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ABSTRACT. We prove generalizations of some partition theorems
of Farkas and Kra.

1. THE FARKAS AND KRA PARTITION THEOREM AND ITS
GENERALIZATION

In a recent talk given at the University of Melbourne, Hershel Farkas
asked for a(nother) proof of the following elegant partition theorem.

Theorem 1.1 (Farkas and Kra [2],[3, Chapter 7]). Consider the pos-
itive integers such that multiples of 7 occur in two copies, say Tk and
Tk. Let £(n) be the number of partitions of the even integer 2n into
distinct even parts and let O(n) be the number of partitions of the odd
integer 2n + 1 into distinct odd parts. Then E(n) = O(n).

For example, £(9) = O(9) = 9, with the following admissible parti-
tions of 18 and 19:
(18),(16,2), (14,4), (14, 4), (12,6), (12, 4, 2), (10, 8), (10, 6, 2), (8, 6, 4)
and
(19), (15,3,1),(13,5,1), (11,7,1), (11,7, 1),
(11,5,3),(9,7,3),(9,7,3),(7,7,5).

Farkas and Kra proved their theorem as follows. It is not difficult to
see that the generating function identity underlying Theorem 1.1 is

(1) (~4:¢*)oo(=0"0")oe = (656" (@": ¢
= 2¢(—* ¢*)oo(—=0""; 4w,
where (a;q)oo = [],50(1 — ag"). Indeed, the right-hand side without

the factor 2¢q is the generating function of partitions into even parts
(see e.g., [1]). The first term on the left gives the generating function
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of partitions into odd parts. Since an even number of odd parts corre-
sponds to a partition of an even number, all even powers of ¢ on the
left must be suppressed. This is achieved by antisymmetrizing, i.e., by
subtracting the same term with ¢ replaced by —¢g and dividing both
terms by 2. Putting the 2 on the right and also putting in an extra
factor ¢ to account for the fact that we are equating (the number of)
partitions of 2n with (the number of) partitions of 2n + 1 leads to (1).

In order to prove (1), Farkas and Kra resorted to the theory of theta
functions. Adopting the notation of [4], equation (1) corresponds to
the following identity for theta Nullwerte:

(2)  V/Da(0[7)02(0[77) + /D4(0]7)04(0]77) = /V3(0]7)95(0]77),

where ¢ has been identified with exp(27ir/7).

Proving (2) is not entirely trivial [2],[3, Chapter 4], and when Farkas
asked for a different proof of Theorem 1.1 he was a referring to a proof
without the use of theta functions. Ideally one would of course like
to establish a bijection between the partitions counted by £(n) and
O(n), but that seems too difficult a problem. What we will do instead
is show that (1) is the specialization of a more general identity that
makes no reference to the modulus 7 (or 14). This immediately implies
analogues of Theorem 1.1 for other moduli. For instance, we may claim
the following.

Theorem 1.2. Consider the positive integers such that numbers con-
gruent to £6 (mod 16) are forbidden and such that multiples of 8 occur
in two copies. With £(n) and O(n) defined as in Theorem 1.1 there
holds £(n) = O(n).

Although the description of the even integers is slightly more com-
plicated than that of Theorem 1.1 it is to be noted that we are dealing
with just the ordinary odds.

As an example of Theorem 1.2 let us list the 8 admissible partitions
of 20 and of 21:

(20), (18,2),(16,4), (16,4), (14,4, 2), (12,8), (12,8), (8,8, 4)
and
(21),(17,3,1),(15,5,1),(13,7,1),(13,5,3),(11,7,3), (11,9,1),(9,7,5).
More generally the following statement is true.

Theorem 1.3. Let a and B be even positive integers such that o < (3,
and let v be an odd positive integer. Fix an integer m > a+ 3+ 2v+1.
Consider the positive integers in which multiples of 2m occur in two
copies, 2m and 2m. Let Ey g~.m(n) be the number of partitions of 2n
with parts congruent to 0,0, +a, £8, +(a + S+ 2v) (mod 2m) and let
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Oa.p~:m(n) be the number of partitions of 2n + v with parts congruent
to £y, (a+7), £(3+7) £(a+5+7) (mod 2m). Then Euspm(n) =
Ooﬁﬂv'%m(n)'

Here “the parts congruent to 0 (mod 2m)” refers to the parts 2m, 4m,
ete.

