponding parafermion characters.
Proposition 6.5. For m > 0 the level —2/3 string functions satisfy the identities
m e 2/2+(m+1)'r

—2/3 q
Como (0) = 5150 2 < )r(@rrom

m > 2/2+(7’n+1)

{(_ql/z)r+m + (_1)T(q1/2)r+m}

3/2,— q
7 Cn 3D = 57 2
S q(2)+(m+2)r(

{(_q1/2)r+m - (_1)T(q1/2)r+m}

C72/3 0 = q _Q)r-‘rm
2m+1,1( ) (@)oo = (@)r(@)r+2mt1

Proof. Inserting the polynomial identities (6.10) and (6.11) into (6.1) one can apply
the 5¢; transformation (6.4) with a = 0, b = F¢™t/2, ¢ = ¢*"t!, 2 = ¢, and

a=0,b= —¢"", ¢c = ¢**2, 2 = ¢, respectively. This yields identities for
C,, 2/3( ) £ ¢*/%Cyn 2/3( ) and szﬁ 1(¢) which immediately imply the expressions
of the proposition. O
Note that one can apply (4.5) once again to rewrite
1 - n2/2 |7 +m
5{(_q1/2)r+m + (_1) (ql/z)T-HR} = Z e /2|: n :|’

n,restriction
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where the restrictions are n = r (mod 2) and n Z r (mod 2), respectively.

1
7. A1 BRANCHING FUNCTIONS

Let either N7 or N5 be a positive integer. Then the Agl) branching functions are
defined by [48]

(7.1) etz oxer(ze) = Y Bt (@xn(2,9).
€2, _,
L14L2+03€27
Here Ny = pi/p1 — 2, Ny = p4y/ps — 2 and N3 = Ny + Ny = pi/ps — 2, with
ged(pi,pi) =1 for ¢ = 1,2,3. Note that p3 = pip2 and p§ = pip2 + php1 — 2p1p2 =
p2(p} + Napi1). Indeed ged(ps, ps) = 1 since either py =1 or pa = 1.

In the following we are going to derive an explicit expression for the branching
function following the method employed by Kac and Wakimoto in [48] (see also [32,
33]). The essence of this approach is to expand the character Xg 2 in terms of string
functions and to then perform simple manipulations using the symmetries of the
string functions to express the left-hand side of (7.1) as a linear combination of the
XZ 3. The difference between our derivation below and that of Kac and Wakimoto
is that we will not assume that Ny is integer. Of course, since either N7 or Ns
is (a positive) integer and ngéi\ja = Bgféf}gs one can without loss of generality
assume that Ny € N. Nevertheless, dropping this assumption leads to a different
representation of the branching functions. As will be shown in the next section, this
has a natural interpretation in terms of the Bailey lemma. Before we commence
our derivation we remark that because Ny is no longer assumed to be integer we
deal with string functions at (generally) non-integer level and hence we cannot rely
on the symmetries employed in the Kac-Wakimoto derivation.

Insert (3.2) for le (2,q) and (3.3) for ng (z,q) in the left-hand side of (7.1).
Then, using the definition (3.1) of ©,, ,,, (%, ¢), one obtains

(72) PN (@) =X ()X (.0) D 0042(2,q)
o=+1

. m2 /.
=3 Y Y e TN (),

o==+1 jEZ—l-ng;l me27Z+4o
1

Now make the replacement m — m — 2p}j followed by j — o(j + g;ﬁl)' Using
C’fnv’z = Civm’g this gives

