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Abstract

A refinement of the g¢-trinomial coefficients is introduced, which has a very
powerful iterative property. This “7 -invariance” is applied to derive new Virasoro
character identities related to the exceptional simply-laced Lie algebras Eg, E7 and
Es.

Key words: Happy birthday; ¢-Trinomial coefficients; Exceptional Virasoro char-
acters.

1 Introduction

1.1 Rodney Baxter

Rodney Baxter is justly famous for his many beautiful discoveries in mathematics
and physics. The 8-vertex model, Yang—Baxter equation, corner transfer matrix and
hard-hexagon model are among his most envied mathematical trophies. This paper
deals with a less-well-known discovery of Rodney Baxter (made together with George
Andrews), that of the g-trinomial coefficients [2]. My main aim will be to (for once)
prove Baxter (and Andrews) wrong, and show that the statement

“The literature is sparse on trinomial coeflicients perhaps because they lack
both depth and elegance.”,

made in the introduction of [2], is not at all justified.

To have any chance of succeeding, I have omitted all proofs in this paper (which
are lacking elegance indeed!). These will be given in a forthcoming longer paper on the
same topic.

1.2 g¢-Trinomial coefficients

In their joined work on a generalization of the hard-hexagon model, Andrews and
Baxter [2] were led to consider g-deformations of the numbers appearing in the following
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generalized Pascal triangle:

DN =
N W = =
SN =
wW =
—

The generating function for the numbers appearing in the (L4 1)th row is (1+x+22)%,
so that an explicit expression for the trinomial coefficients can be found by double
application of Newton’s binomial expansion. Explicitly,

a

(2),-Z ()G

(The effective range of summation is from max{0, —a} to min{L, | (L — a)/2]} so that
one indeed finds a nonzero number for |a| < L only.)

Andrews and Baxter introduced several g-analogues of the trinomial coefficients.
Here we shall restrict ourselves to the simplest two given by [2, Eq. (2.7); B = A]

L
L
(14z+2%)l = Z < > ot
a=—L 2

with

L;q _ L o k(k+a) L [L—-k
[CLL_[(J,L_;O(] k|lk+a
and S
T(L,a;q) = T(L,a) = gi-0+a | 154 } . (11)
L @ 12

(This is To(L, a; ¢*/?) of [2].) Here
for0<a<n
0 otherwise,

is a g-binomial coefficient or Gaussian polynomial, with (a;q), = (a)n, = H;:ol (1—ag?)
for n > 1 and (a;q)o = (a)o = 1. A convenient explicit expression for T'(L, a) is given
by [2, Eq. (2.60)]

L—al

T(L,a) = Z 72" (9)L

= (@)r=a=n(q) Lta=n(q)n

n2

N

n-+a+L even 2 2
Some useful properties of the g-trinomial coefficients are the symmetries [5]2 =
[_La]z and T'(L,a) = T(L,—a), and the large L limits
L 1
lim [ ] = — (1.2)
L—oo |a]y (Q)oo



and

00 q%n2
Jim - T(La)= ) o = @ (1.3)
L+a+0 even n=0 @n
n—+o even

Here ¢p and ¢; are (normalized) level-1 string functions of Agl), which admit the alter-
native representations

(—4Y% @)oo + (=1)7 (4% 0) o

co(q) = (1.4)
7 2(4;9)oo
q2°
(590027, 0% 677275 ¢%) 0o (P47, 1447 10) o
with the convention that (a1,...,ax;q)n = (a1;¢)n - - - (ak; @)n-

2 A refinement of the g-trinomial coefficients

For integers L, M, a and b we define the polynomial
T(L,M,a,b;q) =T (L,M,a,b)

min{L—|a|,M}
1n? —a—n — a—n
= > e LM T T

n=0
n+a+L even

Some trivial properties of 7 are
T(L,M,a,b) =0 if|a| > Lor|b>M
(the if is not an iff), the symmetry
T(L,M,a,b)=T(L,M,—a,—b),
the duality
T(L,M,a,b;1/q) = ¢ MLT(L, M, a,b;q) (2.1)

and the limit

lim T(L, M, a,b) = 29
M—o0 (q)L

What is perhaps less evident is that 7 can be viewed as a refinement of both types of
g-trinomial coefficients in the following sense:

(2.2)

L—|a—b|
Z q%(’LbeQ)T(L_Z?/L a_b7 b) :T(L,a) (23)
i=|b|
and
L—|a—b| . L
Z q5(127b2)/]~(z'7 I — ’i, b’ a — b) — |: :| . (24)
a
i=|b] 2



Here it is assumed that a > b > 0 or a < b < 0 in both formulas. We note that the
second equation follows from the first by application of (1.1) and (2.1). Equation (2.3)
results after taking M — oo in Theorem 3.1 of the next section.
As an example of (2.3) let us calculate 7'(4,2) in three different ways. When b =0
in (2.3) we get
T(4,2) = T(4,0,2,0) +¢"/°T(3,1,2,0) + ¢*7T(2,2,2,0)
=1+q(l+q+¢*) +¢*(L+q+2¢* +¢° +4q),
when b =1,
T(4,2) =T(3,1,1,1) + ¢*°T(2,2,1,1) + ¢*T(1,3,1,1)
=1+q+¢+¢*(1+9)° +q' (1 +q+¢°)
and, finally, when b = 2,
T(4,2) = 7(2,2,0,2) + ¢*/>T(1,3,0,2) + ¢57(0,4,0,2)
=1+¢+2+ ¢ +¢" + P +a+ ) + "
Simplifying each of these three expressions correctly yields T'(4,2) = 1+q+2¢>+2¢> +
2¢ + ¢° + ¢°.
To conclude this section we remark that (2.4) is a bounded analogue of the following
summation [3, Eq. (4.3); —¢~" — o0], [4, Eq. (2.10)]

= 12TGb) g2
2T T (25)

as can be seen by taking L to infinity in (2.4) using (1.2) and (2.2). Hence (2.4) should
be compared with [13, Eq. (10)]
~ 12[L 12 [ 2L
27| IT (i, b) = ¢2° 2.
St [[Jren =] | (2:6)
which also yields (2.5) in the large L limit.

3 7-invariance

The important question to be addressed is whether the refined ¢-trinomial 7 is at all
relevant. The answer to this is a clear “yes”. Not only did we find that almost any
result for g-trinomial coefficients has an analogue for the polynomials 7 ((2.6) appears
to be an exception), but, thanks to the following theorem, 7 has perhaps even more
depth than the g-trinomials.

Theorem 3.1. For L, M, a,b integers such that a,b > 0 or a,b < 0 there holds

min{L—|a|,M} %ZQ |:L LM
q

. ]T(L —i,i,a,b) = q2" T(L, M,a+b,b). (3.1)

i=|b|

This is a very powerful summation formula that allows one to iterate identities
involving 7, thereby generating an infinite chain of 7-identities. By the limit (2.2) this
then produces an infinite chain of g-trinomial identities, and hence (by (1.1)-(1.3)) of
g-series identities.



4 Three exceptional examples

Taking simple 7 -identities such as

> AUTT(L, M, 2), §) = T (L, M,2j + 2, 5)} = 61,0000

JEZ
or

Z(_l)jqj(j+1)/2{T(La Ma ja ]) - T(L7 M’ ]a] + 1)} = 5M,O

JEZ
as input, and using the 7-invariance of Theorem 3.1 to iterate these, we have proved
large classes of identities for doubly bounded analogues of Virasoro characters. Many
of the limiting character identities are known and many are new. In this paper we
shall, however, not prove a single identity using (3.1). Instead, we shall only try to
demonstrate the power of the theorem to generate new identities. As input we take
three identities for which, at present, we have not a clue to a proof. However, accepting
these initial conjectures, six beautiful series of identities follow, which would have been
almost impossible to conceive without Theorem 3.1.

4.1 Some preliminaries

1 2 3 4 5 6 1 2 3 4 5
58—0—0—0—81—0—0 57—0—0—71—0—0
1 2 3 4 5 6 7 1 2 3 4 5 6

Figure 1: Dynkin diagrams of the Lie algebras E,,, A5 and Dg with labelling of vertices as used
in the text. Removing the marked vertex (and its corresponding edge) in a diagram of the first
column yields the diagram to its right. Conversely, adding a vertex plus edge to the marked
vertices in the second column yields the graphs of the first column.