For example, for (a, 3,7) = (2,4,3) and m = 13 we have 11 parti-
tions of 40;

(40), (38,2), (28,12), (26, 14), (26, 14), (26, 12, 2), (26, 12, 2),
(24,14,2), (24,12, 4), (22, 14,4), (22,12, 4, 2)

and 11 partitions of 43;

(43), (35,5,3), (33,7,3),(31,9,3), (31,7,5), (26,17), (26,9, 5, 3),
(23,17,3), (21,19, 3), (21,17, 5), (19,17, 7).

Hence 5274’3;13(20) = 027473;13(20).

As will be clear from the proof of Theorem 1.3 the conditions a < /3
and m > o+ 8+ 27 + 1 are more restrictive than necessary and may
be replaced by the conditions that the (unordered) sequences a, 2m —
a,B,2m—[B,a+ B+ 2v,2m—a—F—2v and v,2m — v, a + v, 2m —
a—,0+7,2m — 3 — consist of distinct positive integers. Moreover,
if we were to choose «, § and v such that some of the above integers
would coincide, then the theorem is still correct as long as we introduce
different copies of these numbers (and those in the same congruence
class modulo 2m). Hence the Farkas and Kra theorem corresponds to
(o, 5,7) = (2,4,1) and m =7. Thena+pf+y=2m—-a—-[F—7=7
requiring the numbers 7 (mod 14) and 7 (mod 14). Since we already
have two copies of multiples of 14 this implies that multiples of 7 occur
in two copies in accordance with Theorem 1.1.

Similarly, for (o, 3,7) = (2,4, 1) and m = 5 we obtain the statement
that the number of partitions of 2n into even parts is equinumerous to
the number of partitions of 2n 4 1 into odd parts provided all numbers
unequal to 1 (mod 5) occur in two copies.

2. PROOF OF THEOREM 1.3

Repeating the analysis that led from Theorem 1.1 to the identity (1),
it is not hard to see that the generating function version of Theorem 1.3
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(—=q", —q*", —¢"", —q

. q2m7'y’ _q2mfaf’y’ _q2mfﬂ7'y’ _q2mfafﬁf’y; q2m)oo

a+pB+y
Y

— (@, g, 7 Y P P PP P P
= 2¢"(—q", —¢", =",
o q2m—a’ _q2m—,6’7 _q2m—a—,8—27’ _q2m’ _q2m; q2m>007
where (a1,...,a1;¢)o0 = (a41;¢)00 - - - (ak; @)oo The conditions imposed

on the theorem simply ensure that no exponents other than 2m occur
twice so that only multiples of 2m occur in two different copies. How-
ever, as a mere g-series identity no restrictions whatsoever need to be
imposed on «, 3, and m, and the above is simply a consequence of

(3) (_C7 —ac, —bC, —CLbC, _Q/Cv —Q/CLC, —Q/bC, _Q/abca Q)oo
— (¢, ac, be, abe, q/c, q/ac, q/be, q/abe; q) o
= 2C(—(Z, _b7 _ab627 —Q/(l, _Q/ba —q/ach, —q, —q; q>oo
Replacing ¢ — ¢* and then letting (a, b, ¢) — (¢2, ¢*, q) yields (1) since
(=¢,—¢*, =", —4" 4", —¢"", =4, 6o = (=0 )
(—¢*,—¢", 4%, —¢*, =", —¢"*, —¢"*; 4" e = (—¢* ¢*) -

Proving identities like (3) is elementary and below we give three

proofs — one analytic, one using ¢-series and one combinatorial.