N1, Ns (S “lm ok (m—ti—1)2p) Pl +Nap1,N;
(7.3) Pel,ez (q) = ¢*™ Z z 2qrte bz1+1,m752 (9),

me2Z+61+42+1
where we have introduced the function

PPN
(9)

r,s,0
4L (PP'j+P'r—Ps) AN A (Pj P'j N
= Z{QN( e S)C2Pj+r—s,e(Q) — g (P ]+S)02Pj+r+s,€(Q)}'
JEL
Note that the initial assumption that either N1 or N5 is a positive integer means that
we are only concerned with b7,V (¢) with either (P’ — P)/N =1 or N € N. This

r,s,0

is crucial in the following lemma needed to rewrite the expression for PEJY’IZ’ZNZ (q).
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Lemma 7.1. Let P € N and N, P’ € Q such that N = p'/p — 2 with ged(p,p’) =1
and (P’ — P)/N € Zy. When (P’ — P)/N =1 or N € N the following periodicity
holds:

P,P' N - '_p’ P,P' N
(74) br,erQPP/,Z(Q) =q v (PP’ ~PirtPs) br,s,l <q)

Proof. After inserting the definition of b:’fe/’N in the above equation make the
variable changes j — 7+ p in the first term and j — j — p in the second term of the
left-hand side. Then, by the symmetry (3.4), equation (7.4) can be rewritten as

(7.5)

L (PP'j4+P'r—Ps) AN +(Pj—r)(P'j—s) N
Z{(IN( AR Q)CQPj+7‘7872pk:N,f(q)_qN( RS g)6'2133‘7%572;31@1\7,@(q)}

JEZ
4 (PP itP r—P N L(Pj—r)(P'j— N
Z{‘JN( IR O s(@) — g~ P S)C2PJ'—T—87‘(Q)}
JEZL

where k = (P'—P)/N € Z,. When N € N this follows directly from the symmetries
(3.4) and (3.5), and in the remainder we assume that N € Q and k = 1. The
complication is now that we no longer have C%,e = 01]7\17—2N,é' In view of this let
us first investigate the origin of this difficulty. Consider the expression (3.6) of
the A(ll) string functions. The summand has two different terms corresponding to
the two terms within the curly braces. In the first term make the variable change
j — j—1,17 — 1+2p and in the second term make the change 7 — j+1, j — ¢+ 2p.
The result of these changes is exactly the same expression as before except that m
has been replaced by m — 2p/N and that the sum over ¢ now runs over all integers
greater than —2p. We may therefore conclude that

(7.6) CTIX,Z(Q) = Cﬁ-@N,é(Q) + C’%—QpN,é(Q)v
where

(e+1)?2 _ m?2
q4(N+2) T 4N

CN (q) =
m.e(0) n3(7)
2p—1
% Z Z(_1)iq%i(ifm)+m(p’j+e+1){qf%i(2p’j+f+1> _ qéi(2p’j+l+1)}.
i=1 jEZ

By a shift j — j — 1 in the second term of the summand this becomes

(+1)?2  m2
q4(N+2) T anN

ON (g = L7
m,Z(q) 773(7_)
2p—1
« Z Z(,1)iq%i(i*m)+pj(p’j+€+l)f%i(2p’j+l+1){1 _ q%(i*p)(2p'j*p'+4+1)}’
i=1 jeZ

which shows that the ¢ = p term in the summand vanishes and hence that C_',],\; (@) =
0 for N integer.
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Inserting (7.6) into equation (7.5) with k = 1 we are done with the lemma if we
prove that

Z L (PP'j+P'r—Ps) AN
{qN( )C2Pj+r—s—2pN,Z(q)
JEZ

SR PIPIICN, e} =0,

Using the explicit form for C_'nl\{’e(q), this is equivalent to showing that
2p—1
- Z(_1)z‘qéi(z’—r+s>+jp(p'j+e+1>—%i(zp'j+e+1>{1 _ q%(z’—p><2p'j—p'+e+1>}
i=1 jeZ
x PPN +r=s) Z{ M pPHr=P(i=2p)) _ q(u—i+2p)(/LP—7’)} —0.
WEZ
After the shift 1 — ¢ —2p— p in the second term in the sum over p we are done. [J

