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Motivation

Euler beta integral (17??)∫ 1

0

tα−1(1− t)β−1dt =
Γ(α)Γ(β)

Γ(α + β)

for Re(α) > 0, Re(β) > 0.

Selberg integral (1944)

∫
[0,1]n

n∏
i=1

tα−1
i (1− ti )

β−1
∏

1≤i<j≤n

|ti − tj |2γdt

= n!
n−1∏
i=0

Γ(α + iγ)Γ(β + iγ)Γ(γ + iγ)

Γ(α + β + (n + i − 1)γ)Γ(γ)

for Re(α) > 0, Re(β) > 0, Re(γ) > · · · .
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Classical viewpoint: Selberg integral associated to the An−1 root
system

Φ = {±(εi − εj)|1 ≤ i < j ≤ n}

with εi the ith standard unit vector in Rn.

∆n(t) =
∏

1≤i<j≤n

|ti − tj |2 ∼
∏
α∈Φ

|1− exp(α)|

with ti = exp(εi ), and

n! = order(WAn−1)

with WAn−1 ' Sn the An−1 Weyl group.
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Alternative viewpoint: Selberg integral associated to sl2 (or A1).

V = V1 ⊗ · · · ⊗ Vn tensor product of sl2 modules.

Knizhnik–Zamolodchikov (KZ) equation for V -valued function
u(x1, . . . , xn).

Selberg integral arises as “coordinate function” of
hypergeometric solution to KZ equation with values in

{v ∈ L` ⊗ Lm|hv = (` + m − 2n)v , ev = 0}

with L` an irreducible sl2 highest weight module of weight `, and
e, h the generators of the Borel subalgebra of sl2.
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Tarasov & Varchenko (2003)∫
Cm,n;γ

n∏
i=1

tα−1
i (1− ti )

β1−1
m∏

j=1

(1− sj)
β2−1

n∏
i=1

m∏
j=1

|ti − sj |−γ

×∆γ
n (t) ∆γ

m(s) w(t; s; 0) dt ds

= n!m!
n−1∏
i=0

Γ(α + iγ)Γ(γ + iγ)

Γ(γ)

×
n+m−1∏

i=0

Γ(β1 + iγ)

Γ(α + β1 + (n − 2m + i − 1)γ)

×
m−1∏
i=0

Γ(β2 + iγ)Γ(γ + iγ)

Γ(β2 + (2n − 2m + i − 1)γ)Γ(γ)

× Γ(β1 + β2 − γ − 1 + iγ)

Γ(α + β1 + β2 − 1 + (n + i − 2)γ)

Here t = (t1, . . . , tn), s = (s1, . . . , sm), w(t; s; γ) a bisymmetric
function and Cm,n;γ ∈ Rn+m a complicated domain of
integration.
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The Tarasov–Varchenko integral may be viewed as an sl3
generalization of the Selberg integral (recovered for m = 0) and
arises as “coordinate function” of the hypergeometric solution of the
sl3 KZ equation in some special subspace (labelled by n and m) of
the full parameter space.

m = n = 1: sl3 beta integral∫
0≤t≤s≤1

tα−1(1− t)β1−1(1− s)β2−1(s − t)−γ−1 dt ds

=
Γ(α)Γ(β1)Γ(β2)Γ(β1 + γ)

Γ(α + β1 − 2γ)Γ(α + β1 − γ)Γ(β2 − γ)

× Γ(β1 + β2 − γ − 1)

Γ(α + β1 + β2 − 1− γ)
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Paradigm

Hypergeometric integrals ⇔ Hypergeometric series

There should “exist” sl3 hypergeometric and basic hypergeometric
series of the form∑

hypergeometric terms× bisymmetric function.
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Bisymmetric functions

Notation

x = (x1, . . . , xn) and y = (y1, . . . , ym) with 0 ≤ m ≤ n

∆(x ; t) =
∏

1≤i≤j≤n

1− t−1xi/xj

1− xi/xj

∆(y ; t) =
∏

1≤i≤j≤m

1− t−1yi/yj

1− yi/yj
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The bisymmetric function ω

ω(x , y ; t) =
(1− t−1)n+m

(t−1; t−1)n−m(t−1; t−1)m

×
∑

w∈Sn×Sm

w

(
∆(x ; t)∆(y ; t)

×
m∏

i=1

1

1− t−1yi/xi+n−m

×
∏

1≤i<j≤m

1− yi/xj+n−m

1− t−1yi/xj+n−m

)
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Hypergeometric limit:

lim
q→1

ω(qx , qy ; qγ) =
(−γ)mn!

(n −m)!
w(x , y ; γ)

with w(x , y ; γ) the bisymmetric function of the sl3 Selberg
integral.