First proof of (3). Let us view the left and right-hand sides as func-
tions of a and write L(a) and R(a), respectively. Define f(a) =
L(a)/R(a). Since R(aq) = R(a)/a*bc* and L(aq) = L(a)/a*bc? it fol-
lows that f(aq) = f(a). Possible poles of f are given by the zeros of
R(a), i.e., by a = —¢™ and a = —¢"/bc?® with n an integer. But

L(_qn> = <_Ca ana —bC, bcqn7 _Q/Ca qlin/c7 —Q/bC, qlin/bc; Q)oo
- (07 _an7 bC, _bcqnv Q/C, _ql_n/ca Q/bC, _ql_n/bc; Q)oo
= (b¢)"q (3 [(—¢, ¢, ~be, be, —q/e.q/e, —q/be, q/be; )
- (C, —C bC, —bC, Q/Cv —Q/C, Q/bc7 —Q/bC, Q)oo]
=0
by (aq", ¢"™"/a;q)s = (—1)"a*”q7(g)(a,q/a; ¢)oo- In much the same
way one finds that L(—¢"/bc?) = 0 so that the poles of f have zero
residue. Hence f is an entire and bounded function and must be con-

stant thanks to Liouville’s theorem. All that remains is to show this
constant is one, or, equivalently, that (3) is true for an appropriately
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chosen value of a. Taking a = 1/c the second term on the left vanishes
and we get

(_C7 _17 —bC, _b7 _Q/C7 —q, _Q/bca _Q/ba Q)OO
- 20(_1/67 _ba —bC, —cq, _Q/b7 —Q/bC, —q, —4q; Q)OO

which is true since (a;¢)oo = (1 — a)(aq; @) co- O
Second proof of (3). We use the Jacobi triple-product identity

to expand both sides of (3) as multiple series. Equating the coefficients
of a*blc?™ 1 leads to

S TG 2 (g g grg)g T,

After some simplifications of the exponents of ¢ this is just

i—2n
S o) = (g4 0w
where we have replaced k+ 1 —m by i. Making the change n — i/2 —n
when ¢ is even and n — n + (i — 1)/2 when n is odd, and using
(_m) = (mH) in the latter case, it follows that the sum on the left is

2 2
noting but

independent of i. By the Jacobi triple-product identity with ¢ —
¢ and z — ¢ this yields (=¢,—¢% ¢%¢")o = (=0, —¢*,¢* ¢*) =
(—4q, —¢, ;@) as desired. d
Third proof of (3). The third and final proof of (3), which employs a
mapping used by Wright to bijectively prove the Jacobi triple-product
identity (4), was suggested to us by the anonymous referee. In fact, it
let us to discover that (3) is the d = 1 instance of

(5) d(—c,—q/c, —ac, —q/ac, —bc, —q/bc, —abed?, —q/abed?; q) s
—d(c,q/c,ac, q/ac, be, q/be, abed?, q/abed?; q) s
= ¢(—d, —q/d,—ad, —q/ad, —bd, —q/bd, —abc*d, —q/abc*d; q) o
—c(d,q/d,ad,q/ad,bd, q/bd, abc*d, q/abc*d; q) s

Interestingly, the previous proof of (3) based on the triple-product iden-
tity simplifies when one considers this more general identity, and the
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reader will have no trouble verifying that the coefficients of a*b'c?m+!q?n+1
on the left and right sides of (5) coincide.

Let & be the set of ‘ordinary’ partitions, i.e., A = (A,..., \,) € &
ifA1 > X > >\ >0, % be the set of partitions with distinct non-
negative parts, i.e., A = (A1,...,\) € Zoif Ay > Ay > --- >\ >0,
and Z be the set of partitions with distinct positive parts. The weight
|A| and length ¢(\) of a partition A is the sum of the parts and the
number of parts, respectively. The unique partition (in &, %, and
Z) of weight and length zero will be denoted by (). For example,
™ = (6,3,1,0) € %y and w = (6,3,1) € 2, with |7| = |w| = 10,
((m) =4 and {(w) = 3.