P,P,N rs, P.P' N
r,8,0 (q) = _qNbr,fs,Z

From (3.4) it follows that b
with Lemma 7.1

! L (pP—r '—s) PP,
(7.7) bl o(q) = —q~ N EPPIEP =PRI (),

(¢) so that in combination

In view of (7.4) and (7.7), it becomes natural to dissect the sum over m in (7.3)

using
Z Jm = Z{ Z fopykres+1 + Z pr/sk—Zg.—l}-

me2Z+41+L42+1 keN ngZp/3 €3+1€Zpé
L1 +La+L3€2Z ly+L2+L3€27
. PP’ N _ PPN _ .
Observing that b, ,"" = 0 and, by (7.7), also b,* /', = 0, equation (7.3) can then
be written as

(412 | (13—1)2
PN N2 (q) = q4(}v1+2)+% 2 : bP’17P/1+N2P17N2
£y1,62 £1+1,63+1,62
fgezpé_l
L1 +La+E3€2Z
% }: 2~ 2 (2P5h+Eat1) gpak(psklatl) _ Z—é(2pgk—és—1)qp3k(pgk—es—1)}
kEZ
(P +Nap1) (€1 +1)—pf (£3+1))2 .,
_ AN, p! (#, +Nap1) p1,p1+N2p1, N2 P3
=q S E : by 1 0511, 0050541 p4 (2,47
L3€ZL,r 4 o==+1
Ly +Lo+Ll3€E27

Comparing with (7.1) and (7.2) we can read off the branching functions.

Theorem 7.2. For Ny = pi/p1 — 2 and N2 = ph/ps — 2 with ged(py,p)) =
ged(pe, ph) = 1, such that p1 = 1 or ps = 1 we have

N1, N. N, N (Flr=Po)?
1,4V2 _ 2,4V1 _ No PP/
Brfl,f,sfl(q) - BZ,Tfl,sfl(q) =q "
L (PP'j+P'r—Ps) ~N. L (Pj+7)(P'j+s) ~N.
N 2 4N 2
XE :{q 2 CZPjJrrfs,Z(q) q-z CQPjJrrJrs,Z(q) .
JEZ

Here P=1p), P =p)+ Nop1, 7€ Np_1, L+ 1€ Ny, -1 and s € Np,pr .
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When N; € N this is Theorem 3.1 of [48] for X%) = Agl).

For comparison with later expressions it will be convenient to normalize the
branching functions and to express them in terms of the modified string functions.
Hence we introduce

N1,N> _ p1j(Pri+r) | o N2 N2
(7.8) BYYR ()= g% Copt jar—s,e(@) = Copt iy o(@) g
JEZ
where
(P'r=Ps?  (041)? _ (r-5)2 1
Ni,N2 — o AN PP TA(Nz+2 AN, s glVi,N2
B oi(g) = q 2 2 B (9)-

8. BOSE-FERMI IDENTITIES

In Section 6 we have applied Corollary 4.2 to derive fermionic representations
for the Agl) string functions, but so far we have not yet employed the result of
Corollary 4.2 in the context of the Bailey lemma. This is what we will do next. To
simplify the notation we abbreviate the polynomial identities (5.2)—(5.4) as

(8.1) X®P)(L,b) = F2P)(L,b).

From these, Bailey pairs relative to ¢/®~* can be extracted [10, 37]. Together with
the conjugate Bailey pairs of Corollary 4.2 these Bailey pairs (given by [23, Eq.
(3.6)]) may be substituted into Bailey’s equation (1.2). Omitting the details we
find the following theorem.