Homogeneity: ω(ax , ay ; t) = ω(x , y ; t)

Symmetry: ω(x , y ; t) = ω(y−1, x−1; t) for m = n

Initial condition: ω(x , – ; t) = 1
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Recursion: For x (l) = (x1, . . . , xl−1, xl+1, . . . , xn) and
y (k) = (y1, . . . , yk−1, yk+1, . . . , ym)

ω(x , y ; t) =
n∑

l=1

ω(x (l), y (k); t)
1− t−1

1− t−1yk/xl

×
m∏

i=1
i 6=k

1− yi/xl

1− t−1yi/xl

n∏
i=1
i 6=l

1− t−1xi/xl

1− xi/xl

Stability: ω(x , y ; t)|xi=yj = ω(x (i), y (j); t)

for 1 ≤ i ≤ n and 1 ≤ j ≤ m

Principal specialization:

ω((1, t, . . . , tn−1), y ; t) =
m∏

i=1

1− t i−n−1

1− yi t−n
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Alternating sign matrices: For m = n

ω(x , y ; t) =
(1− t−1)n∏n

i,j=1(1− t−1yi/xj)

×
∑
A

(1− t)2N(A)t(
n
2)−I(A)

n∏
i=1

x
Ni (A)
i y

N i (A)
i

n∏
i,j=1
aij=0

(αijxi − yj)

• A: n × n alternating sign matrix with entries aij ∈ {−1, 0, 1}
• Ni (A): # of −1s in row i

• N i (A): # of −1s in column i

• N(A) =
P

i Ni (A) =
P

i N
i (A)

• I(A): inversion number

I(A) =
X

1≤i<i′≤n

X
1≤j<j′≤n

aijai′j′

• αij =

(
t if

Pj
k=1 aik =

Pi
k=1 akj

1 otherwise
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Modified Cauchy identity (Conjecture)
For m = n

∑
λ

bλ(q, t)Pλ(x ; q, t)Pλ(y ; q, t)
n∏

i=1

(
1− qλi tn−i+1

)
= ω(x , y−1; t)

n∏
i=1

1

xiyi

n∏
i,j=1

(txiyj ; q)∞
(xiyj ; q)∞

• Pλ(x ; q, t) Macdonald polynomial labelled by the partition λ

• bλ(q, t) =
cλ(q, t)

c ′λ(q, t)
with

cλ(q, t) =
Y
s∈λ

(1− qa(s)t l(s)+1)

c ′λ(q, t) =
Y
s∈λ

(1− qa(s)+1t l(s))

• Cauchy identity:

X
λ

bλ(q, t)Pλ(x ; q, t)Pλ(y ; q, t) =
nY

i,j=1

(txiyj ; q)∞
(xiyj ; q)∞
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sl2 Basic hypergeometric series

Classical (one-variable) BHS

r+1φr

[
a1, . . . , ar+1

b1, . . . , br
; q, z

]
=

∞∑
k=0

(a1, . . . , ar+1; q)k
(q, b1, . . . , br ; q)k

zk

Condensed notation:

(a1, . . . , ak ; q)k = (a1; q)k · · · (ak ; q)k

q-Binomial theorem:

1φ0

[
a

–
; q, z

]
=

(az ; q)∞
(z ; q)∞
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multivariable BHS of sl2 type

Kaneko and Macdonald (independently):

r+1Φr

[
a1, . . . , ar+1

b1, . . . , br
; q, t, x

]
=

∑
λ

tn(λ) Pλ(x ; q, t)

c ′λ(q, t)

(a1, . . . , ar+1; q, t)λ

(b1, . . . , br ; q, t)λ

x = (x1, . . . , xn)

Pλ(x ; q, t) Macdonald polynomial labelled by the partition λ

• n = 1: P(k)(z ; q, t) = zk

n(λ) =
∑

i≥1(i − 1)λi
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c ′λ(q, t) =
∏

s∈λ(1− qa(s)+1t l(s))

• n = 1: c ′(k)(q, t) = (q; q)k

(b; q, t)λ =
∏

s∈λ

(
1− bqa′(s)t−l′(s)

)
=

∏
i≥1(bt1−i ; q)λi

• n = 1: (b; q, t)(k) = (b; q)k

Condensed notation:

(a1, . . . , ak ; q, t)λ = (a1; q, t)λ · · · (ak ; q, t)λ

n = 1:

r+1Φr

[
a1, . . . , ar+1

b1, . . . , br
; q, t, (z)

]
= r+1φr

[
a1, . . . , ar+1

b1, . . . , br
; q, z

]
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sl2 q-binomial theorem: (Kaneko and Macdonald)