We begin the proof by recalling the standard fact [1] that the coeffi-
cient of a™¢" in (—a, —q/a;q)s is the number of partition pairs (X, i)
such that A € %y, p € 2, |A\| + |u| = N and €(N\) — £(p) = m. Hence
the coefficient of a*b'c®™*1¢" in

(6) [(_Ca —Q/C, —ac, —Q/CLC, —bC, —Q/bC, —abc, —q/abc, q)oo
o (Cv Q/Cu ac, Q/CLC, bC, Q/bC, abc, Q/abcv Q>OO} /2

is the cardinality of the set .} ., (V) whose elements consist of four
partition pairs ((AM, uM), ..., (A® x®)) such that AV € 2, ut ¢
@, ZZ(|)\(Z)|+|,U/(Z)|> = N, d2+d4 = k?7 d3+d4 = l and d1+d2+d3+d4 =
2m + 1, where d; = £(A?) — £(u). (The role of the second term in
(6) is merely to suppress the even powers of ¢.) For example, the five
elements of .5 ¢(2) are

1: ((0,(2)),((0),0),(8,0),((0),0)), 2: ((0,(1)),((0),0),(0,0),((1),0)),
(7) 3 ((0,(1)),((1),0),(0,0),((0),0)), 4: ((0,(1)),((0),0),((0),(1)),((0),0)),

5: ((0,0),(0,0),(0,(1)),((1,0),0)).

Similar considerations show that the coefficient of a*b'c*"+1¢" in
o(—q, —q, —a, —q/a, =b, —q/b, —abc®, —q/abc*; q) o

is the cardinality of the set Z4;,,(N) whose elements consist of four
partition pairs (AM), gM), ... (AW 1®)) such that \D € 9, (i > 2),
A @ e g S (IAD| 4 |pD|) = N, dy +dy = k, d3 +dy = 1 and
dy = m. For example, the five elements of 751 (2) are

1 ((0,(1)),((1,0),0),((0),0),(0,0)), 2: ((0,0),((1,0),0),((0),0),((0),(1))),
(8) 3: ((0,0),((2,0),0),((0),0),(0,0)), 4: ((0,0),((1,0),0),((1),0),(0,0)),

5: (((1),0),((1,0),0),((0),0),(0,9)).

Key in establishing a bijection between .7 ., (N) and J . m(N) is
the following mapping of Wright [5]. Let (A, 1) be a partition pair such
that A € %y and p € & and such that £(\) —¢(u) = d. Draw a diagram
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G = G(A) consisting of £(A) columns of nodes such that the ith column
contains \; nodes and such that the (i + 1)th column is displaced one
unit to the right and unit down relative to the ith column. Similarly,
draw a diagram H = H(u) consisting of ¢(u) rows of nodes such that
the ith row contains p; nodes and such that the (i41)th row is displaced
one unit to the right and one unit down relative to the ith row. For
example if \(V) = (7,4,2,1,0) and ™ = (3,1) then

Gn. o and HD:.

and if A® = (4,3,1) and u® = (6,4,3,2,1) then

G®. . and H®:.

Next glue together the sides of slope —1 of G and H to form a diagram
K as follows. If d > 0 concatenate the top-row of H and the dth row

of G. If d < 0 concatenate the first column of G and the (1 — d)th
column of p. For the two examples above the respective graphs K are

Clearly, K corresponds to a partition € 2 of weight ||+ |u|— (%) and
a triangle of (‘21) nodes, and in the running examples 7! = (6,5,2,1,1)
and 7® = (4,3°,2), respectively.

Conversely, given a partition 7 € & and an integer d we can form
a diagram K by adding a triangle of (g) nodes to the diagram of 7.
When d > 0 this triangle must be placed on top of the diagram of 7
(and be left-aligned), and when d < 0 it must be placed immediately
to the left of m (and be top-aligned). Then K can be dissected into
two diagrams G and H corresponding to a partition pair (A, p) such
that A € Zp and p € 2, |A| + |u| = |7| + (§) and ¢(\) — £(u) = d in
the obvious way. In particular we note that (i) when d > 0 the first d
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columns of K belong entirely to G (ii) when d < 0 the top (1 —d) rows
of K belongs entirely to H, (iii) after reading off the non-zero parts
of A and p from G and H, the condition ¢(\) — ¢(u) = d determines
whether A should have an additional part equal to zero.