Let g be any of the simply laced Lie algebras whose Dynkin diagram is shown in
Figure 1. Given the Dynkin diagram of g together with its labelling of vertices, we
define a corresponding incidence matrix Zy with entries

1 if vertices ¢ and j are connected by an edge
(Zg)iy = .
0 otherwise,



where 4, j = 1,...,rg with r4 the rank of g (i.e., the number of vertices of the diagram).
For any g we define an (m,n)-system as the set of 74 linear coupled equations

1
m+n:§(Igm+Ne,;). (4.1)

Here N is a nonnegative integer, m,n,e; are vectors in fo, with e; the unit vector
((ei); = 0 ;) associated with the ith vertex of the Dynkin diagram of g. Only those
labels @ will occur that correspond to the marked vertices (drawn as open circles) in
Figure 1. This fixes ¢ for all g other than E7.

For given N and 7, m determines n and vice versa. If Cy is the Cartan matrix of g,
ie., Cg = 21 — 1, we find explicitly that

1
nzﬁ(Nei—Cgm) and m:Cg_l(Nei—2n).

Note though that not all m (n) with integer entries will also yield an n (m) with integer
entries.

As an example let g = E7, N =6 and i = 1. Then the only admissible solutions to
(4.1) are

m = deq + 4es + 3esz + 2e4 + e7, n =es
m = 3eq + 4eg + Ses + beyg + des + 2e4 + e, n = 2e;
m = bej + 4eg + ez + 6e4 + des + 2e6 + 3er, n = e (4.2)
m = Tey 4+ 8ea + 9e3 + 10ey + bes + 2eg + der, n =eg
m = 9ey 4+ 12e2 + 15e3 + 18e4 + 12e5 + beg + e, n=2~0
and
m =0, n = 3ep
m = 2eq, n=-e;+ e
m = 4eq + 2ea, n =e3
m = 4dey + 4deo + des + dey + 2es5 + 2e7, n=e; + eg (4.3)
m = bey + 6eg + 6es + 6eq + 4des + 2eg + 2e7, n=es
m = 6e1 + 8eg + 10e3 + 12¢e4 + 8es + 4eg + Ger, n=e,

where the first (second) set of solutions meets the criterion that ni + ng + n7 is even
(odd).

Finally we need polynomials associated with the algebras g depicted in the second
column of Figure 1 as follows. Let p = 3,5,1 for g = Aj, Dg, E7, respectively, so that
p corresponds to the marked vertex of g. For M a nonnegative integer, 0 = 0,1 and
(m,n)-system

1
m+n = §(Igm +2Me,) (4.4)
we define
-1 m+n
AR Y
nEZi

ni+n4=n2+ns (mod 3)
ni1+n3+ns+o even



and
-1 (m-+n

n
nEZi
ni1+ns3+ng even
ni1+n3+ns+o even

and
E colp|m—+n
FMzJ(q): Z q" E7”[ n ]
neZi
ni1+n3+n7+o even
Here we have used the abbreviations nCy'n = Z:f‘j:l(Cg_l)i,jnmj and [ =
H;gzl [m]ntn]} for m,n € Z"s. Similarly we will write (q),, = H;i1(Q)n]

As example consider again g = E7 and choose M = 3. Then the only contributing
terms to F;jg(q) and Ff{(q) correspond to the solutions of (4.1) listed in (4.2) and
(4.3), respectively. Hence

F3(a) = a° +a°[3) +a'[}] + 1] +1
and
Ff{(q) — 212 4 92 m 4 g2 4 112 m 472 [?1)] 432 m
4.2 An (E;Eg) series

Our first conjecture is the following polynomial identity involving Ev:

S {qHUTDT(L, M, 35,57) — gV T (L, M, 35 +1,55 4+ 1) }

JEZ
1
> ol e e
n€+

ni+ns+n7+L even

with (m,n)-system (4.4) and g = E7 (so that p = 1). The restriction on the sum in
the right side guaranties that, given n € Z7, L + M + m is even. Using Theorem 3.1
to iterate this conjecture we obtain an infinite series of polynomial identities. These
identities are best expressed by turning E; into Eg by the mechanism described in the
caption of Figure 1. Specifically, for k > 1,