Theorem 8.1. Fori = 1,2, let 1 < p; < p, < 2p; such that ged(p;,p;) = 1 and
set N; = p}/p; — 2. Let b and s be Takahashi lengths with respect to the continued
fraction decomposition of p1/(p, — p1) and let r = b. Let £+ 1 be a Takahashi
length with respect to the continued fraction decomposition of pa/(phy — p2). Then,
forn =1b—s| with n+ ¢ even,

(8.2) Z{qj(p1p1j+rp;—sp1)czv2

+r ! j+s) A Na
/lj ’ (q) — q(p1.7 )(Plj )(’ (q)}
JEZ

Dy j+b+s,l

=Y FRPY (2L 4, b)Fo(?ﬁQ)(QL +1,1)/(@)2L4n-
L=0

Many similar theorems can be derived. For example, we could have iterated the
Bailey pair implied by (8.1) (see [23, Eq. (3.8)]) before substituting it into (1.2).
Alternatively one can derive identities for Ny > 0, Ny < 0, or N7 < 0, Ny > 0 or
Ny, Ny > 0.

In general we have not been able to identify the left-hand side of (8.2), but when
either N7 or N, is a positive integer one can recognize the left-hand side of the
above identities as Agl) branching function. First assume N, is integer and r is
even. Using the symmetries Cn]\qfizNz,e(Q) = qNQ_mCﬁfz(q) and Cﬁf’e(q) = C]jfnj(q),
the left-hand side of (8.2) becomes l

19 (25—2b—Nar) 1pN1,N2
q* Bs—l,l,b+N2r—1(q)'

For N, integer and r odd we can use Cﬁ"’_NZ [q) = q(N2_m_£)/2CTJZ2N2_£(q) and

Cﬁf’g(q) = Civfn’z(q) to rewrite the left-hand side of (8.2) as

1r(25—2b—Nar)+1(No—2¢) pN1,Na2
q* 4 B Nt Nyr—1(D)-
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Finally, for Ny integer we must have r =0, b=1orr=1,b—1€ N, 5 and the
left-hand side of (8.2) can be simplified to

Ny, N. Ni,N.
Bs_llvg?o(Q) and Bp’ll—sil,f,p’l—b—l(q)’

respectively.

Given the above results let us connect to the discussion in Sections 1 and 7 on
the duality between Bailey and conjugate Bailey pairs and on the symmetry of the
branching functions. If » = 0 and b = 1 the right-hand side of (8.2) is symmetric
under the simultaneous interchange N7 <» N2 and s «» ¢ + 1. In terms of Bailey
and conjugate Bailey pairs this corresponds to the transformation

(BND, (V2 o (BV2) 5Ny
with
BN = 6 [ (@)anin

<(N- Ny
5(L D= (L )(q)2L+na

where ﬁéNl) = Fégl’p/l)(QL +1,1)/(q)21+n and (5](:N2) = Fé’ZZﬂ/Z)(QL + n,1). This
result is to be compared with (1.17).

Similarly, using (2.9), the right-hand side of (8.2) is symmetric under the inter-
change N1 < Ny and s « £+ 1 if r = 1 and b = 1, which corresponds to the
transformation

B(LNZ) = q_L_(n_é)/Q‘S;;Nz)/(q)zLJrn

5 = g OGN (@ar g,
where V) = ¢=L=(=02FP P (2L 4 1, 1)/(q)ar4y and 6 = F2R (2L +
n,1).

Carrying out the corresponding transformations on a and ~ yields another ex-
pression for the left-hand side of (8.2) which involves the modified string functions
at level N;. When either N; or N, is a positive integer we recognize the resulting
identities as the special cases 5 = 0 or /3 = N; of the symmetry Bgféi\jjg = Bgféf\ft}g,
as expected.

Finally we present some explicit identities that follow by application of Bailey’s
lemma and the conjugate Bailey pairs of Corollary 4.2. In Refs. [10, Egs. (2.12),
(2.13)] and [11, Egs. (3.47), (3.48)] one can find the following generalization of
(1.13),

L
(1= ag*") (@)1 (~1)"q)
8.3 oy, = and 5L = (SL,().
= - )
Inserting this and (4.2) into equation (1.2) and performing some series manipula-
tions gives a generalized Euler identity for the modified string functions.