Let us now use Wright’s map to set up a bijection between .7 ; ., (V)
and Jjm(N). In fact we will do a bit more and as intermediate step
we will show bijectively that

CSﬂk,l,m,n(-zv) - <Sﬂlc,l,n,’rn(]\[)a

with 7% 1mn(N) defined as the subset of .7} ;,,(/N) whose elements
satisfy the additional restriction dy = ¢(A®) — £(u™®) = n. This result
readily leads to the g-series identity (5).

Let s = (AW, u®), ..., (AW, u®)) be an element of .71 m.n(N).
Hence dy =2m+1+n—k—1,dy=k—n,d3s =1—n and dy = n. Now
apply Wright’s map to each of the four partition pairs to obtain four
ordinary partitions and four triangles indexed by d, ..., d4 containing
a total of

S8 -Cm  (50)(50) ()

nodes. Defining d) =2n+14+m—k—1,d, =k —m, d5; =1—m and
d, = m it is easily checked that
4 4
d; d;

>(2)-2(2)

i=1 1=1
We may therefore redistribute the nodes of the triangles indexed by
dy,...,dy to form four new triangles indexed by di, . .., d;. Then apply-
ing the inverse of Wright’s map yields s’ = (7™, w®), ... (7@ w®@)) €
yk,l,n,m(N)'

For example, if we take

= (((9,6,4,0),(2)), ((2), (4,2,1)),

((2,0),(3,2)),((4,2,0),(2))) € F212(45)
then (dy,ds,d3,dy) = (3,-2,0,2) and (d},dy,dy,d}) = (4,—1,1,1).
Hence

((9,6,4,0),(2)) — (5,3%,2,1*) — ((10,7,5,1,0), (1))
((2),(4,2,1)) = (2,1%) = ((3), (3, 1))

((2:0).(3.2) = (3,1) = ((3,1,0), (2. 1))
((4,2,0),(2))) — ( ,2,1) = ((3,1),(3))

9

I
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so that

s'=(((10,7,5,1,0), (1)), ((3), (3, 1)),
((37 17 0)7 (2’ 1))7 ((37 1)7 (3))) € y0,2,271(45)'

To complete the bijection we map s’ € 4 ,m(N) to an element
s" € J1m(N) by removing the part 0 (if present) of the first partition
in the first partition pair (this partition is denoted 7} above) of s'.
Hence in our example

"= (((10,7,5,1), (1)), ((3), (3, 1)),
((37 17 O)) (27 1))7 ((37 1)7 (3)>> € %,2,1(45)'

Conversely, given an element s’ = ((A® xM) ... (AW @) €
Teim(IN) we compute o € {0,1} as 0 = dy +d2 + ds + dy (mod 2). If
o =0 we add a part 0 to A1) and if ¢ = 1 we leave A()) unchanged.
This yields an element s" € J 1 ,m(N) (with d} = dy + 1 — 0, d), = da,
dy = ds and dj = dy) where n is fixed by 2n + 1 = d} + d, + d; + d.

For s” given in the example, (di,ds,ds,ds) = (3,—1,1,1) so that
o =0. Hence (10,7,5,1) — (10,7,5,1,0), (d}, dy, ds, d}) = (4,—1,1,1)
and n = 2.

As a further example the reader may wish to check that the proposed
bijection respects the labelling of the elements of . ; ¢(2) and Z51,0(2)
in (7) and (8). O

3. DiscussioN

Farkas and Kra [2],[3, Chapter 7] proved two more partition identities
of the type given in Theorem 1.1. From Jacobi’s quartic identity

(9) (@ 6*)% = (6:6*)5% = 16¢(=¢* ¢*)%

they infer that the number of partitions of 2n + 1 into distinct odd
parts is eight times the number of partitions of 2n into distinct even
parts, provided each integer occurs in eight different copies. Similarly,
from

(10)

(=4 2% (=% d°)% = (4:6))% (6% )% = 4a(—% ¢*)5 (=% ¢°)%
they infer that the number of partitions of 2n+1 into distinct odd parts
is two times the number of partitions of 2n into distinct even parts,
provided that multiples of 3 occur in four copies and the remaining
integers occur in two copies.