Z{q%j(5(5k+3)j+2)T(L, M, (5k + 3)4,57)
JEL
— g2 GIDORBHRDT ([ M (5K + 3)j + k + 1,55 + 1)}

k—2
= 3 ([t o)) 32 aimemm ] 7). (1o)

rezft a=0 nez8

with ro = L, r_y = L + M and (m,n)-system given by

1
m-—+n= i(IESm—Frk_lel). (47)



We now use this result to obtain g¢-series identities. First we let M tend to infinity,
which, by (2.2), turns (4.6) into an identity for g-trinomial coefficients. Then we either
send L to infinity using (1.3), or we first replace ¢ — 1/¢ and then send L to infinity
using (1.2). Omitting the actual calculations (which sometimes require variable changes
to remove L-dependent terms in the exponent of ¢) we find two families of g-series
identities, one of E7 type and one of Eg type. To present these identities in a neat form
we recall the bosonic representation of the Virasoro characters [7, 11]

’o._ 2_
@r=ps)”=1

’ app’ . ;. / . ;.
X%’p )(q) = 4 (q;p Z {qj(pp gtp'r=ps) _ o (pitr)(p J+5)}7 (4.8)

j=—00

for coprime integers 2 <p<p ' andr=1,...,p—1,s=1,...,p' — 1. The somewhat
unusual normalization of the Virasoro characters is chosen to simplify subsequent equa-
tions. Besides the Virasoro characters we also need the following (subset) of the branch-

ing functions corresponding to the coset (Agl) ® Agl), Agl)) at levels 2p/(p' — p) — 2,2
and 2p/(p" —p) [9]:

o r—ps)2—
(Plr—ps)®=4

q 8pp/ NI
BEE (@) = T 3 {d T e @)
(Q)oo 2

j==o0

e +U(q)}, (4.9)

for integers p,p’,r, s in the same ranges as above, such that p’ — p and r — s are even,
and ged((p’ — p)/2,p") = 1. The integer o takes the values 0 or 1 and the ¢; are the
string functions of equations (1.3) and (1.4) with the obvious identification of ¢4
with ¢, .

The various large L and M limits now lead to the following list of identities.

e Taking L + o even in (4.6), sending M and L to infinity using that c,(q) =

XA (@)/(q)oo vields for k > 1

q%(NIZerJrN’%)F%?;mJ(q) Xg’r?’l(q)xf(’,(ﬁ;g%ﬂ)(q) k odd
nl,.%l:kzo (@D =+ (@i (@)2n - B;Skifff)( ) k even,
where the following definitions have been employed:
k
Ny=ng+---+nr and msz =0+ Z ng (mod 2), (4.10)

a=1
a odd
for my € {0,1}. There is a corresponding “k = 0” identity obtained by tak-

ing the same limit as above, but now in the initial conjecture (4.5). Using the

(from a g-series point of view nontrivial) relation Bﬁ’.sg = Xgii)l 1, which follows

)

from a symmetry of the Agl branching functions, we find the well-known E-



conjecture [10]

Ehaw= Y o (4.11)

nGZl
ni1+ns3+nr+o even

e If in (4.6) we send M to infinity, replace ¢ — 1/¢ and then take the limit of large
L we obtain for k > 2,

/ QQZG 1(ra=ra—1)? Al Ta—1—Ta+Ta+1 mCpgm [m+n
DY (L] Jatmeeen ]
TEZk ImeZs a=2
((5k+3)/2,5k—2)
B X(kj+1)/2 k (q) ki odd 4.12
o (5k/2 1,5k+3) k (412
Xk/2,k+1 () evetl,

with ro = 0, rp = rp,—1 —m1/2 and (m,n)-system (4.7). The prime in the sum
over m denotes the restriction mgo = my = mg = rg_1 (mod 2) with all other
m; being even. When k = 1 the resulting character formula takes a somewhat
different form, and one obtains the Eg identity [10, 14]

