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o Euler beta integral (1777)

Motivation

for Re(a) > 0, Re(8) > 0

o Selberg integral (1944)
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o Classical viewpoint: Selberg integral associated to the A, _; root
system

Motivation
O ={*(e; —¢)1 <i<j<n}

with ¢; the ith standard unit vector in R".

Bot)= I lt—tP~ ] 11— exp(a)

1<i<j<n acd

with t; = exp(e;), and
n! = order(Wa,_,)

with Wa, |, ~ S, the A,_; Weyl group.
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Motivation

@ Alternative viewpoint: Selberg integral associated to sl, (or Aq).
V=V,®- -®V, tensor product of sl modules.

Knizhnik—Zamolodchikov (KZ) equation for V-valued function
u(x1, ...y Xn).

Selberg integral arises as “coordinate function” of
hypergeometric solution to KZ equation with values in

{veli®Lylhv=({+ m—2n)v, ev=0}

with L, an irreducible sly highest weight module of weight ¢, and
e, h the generators of the Borel subalgebra of sls.
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Motivation

x A7 (t) AY(s) w(t;s; 0)dtds

H O<+lv 7+iv)

o " M6+ i)
pin Ma+ G+ (n—2m+i—1)y)
LT TGt i+ i)

o T(B2+ (20 —2m+i —1)y)T ()

FBL+Be—y—1+1iv)
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=

Here t = (t1,...,tn), S=(S1,...,5m), w(t;s;7y) a bisymmetric
function and Cpy p.y € R™ a complicated domain of
integration.
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Motivation

The Tarasov-Varchenko integral may be viewed as an sl3
generalization of the Selberg integral (recovered for m = 0) and
arises as “coordinate function” of the hypergeometric solution of the
sl3 KZ equation in some special subspace (labelled by n and m) of
the full parameter space.
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Motivation

The Tarasov-Varchenko integral may be viewed as an sl3
generalization of the Selberg integral (recovered for m = 0) and
arises as “coordinate function” of the hypergeometric solution of the
sl3 KZ equation in some special subspace (labelled by n and m) of
the full parameter space.

m = n = 1: sl3 beta integral

0<t<s<1
_ M) (B (BT (61 +7)
Ma+ B —29)(a+ B =) (B2 —7)

MG+ 0G—v—1)
MNa+ i+ 0G—1-7)
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Motivation

Hypergeometric integrals < Hypergeometric series

There should “exist” sl3 hypergeometric and basic hypergeometric
series of the form

Z hypergeometric terms x bisymmetric function.
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o x=(x1,...,xp)and y = (y1,...,Ym) With 0 < m<n

1—t71x/x
1 —xi/x;

o A(x;t) = H

1<i<j<n

1—tlyi/y
e A= 1 7=
1<i<j<m YilYj
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Bisymmetric
functions

The bisymmetric function w

(1 o tfl)n+m
t_l; t_l)nfm(t_l; t_l)m

X Z W(A(X; HA(y; t)

WES, X Sm
- 1
<11
i—1 1-— tilyi/xi—ﬁ—n—m

> H 1*)/1'/Xj+n—m >

1y /x
1<iciem T Yi/Xj+n-m

w(x,y;t) = (
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@ Hypergeometric limit:

— m |
ey lim w(q*,q";q") = (=7)"n! w(x, y:7)
q—1 (n—m)!

functions

m)!

with w(x, y;~y) the bisymmetric function of the sl3 Selberg
integral.




Bisymmetric

functions,
Macdonald
polynomials and
s [3 basic
hypergeometric
series

@ Hypergeometric limit:

R . (=y)™n!
isymmetric X Yonq7) — .
A J@lw(q 97 q7) (= m) w(x,y;7)

with w(x, y;~y) the bisymmetric function of the sl3 Selberg
integral.

e Homogeneity: w(ax, ay;t) = w(x,y;t)
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@ Hypergeometric limit:

R . (=y)™n!
isymmetric X Yonq7) — .
A J@lw(q 97 q7) (= m) w(x,y;7)

with w(x, y;~y) the bisymmetric function of the sl3 Selberg
integral.

e Homogeneity: w(ax, ay;t) = w(x,y;t)

e Symmetry: w(x,y;t) =w(y 1, x71;t) for m=n
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Bisymmetric
functions

@ Hypergeometric limit:

. « vy (=7)"n! .
lim w(q, ¢%197) = ﬁw(&%ﬂ

with w(x, y;~y) the bisymmetric function of the sl3 Selberg
integral.
e Homogeneity: w(ax, ay;t) = w(x,y;t)

e Symmetry: w(x,y;t) =w(y 1, x71;t) for m=n

e Initial condition: w(x,—;t) =1
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Bisymmetric
functions

e Recursion: For x() = (X1y -y XI—1, XI415 - - -, Xn) and

y(k) = (Vs Yhe1, Ykt1s---sYm)
n 1—t71
wix,y: t) = wx(l), (k);t -
(x,yit) ; O,y )1*f71Yk/XI