Just like (1), the identities (9) and (10) are easily seen to be spe-
cializations of the key-identity (3). Taking a = 1 and then making the
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substitution (¢, bc) — (a,b) yields

(11) (—a,—b,—q/a, —q/b;q)% — (a,b,q/a,q/b;q)%
= da(—ab, —b/a, —q/ab, —aq/b; ¢)oc(—q; @)%

Replacing ¢ — ¢° and then letting (a,b) — (q,¢%) gives (10), whereas
setting b = a gives

(12)  (=a,—q/a;q)5% — (a,q/a; @)5 = 8a(—a*, —q/a®; @)oo (—4; @)%
Replacing ¢ — ¢? and then letting a — ¢ we obtain (9).

Although the two partition theorems given above follow from (3) we
should perhaps remark that they are not special cases of Theorem 1.3.

By making different specializations in (11) and (12) it is again possi-
ble to generalize the above-stated partition identities to other moduli.
For example from (12) with ¢ — ¢* followed by a — ¢ one finds

(—4:0")5 — (@:0°)5 = 84(—*; ¢*) 3 (=0 4" e
This implies that the number of partitions of 2n 4 1 into distinct odd
parts is four times the number of partitions of 2n into distinct even
parts, provided the odd integers occur in four copies, integers congruent
to 2 (mod 4) occur in two copies and multiples of four occur in six
copies.

Another nice example follows from (11) with ¢ — ¢® followed by
(a,b) — (q,¢). Then

(—4:0°)% — (@:0°)% = 44(=0*; ) oo (=" 4" oo (0% 7).
This implies that the number of partitions of 2n + 1 into distinct odd
parts is two times the number of partitions of 2n into distinct even
parts, provided the odd integers occur in two copies, integers congruent
to 2 (mod 4) occur in one copy, integers congruent to 4 (mod 8) occur
in two copies and multiples of eight occur in four copies.

We leave it to the reader to formulate the more general partition
theorems arising from (11) and (12).

Finally we wish to point out that it is possible to formulate refine-
ments of each of the partition identities stated in this paper. Such
refinements could possibly help in finding bijective proofs. In the case
of Theorem 1.1 one can assign a weight w(\) to admissible partition A,
where w(A\) = [[,5; wy, with w), the weight of the part \;. Here

(cH ifm=41 (mod 14)
(ac)*' if m =43 (mod 14)

wm =1 (be)*! if m=45 (mod 14)
(abc) ifm=7 (mod 14)
(abc)™' if m=7 (mod 14)
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for odd parts m and

a*! if m=42 (mod 14)
) if m=+4 (mod 14)
“m 7 (ab)* ifm =48 (mod 14)
1 ifm=0,0 (mod 14)

for even parts m. With this definition of the weight of a partition,
Theorem 1.1 can be refined to the statement that £(n;w) = O(n; cw)
with £(n;w) and O(n;w) defined as before but with the added condi-
tion that the partitions being counted should have a fixed weight w.
Returning to the partitions of 18 and 19 we may now add their weights
as follows

w=b: (18),(14,4), (14, 4),(12,4,2), (8,6, 4)
w=a’: (16,2)
w = (a*bc®) (12,6)
w=ac: (10,8)
w=(be)?: (10,6,2)
and
w = be: (19), (13,5,1), (11,7, 1), (11,5,3), (7,7, 5)
w=ad’c: (9,7,3)
w = (a®bc)™ ' : (11,7,1)
w=ac: (15,3,1)
w=(b%c)"": (9,7,3).

Acknowledgement. I am grateful to the anonymous referee for their
report outlining the combinatorial proof of (3).
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