_1n

q 1
X1 1 Z — — . (4.13)

et n (@44 4% 4% (% 45 ¢'0) o

4.3 A (Dg,E7) series

In our second conjecture the role of E7 is taken over by Dg,

Z{q%j@MH)T(L’ M, 4j,65) — q2 WO T (L M 45+ 1,65 + 1)}
JEZ
B 3 anDeln[%(L—i—M%—m@} [m—i—n

oAf . ] (4.14)

nEZi
ni1+n3+ne even
ni1+n3+ns+L even
with (m, n)-system (4.4) where g = Dg (and p = 5). The restriction that n;+ns3+ns+L
is even is necessary for L+ M +ms to be even. The additional constraint on nq+ns+ng
is to avoid an extra

g Z{q%ﬂ?‘*ﬂ'“‘*)T(L, M, 45 +1,6§ +2) — 3 @HOHDT(L M, 45+ 2,6 + 3)}
JEZ

on the left-hand side. Of course, this means we have actually two conjectures, but the
case when nq + ng + ng is odd will not be pursued here.



Using Theorem 3.1 to iterate the Dg conjecture we obtain an infinite series of poly-
nomial identities involving E;. Specifically, for £ > 1 there holds

>~ {q OO (L, M, (6k +4)5,6))
JEL
_ q%(6j+1)((6k+4)j+k+1)T(L’M’ (6k +4)j +k + 1,65 + 1)}

Z (Hq2(ra Tat1)? [re-1- m+ru+1]>

k—1 a=0
re€Ly

1 C _ _1 +
x YD ghmCem e ) (45)
nEZl
ni1+n3—+n7 even

where ro =L, r_1 =L+ M and

1
m+n= 5(1E7m+rk,166). (4.16)

As before we consider the various large L and M limits.

e Taking L+ o even in (4.15) and sending M and L to infinity yields for £ > 1 that

3,4 6,3k+2
> (VTN EDe (g) e @XEE @)k odd
1o >0 (Dny = ( Dy (D2ny, B%?I;T;;jlk/2(q) k even,
with the notation of equation (4.10) and with the identification of Bfﬁ’ﬁlz ; with
).

The k = 0 case, corresponding to the above limit taken in (4.14) yields

4,6 q 6"
Bie= LG,

6
nezy

n1+n3+ng even
ni1+ns+ns=oc even

Although we were unable to prove this, it appears that the above branching
function admits the following simplification

(S0t ) 7=
BUO) (= ] =0 o
11.0(9) 2 i JG+1) 3/2( ;%) oo o=1.

(4"% ¢**) o0 (¢ D)oo

For 0 = 1 this implies a new identity of the Rogers—Ramanujan type for the
algebra Dg.

10



e If we send M to infinity, replace ¢ — 1/q and then take the limit of large L we
obtain for all £ > 2
k—1

>3 [T [t petren] )gimcenmmin]

TEZk 1m€Z7 a=2

/q22a 17,‘1 Ta— 1)2(

Je+2,6k—
Xy (a) & odd
(

3k—1,6k+4)
Xijohir  (4)

(4.17)
k even,

with 79 = 0, 7, = 11 — mg/2 and (m,n)-system (4.16). The prime in the sum
over m denotes the restriction that m; = mg = ms = 1,1 (mod 2) and that all
other m; are even. The identity corresponding to k = 1 is given by (4.11) with
o =0.

4.4 An (A;,Eg) series

Our final conjecture is somewhat more involved than the previous two, as it is not
possible to disentangle the two terms on the left-hand side below by an appropriate
summation restriction on n,

> { Y IT(L M, 65, 8) — B OIS DT(L, ML 65+ 1,85 +1) }
JEZ
TP Z{q%j(48j+34)T(L, M, 65 +2,8j +3) — q2GHDEHDT(L M, 65 + 3,8 + 4)}

JEZL
1
_ nCitn[3(L+ M +mg)] [m+n 118
> i )
nesLy

ni+na=n2+ns (mod 3)
ni+ns+ns=L (mod 2)

with (m, n)-system (4.4) where g = A5 (and p = 3). Iterating this last conjecture using
Theorem 3.1 one finds a series of Eg-type polynomial identities as follows (k > 1)

> { I CEHOTIT (L, 0, (8K + 6),85)
JEL

— qF DO AN T ([ N (8K + 6)5 + k + 1,85 + 1)}

4 g3 (3k+2) Z{q%j<8(8k+6>j+48k+34>T(L, M, (8k +6)j + 3k + 2,85 + 3)
JEZ
_ qF SO TR DT ([ N (8K + 6)5 + 4k + 3,87 + 4)}