1Φ0

[
a

–
; q, t, x

]
=

n∏
i=1

(axi ; q)∞
(xi ; q)∞
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sl3 Basic hypergeometric series

multivariable BHS of sl3 type

r+1Φr

[
a1, . . . , ar+1

b1, . . . , br
; q, t, x , y

]
=

m∏
i=1

(yi ; q)∞
(yi tm−n−1; q)∞

×
∑
λ,µ

tn(λ)+n(µ) Pµ(x ; q, t)

c ′µ(q, t)

Pλ(y ; q, t)

c ′λ(q, t)

× (qtm−1; q, t)λ W
(n−m)
µλ (q, t)

× (a1, . . . , ar+1; q, t)µ

(b1, . . . , br ; q, t)µ

×
m∏

i=1

n∏
j=1

(qtm−n+j−i−1; q)λi−µj

(qtm−n+j−i ; q)λi−µj
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x = (x1, . . . , xn), y = (y1, . . . , ym) with 0 ≤ m ≤ n

Let
qµtδ(n)

= (qµ1tn−1, qµ2tn−2, . . . , qµn)

and
qλtδ(m)

= (qλ1tm−1, qλ2tm−2, . . . , qλm).

Then
W

(n−m)
µλ (q, t) = ω(qµtδ(n)

, qλtδ(m)

; t).

• W
(0)
(3,2,1),(4,1,1)(q, t) = W

(0)
(3,2,1,0),(4,1,1,0)(q, t)

• W
(0)
(3,2,1),(4,1,1)(q, t) 6= W

(1)
(3,2,1,0),(4,1,1)(q, t)
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Results and conjectures

(Simple)

r+1Φr

[
a1, . . . , ar+1

b1, . . . , br
; q, t, x , –

]
= r+1Φr

[
a1, . . . , ar+1

b1, . . . , br
; q, t, x

]

(Moderately simple)

r+1Φr

[
1, a2, . . . , ar+1

b1, . . . , br
; q, t, x , y

]
= 1

(Conjecture; True if modified Cauchy identity is true; Hard)

r+1Φr

[
a1, . . . , ar+1

b1, . . . , br
; q, t, x , y

]
= r+1Φr

[
a1, . . . , ar+1

b1, . . . , br
; q, t, y , x

]
for m = n.
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(Conjecture) sl3 q-binomial theorem I

1Φ0

[
a

–
; q, t, x , y

]
=

m∏
i=1

(azyi t
m−1; q)∞

(zyi tm−1; q)∞

n−m∏
i=1

(aztm+i−1; q)∞
(ztm+i−1; q)∞

for x = (ztn−1, ztn−2, . . . , zt, z)

• True for n = m = 1 (easy)

• True for n = 2, m = 1 (hard)

• True for n = m = 2 (hard)

(Conjecture) sl3 q-binomial theorem II

1Φ0

[
a

–
; q, t, x , y

]
=

n∏
i=1

(azxi t
n−1; q)∞

(zxi tn−1; q)∞

for m = n and y = (ztn−1, ztn−2, . . . , zt, z)
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q, t-Littlewood–Richardson coefficients

Pµ(x ; q, t)Pν(x ; q, t) =
∑

λ

f λ
µν(q, t)Pλ(x ; q, t)

with f λ
µν(q, t) ∈ Q(q, t)

(Conjecture)

For λ = (λ1, . . . , λn) and µ = (µ1, . . . , µn) partitions with µ ⊂ λ

∑
ν

tn(ν)f λ
µν(q, t)

(t−1; q, t)ν

c ′ν(q, t)

= t(1−n)|µ|+n(λ)Pµ(1, t, · · · , tn−1; q, t)W
(0)
µλ (q, t)

× (qtn−1; q, t)λ

c ′λ(q, t)

n∏
i,j=1

(qt j−i−1; q)λi−µj

(qt j−i ; q)λi−µj
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(Conjecture’)

∑
ν

tn(ν)f λ
µν(q, t)

(t−1; q, t)ν

c ′ν(q, t)

= W
(0)
µλ (q, t)

∑
ν

tn(ν)f λ
µν(q, t)

(qt−1; q, t)ν

c ′ν(q, t)

Conjecture (or Conjecture’) proves the m = n case of the sl3
q-binomial theorem (versions I and II).

• True for n = m = 1 (easy)

f
(λ1)
(µ1,ν1)(q, t) = δµ1+ν1,λ1

• True for n = m = 2 (moderately hard)

f
(λ1,λ2)
(µ1,µ2),(ν1,ν2)(q, t)

=
(t, t2qλ1−λ2 , qλ1−µ1−ν2+1, qµ1−λ2+ν2+1; q)λ2−µ2−ν2

(q, tqλ1−λ2+1, tqλ1−µ1−ν2 , tqµ1−λ2+ν2 ; q)λ2−µ2−ν2
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