Proposition 8.2. For 1 <p <p', { € Zy_1, n € Zy such that { + 0 is even,

o0

S )EEer) (g) = 8

L=—o00
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Recalling (6.3), this is the classical Euler identity for (p,p’) = (1,3). For p =1

and arbitrary p’ this is the Agl) case of equation (2.1.17) of Ref. [48].
Before we can proof the proposition we need a technical lemma.

Lemma 8.3. If f,, = f_.. then

B84 31— G (-1 ) e,
L=0
[n/2] 00
B i{m - {kjl}} > (") faryan.
k=0 L=—o0

Proof. First observe that

Z] B [kil]} ki (~1)24) faryyon = 0.

[n/2] {
L=k—n+1

>4

To prove this shift L — L 4 k in the first term in the curly braces and successively
k—n—k+1and L — n— L+1 in the second term in the curly braces. Using the
symmetry of f,, the resulting terms can be combined to

i far—n Z(*l)kiLq(k;L) [;ﬂ B i f2L—n(*1)Lq(L;1)(q7L)n =0,
L=1 k=0 L=1

where the middle term follows by application of the ¢-binomial theorem (4.5) and
the last term by (¢~%), = 0 for 0 < a < b. With this result we can write the sum
over L in the right-hand side of equation (8.4) as a sum over L <k —n and L > k.
Then using the symmetry of f,, the right-hand side becomes

i f2L+n W J [ } { } —1)Erkg ("3 4 (_1)k_n_Lq(kigiL)}

L=0 k=0
o0 U
YLtkg (“3* Ltky | T
_Lzofmkz g 1]

= Z Foran (=D ) {(¢F)y + ¢ (a5 ), ).
L=0

Comparing with the left-hand side of (8.4) we are done since (a), + a(aq)n, =
(1—a%q")(aq)n—1- O
Proof of Proposition 8.2. Inserting (8.3) and (4.2) into equation (1.2) gives the
identity

oo

XE 1) = 300 = E)(gE )y (<) E e (a),
L=0

for n + ¢ even and £ + 1 € N,_;. Applying Lemma 8.3 this can be simplified to

[n/2] 00

sy = S {1} 2 cose o

k=0
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(p.p")

0,6+1 (777 1) comes from

Now observe that for n < p’ — 1 the only contribution to X
the j = 0 term in the summand of (2.1). Therefore,

[n/2]
(p,p") Ui Ui n Ui
X 1) = — = — Op—2k.0-
AU POV B RN > { RS
By induction on 7 this implies Proposition 8.2. (]

Our last identity follows by a straightforward generalization of the proof of The-
orem 4.1 of Ref. [57], which corresponds to p = 1 in the result given below.

Theorem 8.4. For 1 < p < p', { € Zy_1 and integers 0,k,i such that § € Zo,
k> 2 and i € N,
(8.5) Z (71)Lq((2k+572)L+2k72i+6)L/2CézZzz)(q)

L=—00

N22+~..+N1?—1+N71+"'+N’“’1X(p’p/)(2N17 1)

_ Z q 0,0+1
(@D (D2 (@562 ) ny oy

Ny, NE—120
where Nj =nj + -+ ng_1.

By Jacobi’s triple product identity (1.10) and the fermionic expressions for the
string function and configuration sums given earlier in the paper, the above iden-
tities can be recognized as (i) Andrews’ analytic counterpart of Gordon’s parti-
tion theorem when (p,p’) = (1,3) and 6 = 1 [6], (ii) Bressoud’s generalization
thereof to even moduli when (p,p’) = (1,3) and § = 0 [25], (iii) generalizations
of the Gollnitz—Gordon partition identities due to Andrews and Bressoud when
(p,p") = (1,4) and § = 1 [8, 26], (iv) Rogers—Ramanujan type identities by Bres-
soud when (p,p") = (1,4) and § = 0 [26].
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