§ (H qz(ra,_ra—O—l) Ta—1 Ta+'f'a+1:|>
rEZk L a=0
1 1
=mCEg.m [Tk—2—5mMe] [Mm+n
X Z q4 0 [ T‘k_f ][ n ]’
nEZi
ni+n4a=ngs+ns (mod 3)

11



where ro =L, r_1 =L+ M and m+n = %(IE6m + 7i_1€6). Fortunately, the limiting
character identities that follow from this monster are more manageable.

e Taking L + o even and letting M and L tend to infinity yields for positive k,

>

N1,y >0 (Q)nl e (Q)nk—1 (Q)an

1 2
g2 Wi +NOEDs - (g)

3.4 8,4k+3 3.4 8,4k+3
X @X 2@ + X5 (@)X (@) K odd

(8:8k+6) () + B(88k:+6) (q)

Lk+1;0+k/2\4 7 k+1;0+k/2+1 k even,

with the notation of equation (4.10). The analogous limit taken in (4.18) leads

to
nCX;n

(@n

6,8 6,8 q
B (q) + B, (a) = 3

neZi
ni+na=n2+ns (mod 3)
ni+nz+ns=c (mod 2)

e If we send M to infinity, replace ¢ — 1/q and then take the limit of large L we
obtain for k > 2,
k—1

>3 [T [t etren] ) gimam i

TGZk 1 meZG a=2

(4k+3,8k—2) (4k+3,8k—2)

B X(k+1)/2,k (q) + X(k+1)/277k_2(q) k odd )

) (@k—18k+6) (4k—1,8k+6) :
Xk/2,k+1 (q) + X7k /2-1,k+1 (q) Kk even,

/qzZ (ra—ra- 1)2(

where m +n = %(IE(jm + rg_1e6) and ro = 0, 7, = rg_1 — me/2. The prime
in the sum over m denotes the restriction that m; = mg = ms = rg_1 (mod 2)
and that all other m; are even. Again k = 1 is special, corresponding to the Eg
conjecture of [10],

nCaln
; q Ee
@) + x5 (0) = > O (4.20)

neZi
ni+na=n2+ns (mod 3)

5 Discussion

We hope that the examples presented in the previous section support our claim that
g-trinomial coefficients, and their refinement introduced in this paper are mathematical
objects of both depth and elegance.

It is quite intriguing to observe that the 7-invariance of Theorem 3.1 also appears
to have physical significance. In a very recent paper by Dorey, Dunning and Tateo [6],
new families of renormalization group flows between ¢ < 1 conformal field theories were

12



proposed. Labelling such a theory by M (p,p’), in accordance with definition (4.8) of
the Virasoro characters, Dorey et al. conjecture the following flows

M(p,p) + o1 — M (D' —p,p) p<p <2p (5.1a)
M(p,p) + ¢15 — M(p,4p —p') 2p <p <3p (5.1b)
M(p,p') + ¢p15 — M(4p — p', p) 3p <p' < p, (5.1c)

where ¢, is the perturbing operator of the M (p,p’) theory. Using these three flows we
find the following chain ending in M (3,4):
M3,4) <L n(4,13) £ ar9,13) &L a9, 23) L w(1a,23) 2
where (a) denotes equation (5.1a) etc. But this flow diagram coincides with the chain
of character identities given in (4.12) and (4.13)! In particular, M (3,4) corresponds to
the Eg identity of (4.13), M(5n — 1,10n+ 3) (n > 1) corresponds to (4.12) for k = 2n,
and M (5n +4,10n +3) (n > 1) to (4.12) for k = 2n + 1.
In much the same way the flow diagram

M(47 5) & M(57 16) & M(].]., 16) & M(]_]_’QS) ﬂ M(]-?’ 28) & o

is in accordance with the chain of character identities given by (4.17) and (4.11), and

M(6,7) < M (7,22) <5 M (15,22) £ M (15,38) < M (23,38) - .

is in one-to-one correspondence with (4.19) and (4.20).

To conclude we mention that more general applications of our refined g-trinomial
coefficients will be presented in a future paper. Therein we will also discuss the 7-
invariance in the broader context of the Bailey lemma [1], trinomial Bailey lemma [3]
and (generalized) Burge transform [5, 8, 12].
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