-t~ 1y//XI

o 17y;/X/ 11—t X,'/X/
<115 H T /x

i=1

iZk
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Bisymmetric
functions

e Recursion: For x() = (X1y -y XI—1, XI415 - - -, Xn) and
y(k) = (y17"'7Yk—17yk+17"'7.ym)

n

1—¢t1
. _E n k).,
w(x,y;t w(x'\, ot
( Y ) - ( Y )17t1yk/x/

-t 1y//XI

- 1—yi/x 1—t71x/x
XH]_ H 1—X,'/X/
i=1

itk

o Stability: w(x,y;t)|x=y, = w(x®,yU): 1)
forl1<i<nand1l<;j<m
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pergeometric k) _
hypiriest y( )_(y17"'3yk—17yk+17"'7.ym)

n -1
11—t
. 0 k).

- wyit) = 3wy 2
Bisymmetri 1yl ’ ’ —1
e - 1-1t¢ Yk/XI

o 1—yi/x 1—t71x/x
Xili[ll—t 1y,/X,H 1—x/x
i£k

o Stability: w(x,y;t)|x=y, = w(x®,yU): 1)
forl1<i<nand1l<;j<m

@ Principal specialization:

o1 m 1— ¢gi—-n-1

. n
i=1 yit
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functions

@ Alternating sign matrices: For m=n

w(x,y; t) =

2 (-

(1—¢1)"
[17,o (1= t=1yi/x)

2N(A ( ) Z(A) HXiNi(A)yiNi(A) H (aljx’- — yj)

i=1 ij=1
a,-j:O

A: n x n alternating sign matrix with entries a; € {—1,0,1}
N;(A): # of —1sin row i
N'(A): # of —1s in column i

N(A) =

Zi N"(A) = Z/ Ni(A)

Z(A): inversion number

I(A)= Z Z ajjajrjr

1<i<i’<n1<j<j’<n

tif ZJI;:I ik = 22:1 Akj

1 otherwise
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s [3 basic
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Z bx(g, t)Pr(x; q,t)Pr(y; g, 1) H(l g tn—:+1)
A i=1

g "1 a M

functions = (,u(X, y_l; t) H

Wi (X G)eo

e Pi(x;q,t) Macdonald polynomial labelled by the partition A

* ben)=7 (9. t)
A\g,
— H(l _ qa(s) tl(s)+1)

SEX

H(l s)+1 /(s )

SEX

e Cauchy identity:

(tx,yj oo
(xiyji @)oo

be q,t)Px(x; g, t)Pr(y; g, t) = H

ij=1
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5[y Basic
hypergeometric
series

Classical (one-variable) BHS

0 .
a, ..., a1 } (a1, -y 3r1: Q) Lk

r r 1 q, 2| =
+l¢[b1,...,b, #2| = 2 (g br- . briah

Condensed notation:

(a1,-- -5k 9k = (a1, @)k - - (ak; @)k
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Classical (one-variable) BHS

0 .
ap,...,ar1 (a1, -y 3r1: Q) K

hypergeometric ¢ |: q Z:|
series r1®r .q, — :
bl»"'abr k=0 (q’b17°"7brrq)k

sl Basic

Condensed notation:

(a1,-- -5k 9k = (a1, @)k - - (ak; @)k

g-Binomial theorem:

(az; 9)

1o E ; q’Z} T (59~
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e Kaneko and Macdonald (independently):

ary ...y ar4l
s[5 Basic r+1®P, g, t, X
hypergeometric bi,..., b,

Py(x;q,t) (a1,--.,ars1; G, t)x

— Zt"()‘)
/\ ci(g.t)  (br,...,br g, t)a
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al, ...y artl
s [ Basic q) ) t,x
hyl,_;erzeomemc r r|: bl,...7b, 95 }
_ Z t"()\) P)\(X; q, t) (al, ...,4dr+1: 4, t)A
ci(g.t)  (br,...,br g, t)a

A

@ x = (X1,...,%)
e Py(x;q,t) Macdonald polynomial labelled by the partition A

e n=1: Pyy(zq,t) = 2"

o n(\) = Zigl(i = 1A
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5[y Basic
hypergeometric
series

o ci(g,t) = [Toer (1 — g°1/0)
en=1: c(’k)(q, t) = (q; 9)k

o (biq,t)x = [leen(1 - bqa/(s)t_l/(s)) = Hi21(bt1_i? ),
en=1:(b;q,t)k) = (b; 9k

@ Condensed notation:

(a1,--yak g, t)x = (a1; g, t)x - (ki G, t)a

ai,...,dr41 al, ...y artl
[0) iq,t,(z)| = v 4,72
a®rl o, B )] f““{ bi,....b, ' T }
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oty Basic sl g-binomial theorem: (Kaneko and Macdonald)
hypergeometric

series n
a H (axi; 9) oo
q) 1 q’ t7 X = o\
1ro)_ i—1 (Xi; q)oo
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al,-..5drt1
r+1<br|: bl,... ;;— ;q7t7X7y:|

i B 1'_"[

hypergeometric

series p y,tm n— 1,Q)

y Zt,,(A () Pu(x g t) Pa(y; g: t)
c’(q7 t)  cla,t)

x (qt™ % g, ) W (g, 1)

(317"'aar+1;qa t)u
(b1,...,briq,t)
m (qt_m n+j—i—1. q))\ —u

XHH (qtm n+j— ’vq))\i*ltj

i=1j=1

m—1
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Then

2 Xn), Y =1y Ym) With 0 < m<n

(n) — —
g't"" = (gt g L g

A L5 ALem—1 Ay pm—2 Am
g't? = (gt gt g7

(m)

i t).

WP(Lr)':\fm)(q’ t) —_ w(q#t(;(")’ q>\t5
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series o x=(x1,..., %), Y=, ., Ym) With0 < m<n

o Let
gt = (¢t g2, )
and
s o q,\ts('") _ (q’\1 tmfl, qu tm72, o q’\m).
hypergeometric
Then

WP(Lr)':\fm)(q’ t) —_ w(q#t(;(")’ thJ(m); t).

(0) _/00)
° W(3,2,1),(4,1,1)(q» t) = W(3,2,1,o),(4,1,1,0)(q» t)

(0) (1)
® W(3,2,1)7(4,1,1)(q> t) # W(3,271,0),(471,1)(q7 t)
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Results and conjectures

@ (Simple)

ai,...,arl ai,...,dr1
0} g, tx,—| = 1P v q,t,x
r+1 r|:b1,...7br q,t, X, :| r+1 r|: b17~-~,br q, i, :|

s[5 Basic
hypergeometric
series
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sults and conjectures

o (Simple)

ai,...,arl ai,...,dr1
0} g, tx,—| = 1P v q,t,x
r+1 r|:b1,...7br q,t, X, :| r+1 r|: b17~-~,br q, i, :|

s [3 Basic .
B @ (Moderately simple)

series

17327"'aar+1
() g, tLx,yl =1
r+l { by,... b THNY
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o (Simple)
ai,...,arl ai,...,dr1
1P iq, X, —| =, ® g, t, X
r+ r|:b1,...7b, q,t, X, r+1%r b17~-~,br q, i,

by ergaomerri o (Moderately simple)

series

17327"'aar+1
(0] g, t, X, =1
r+l { bi,....b, POV

o (Conjecture; True if modified Cauchy identity is true; Hard)

a1, .-y dr4l ai, ..., arl
$ i gt X,y = 1P 7 g, ty, X
r+ [ bi,....b 7 'y] i [ bi,....b, TP }

for m = n.
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@ (Conjecture) sl3 g-binomial theorem |

m n— i
(azyit™ 1 q) oo (aztm+’_1' q)oo
1®o| 1q.t,x }’} -
{ 1_11 (zyit™"1: q) H 2" o
for x = (zt"~1,zt""2, ... zt,z)
e True for n = m =1 (easy)
e True for n =2, m=1 (hard)
e True for n=m =2 (hard)

o (Conjecture) sl3 g-binomial theorem |1

n
(azxit" 1 @)oo
() t —
1 0{ 1 q, XY} 11 (le_tn—l;q)oo

i=

form=nandy=(zt""1,zt""2, ... zt,z)
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q, t-Littlewood—Richardson coefficients

PM(X;q; Xq7 Z ’D)\an)

with £2,(q,t) € Q(q, t)

513 Basic

hypergeometric
series
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q, t-Littlewood—Richardson coefficients

Pu(x; a,t)P,(x; g, t Z t)Px(x: g, 1)
with £2,(q,t) € Q(q, t)

o (Conjecture)
For A= (A1,...,\n) and o = (p1,- .., pn) partitions with g C A

t™hq,t)
"1 (g, )9 D
2 0 g a
— t(l—n)|,u|+n()\)P (1 £ oo tn—l;q7 t)W(O)(q7 t)
t" t_] i— 1v
% ( :q, H (g q)x —

qt./ "q Ai—

ij=1
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o (Conjecture')

—1.
n(v) f)\ (t 1 4, t)l’
20 g g

) (gt71;q,t),
= Wle 02 @ 0 e

@ Conjecture (or Conjecture’) proves the m = n case of the sl3
g-binomial theorem (versions | and II).

e True for n = m =1 (easy)

A
fi(ml,)m)(q’ t) = dur+ian

e True for n = m = 2 (moderately hard)
(A1,22)
fimwz) (v1,12) (q’ t)

2 _Ai—Ay A1—pi—wvo+l _pg—Xa+o+l.
(t t°q » d ) d ) PY—

(q tq/\l Aerl7 tq/\l—Hl—’/Z7 tqu—/\2+l’2; q)A27M27V2
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